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Foreword 


Modern electronic technology is largely based on MOS integrated circuits containing both 
analog and digital parts. In designing such circuits with high performance, a correct MOS 
transistor model is a must. The designer needs a model he or she can rely on, which correctly 
describes the numerous physical phenomena in MOS transistors, allowing the performance of 
a circuit composed of such devices to be predicted with accuracy during circuit simulation. In 
addition, for preliminary “hand” analysis and design, it is desirable to have a simple model 
that makes evident the inter-relations between the various parameters, and allows the designer 
to correctly identify the trade-offs involved. The EKV approach to MOS transistor modeling 
combines both of these attributes. 

The EKV model is the result of a large body of work by Drs C. C. Enz, F. Krummenacher, 
and E. A. Vittoz, and several of their students and colleagues. The work has its origins in the 
pioneering work at CEH (now CSEM), on micropower devices and circuits for watches in the 
late sixties. This has given the EKV model development a unique aspect: it originated with 
highly competent circuit designers, notably analog ones, and was developed by them, or at 
least with constant feedback from them, every step of the way. Thus, it not only describes 
the physics of the MOS transistor, but takes into account carefully what circuit designers 
need. The result is a model that is accurate and predictive, correctly treats the MOSFET as a 
four-terminal, nominally symmetric device, has smooth behavior without discontinuities in all 
regions of operation, and correctly predicts small-signal parameters. In addition, the basic part 
of the model consists of a simple set of equations that are intuitively appealing, which makes 
it possible for the circuit designer to have a feel for the model and its parameters, rather than 
treating the model simply as a black box in which no designer dares to tread. This helps make 
circuit design a systematic process, and less a cut-and-try approach. 

Drs. Enz and Vittoz, well-known for their contributions to MOS devices and circuits, have 
done a great job putting together a streamlined presentation of the EKV model. The book 
covers every aspect of the model, from DC large-signal I-V equations, to charge modeling, 
nonquasi-static effects, small-signal modeling, noise, small-channel effects, and matching. I 
have followed the work of the authors and their colleagues for many years with appreciation, 
and I am delighted to see their results presented in this unified manner. This book will help 
spread the understanding and use of the EKV model, as the latter certainly deserves. 


Prof. Y. Tsividis 
Columbia University, New-York 




Preface 


The aggressive downscaling of CMOS technologies that has been going on for more than 
25 years has led to an increase in the number of transistors per chip and hence extend the 
functionality while at the same time dramatically pushing the speed performance. Although 
these tremendous speed improvements have been mainly driven by the requirements of VLSI 
digital chips, they have also been exploited for analog and RF circuits. Today, ultra deep- 
submicron (UDSM) technologies have caught up and even surpassed the transit frequencies 
achieved by bipolar transistors. This has clearly opened the door to full CMOS highly integrated 
solutions for wireless applications. Of course, in addition to high transit frequency, good noise 
performance and low-power consumption are required as well. Since the noise figure also 
decreases as the transit frequency is increased, it has also clearly taken advantage of the 
downscaling of the transistor length. At the same time, the supply voltage has had to be 
decreased progressively in order to limit high electric fields within the device and hence avoid 
the related high-field effects. The threshold voltage could unfortunately not be scaled in the 
same proportion without strongly increasing the drain leakage current, which is now seriously 
affecting the static power consumption of digital chips. This has resulted in a decrease of the 
overdrive voltage which in turn has moved the operating points of analog transistors more 
and more from strong inversion to moderate inversion and even into weak inversion. From 
this perspective, it is important to have a model that accurately predicts the behavior of the 
MOS transistor in all regions of operation, from weak to strong inversion, through moderate 
inversion, in a consistent way. This was the primary motivation for developing what today is 
known as the EKV model. 

The purpose of this book is to assemble and explain in a coherent manner all the know-how 
and all the publications related to the particular MOS transistor modeling approach embodied 
by the EKV model. This model borrows from the work of a long line of researchers, starting 
in the early times of semiconductor physics. It has its roots in the search of early designers of 
very low-power and low-voltage integrated circuits for a description of the transistor behavior 
fulfilling their specific needs. This book focuses on this particular line of research, with no 
intention to present all alternative ways of modeling the transistor. Being written by analog 
circuit designers, it is clearly design-oriented with the purpose of describing the transistor as 
the basic component of integrated circuits, rather than the result of a sequence of physical 
processing steps. It gives to emphasis highlighting the properties of the device that can be used 
by designers to build new robust circuits, or to understand existing circuits and assess their 
robustness. The book is organized in three hierarchically structured parts. It firstly describes 
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the basic behavior of the generic MOS transistor, then focuses on additional effects essentially 
due to scaling down the device dimensions, and finally discusses the transistors to be used in 
RF circuits. 

Based on the charge in the channel, the EKV model describes in a continuous manner the 
static, dynamic and noise characteristics of the transistor down to very low current levels. The 
basic model requires a very limited set of parameters, all of them directly related to basic 
independent physical parameters. Intended for analog designers, it conserves the intrinsic 
source-drain symmetry of the transistor by using the substrate as the voltage reference and 
by introducing the concept of forward and reverse components of the drain current. This 
symmetrical approach makes it easier to understand the various modes of static operation 
of the device, and to describe them by a single uncomplicated equation. The charge-based 
approach lends itself naturally to a coherent description of the dynamic and noise behavior of 
the transistor. 

The authors want to acknowledge the numerous persons who contributed directly and 
indirectly to this book. We are grateful to Dr Francois Krummenacher for his invaluable 
contribution to the EKV model and for his many inputs and suggestions that greatly helped 
us to write this book. We have benefited from the many discussions we had with Jean-Michel 
Sallese and Ananda Roy who helped us to clarify many fine points along the process of writing 
this book. We also would like to acknowledge the contribution of all the other members of the 
EKV development team, who each brought their own contribution to the EKV model: Matthias 
Bucher, Christophe Lallement, Alain-Serge Porret, Wladek Grabinski. Our gratitude also goes 
to Henri Oguey and Stephan Cserveny who pioneered the work for a continuous model and 
paved the way for the current EKV model. 

Finally, we would like to give special thanks to our families - Dominique, Adrien, Mathilde 
and Simon Enz, and Monique, Nathalie and Didier Vittoz - for their support and understanding 
during this seemingly endless task. 


Christian C. Enz, Eric A. Vittoz 
St-Aubin-Sauges, Switzerland 
Cernier, Switzerland 
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Symbol 
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Physical parameters 


4 

Electron charge 

(2.1) 

k 

Boltzmann’s constant 

(2.1) 

T 

Absolute temperature in degree Kelvin 

(2.1) 

T n 

Noise temperature in degree Kelvin 

(9.141) 

T l 

Lattice temperature in degree Kelvin 

(9.143) 

Tc 

Carrier temperature in degree Kelvin 

(9.142) 

£o 

Permittivity of free space 


e si 

Permittivity of silicon 

3.1 

^ox 

Permittivity of Si02 

3.2 

>h 

Intrinsic carrier concentration 

3.1 

M 

Mobility of current carriers 

(4.1) 

Mo 

Low-field surface mobility 

(8.1) 

Mz 

Mobility including the effect of the vertical field 

(8.1) 

Me ff 

Effective mobility including the effects 
of the vertical and longitudinal fields 

(9.2) 


Process parameters 


«p 

Electron concentration (in P-type Si) 

(3.1) 

Pv 

Hole concentration (in P-type Si) 

(3.1) 

N b 

Doping concentration of the substrate 

3.1 


Doping concentration of the polysilicon gate 

8.4 

Ndiff 

Doping concentration of the source and drain diffusions 

4.6.1 

r h 

Substrate modulation factor 

(3.30) 

r s 

Depletion factor in the polysilicon gate 

(8.54) 

Adrift 

Drift velocity 

9.1 

^sat 

Saturated drift velocity 

9.1 
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Symbol 
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W 

Geometry 

Channel width 

Figure 2.1 

L 

Channel length 

Figure 2.1 

Tsd 

Distance between the source and drain metallurgical junctions 

Figure 4.12 

T eff 

Effective channel length 

Figure 9.26 

Tov 

Gate overlap length 

Figure 10.10 

if 

Length of a single finger 

Figure 11.1 

Wf 

Width of a single finger 

Figure 11.1 

AL S 

Channel length reduction at the source 

Figure 4.12 

Z\Ld 

Channel length reduction at the drain 

Figure 4.12 

fox 

Oxide thickness 

Figure 2.1 

X 

Distance from source along the channel 

Figure 2.1 

y 

Distance across the channel 

Figure 2.1 

z 

Distance in direction perpendicular to the surface into the bulk 

Figure 2.1 

Uj 

Voltages and potentials 

Thermodynamic voltage 

(2.1) 

<P 

Electrostatic potential 

2.2 


Surface potential [i^ s = <P(z = 0)] 

2.2 

*P S S 

Surface potential at the source 


i'sD 

Surface potential at the drain 


<Pp 

Pinch-off surface potential 

(3.37) 

% 

Approximation of ^ in strong inversion at equilibrium (V = 0) 

(3.56) 

4> ms 

Difference between the work functions of the gate and the substrate 

2.2 


Fermi potential of silicon substrate 

3.1 

i’Fn 

Quasi-Fermi potential of electrons 

3.1 


Potential barrier of source and drain junctions at equilibrium 

(4.55) 

Tfb 

Flat-band voltage 

(3.22) 

V'TB 

Threshold function 

(3.33) 

Fro 

Equilibrium threshold voltage 

(3.58) 

V 

Channel voltage 

Figure 2.1 

V G 

DC gate-to-bulk voltage 

Figure 2.1 

V s 

DC source-to-bulk voltage 

Figure 2.1 

v D 

DC drain-to-source voltage 

Figure 2.1 

AVo 

Incremental gate-to-bulk voltage 

5.1.1 

A V s 

Incremental source-to-bulk voltage 

5.1.1 

AV d 

Incremental drain-to-bulk voltage 

5.1.1 

Fp 

Pinch-off voltage 

(3.46) 

v sh 

Channel voltage shift 

(3.44), (8.100) 

TdS sat 

Drain-to-source saturation voltage 

(4.12) 

Vm 

Channel-length modulation voltage (Early voltage) 

(5.22) 

Fgo 

Extrapolated band gap voltage 

Figure 7.1 
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Symbol 
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E c 

Electric fields 

Critical longitudinal electric field 

(9.1) 

£ox 

Electric field in the oxide 

Figure 2.2 

E x 

Electric field along the longitudinal direction 

3.1 

Ey 

Electric field along the lateral direction 

3.1 

E : 

Electric field along the vertical direction 

3.1 

E zs 

Electric field along the vertical direction at the surface = £L(z = 0)] 

3.1 


Currents 

Static drain current flowing into the drain terminal 

Figure 2.1 

Is 

Static source current flowing into the source terminal 

5.3 

h 

Static bulk current flowing into the bulk terminal 


la 

Static gate current flowing into the gate terminal 

(8.107) 

I spec 

Specific current 

(4.14) 

If 

Static forward current 

(4.9) 

Ir 

Static reverse current 

(4.9) 

I DO 

Off drain current 

(4.38) 

ai d 

Incremental drain current 

5.1.1 

AI S 

Incremental source current 


AI a 

Incremental gate current 


Ah 

Incremental bulk current 


Q i 

Charges 

Inversion mobile charge density 

Figure 2.2 

Q iS 

Inversion mobile charge density at the source 

Figure 2.2 

QiD 

Inversion mobile charge density at the drain 

Figure 2.2 

Qb 

Depletion charge density 

Figure 2.2 

Qb 

Gate charge density 

Figure 2.2 

Q & 

Fixed charge density 

Figure 2.2 

Q spec 

Specific charge density 

(3.42) 

2 S i 

Semiconductor total charge density 

2.2 

2i 

Total channel charge 

(6.16), (6.19) 

Rs 

Resistances, conductances, and transconductances 

Source series resistance 

Figure 10.1 

Rd 

Drain series resistance 

Figure 10.1 

Rg 

Gate series resistance 

Figure 10.1 

Rb 

Bulk series resistance 

Figure 10.1 

R sde 

Source and drain extension resistance 

Figure 10.2(b) 
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Symbol 

Description 

Reference 

7^ con 

Source and drain contact resistance 

Figure 10.2(b) 

Rsal 

Source and drain salicide resistance 

Figure 10.2(b) 

a 

Source and drain via resistance 

Figure 10.2(b) 

^DSB 

Source-to-drain substrate resistance 

Figure 11.9(c) 

RbS 

Source-to-bulk substrate resistance 

Figure 11.9(c) 

^BD 

Drain-to-bulk substrate resistance 

Figure 11.9(c) 

G ch 

Channel conductance 

(9.116) 

G ds 

Residual output conductance in saturation 

(5.22) 

G spec 

Specific conductance 

(5.6) 

G m 

Gate transconductance 

(5.2c) 

Gms 

Source transconductance 

(5.2a) 

G m d 

Drain transconductance 

(5.2b) 

G m b 

Bulk transconductance 

13.3.2 


Capacitances and transcapacitances 


Cox 

Oxide capacitance per unit area 

3.2 

Cox 

Total oxide capacitance 

5.2 

Csi 

Silicon capacitance per unit area 

(3.23) 

Cg 

Gate capacitance per unit area 

(3.25) 

Cd 

Depletion capacitance per unit area 

3.3 

Cox 

Total oxide capacitance 

(5.38) 

CGSi 

Intrinsic gate-to-source capacitance 

Figure 5.14 

CGDi 

Intrinsic gate-to-drain capacitance 

Figure 5.14 

CoBi 

Intrinsic gate-to-bulk capacitance 

Figure 5.14 

CbSi 

Intrinsic bulk-to-source capacitance 

Figure 5.14 

CBDi 

Intrinsic bulk-to-drain capacitance 

Figure 5.14 

CGGi 

Total intrinsic gate capacitance 

(11.4) 

c m 

Intrinsic gate transcapacitance 

(5.58) 

r 

'-'ms 

Intrinsic source transcapacitance 

(5.56) 

Cmd 

Intrinsic drain transcapacitance 

(5.57) 

CgSo 

Gate-to-source overlap capacitance 

Figure 10.1 

CgDo 

Gate-to-drain overlap capacitance 

Figure 10.1 

CgBo 

Gate-to-bulk overlap capacitance 

Figure 10.1 

CgGo 

Total gate overlap capacitance 

Figure 10.1 

CBSj 

Source-to-bulk junction capacitance 

10.4 

CBDj 

Drain-to-bulk junction capacitance 

10.4 

Cos 

Total gate-to-source capacitance 

(12.1) 

Cgd 

Total gate-to-drain capacitance 

(12.1) 

Cgb 

Total gate-to-bulk capacitance 

(12.1) 

Cbs 

Total bulk-to-source capacitance 

(12.1) 

Cbd 

Total bulk-to-drain capacitance 

(12.1) 

C g 

Total gate capacitance 

(12.6) 

Cg 

Local gate capacitance per unit area 

3.3 
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Symbol 

Description 

Reference 

Y a si 

Admittances and transadmittances 

Intrinsic gate-to-source admittance 

Figure 5.9 

ToDi 

Intrinsic gate-to-drain admittance 

Figure 5.9 

Yq Bi 

Intrinsic gate-to-bulk admittance 

Figure 5.9 

^BSi 

Intrinsic bulk-to-source admittance 

Figure 5.9 

^BDi 

Intrinsic bulk-to-drain admittance 

Figure 5.9 

Tm 

Intrinsic gate transadmittance 

(5.36) 

Yms 

Intrinsic source transadmittance 

(5.36) 

Tmd 

Intrinsic drain transadmittance 

(5.36) 

Tsub 

Substrate admittance 

Figure 12.4 

co t 

Frequency and time constants 

Transit frequency 

(11.4) 

^qs 

Intrinsic channel time constant 

(5.32) 

^qs 

Intrinsic channel transit frequency 

(5.32) 

^max 

(also limit between quasi-static and 
non-quasi static operation) 

Extrapolated maximum frequency of oscillation 

(11.18) 

^spec 

Specific (or critical) frequency 

(5.33) 

^spec 

Specific time constant 

(5.33) 

SA, nD 

Noise 

Thermal noise power spectral density at the drain 

(6.4), (6.14) 

SA/ nS 

Thermal noise power spectral density at the source 

(13.42) 

SaI L 

Thermal noise power spectral density at the gate 

(13.42) 

^ AI bB 

(induced gate noise power spectral density) 

Thermal noise power spectral density at the bulk 

(13.42) 

Sa i„ g ai; d 

Thermal noise gate-drain cross-power spectral density 

(13.42) 

G„D 

Drain thermal noise conductance 

(6.15) 

G n G 

Gate thermal noise conductance 

(13.49) 

<5nD 

(induced gate noise thermal conductance) 

Thermal noise parameter at the drain 

(6.26) 

<5nG 

Thermal noise parameter at the gate 

(13.49) 

VnD 

Thermal noise excess factor at the drain 

(6.30) 

YnG 

Thermal noise excess factor at the gate 

(13.49) 

Pgd 

Gate-drain thermal noise correlation factor 

(13.71) 

S v 

Input-referred thermal noise voltage power spectral density 

(13.13) 

Si 

Input-referred thermal noise current power spectral density 

(13.13) 

R w 

Input-referred thermal noise voltage resistance 

(13.13) 

Gi 

Input-referred thermal noise current conductance 

(13.13) 

G iu 

Uncorrelated part of Gi 

(13.14) 


continued on next page 
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Symbol 

Description 

Reference 

G ic 

Correlated part of G, 

(13.14) 

Y c 

Noise correlation admittance 

(13.8) 

G c 

Noise correlation conductance 

(13.16) 

B c 

Noise correlation susceptance 

(13.16) 

F 

Noise factor 

(13.17), (13.21), (13.26) 

NF 

Noise figure 

(13.17) 

F 

1 mm 

Minimum noise factor 

(13.25) 

NF min 

Minimum noise figure 

(13.25) 

Top, 

Optimum source admittance for F = F min 

(13.24) 

G opt 

Optimum source conductance 

(13.24) 

Bopt 

Optimum source susceptance 

Other 

(13.24) 

p 

Charge concentration 

(3.1) 

Ld 

Extrinsic Debye length 

(3.15) 

L co 

Characteristic length for DIBL 

(9.100) 

t& 

Thickness of the depletion layer 

(3.26) 

n 

Slope factor 

(3.34) 

n w 

Slope factor evaluated at pinch-off 

(3.68) 

n 0 

Slope factor evaluated at V = 0 

(3.73) 

«q 

Charge slope factor 

(8.60) 

n v 

Voltage slope factor 

(8.60) 

P 

Transconductance factor or transfer parameter 

(4.7) 

D s 

Source-to-bulk diode 

Figure 10.1 

D d 

Drain-to-bulk diode 

Figure 10.1 

max 

Maximum voltage gain in common gate 

(5.24), (9.115) 

AP 

Mismatch of parameter P 

(7.52) 

A f 

Area proportionality constant of parameter P 

(7.52) 

e 

Parameter of field-dependent mobility 

(8.5) 

Zc 

Characteristic depth 

Figure 8.7 

^drift 

Drift velocity of carriers 

Figure 9.1 

^sat 

Saturation value of Vdnft 

Figure 9.1 

Ac 

Velocity saturation parameter 

(9.19) 


Table 0.2 Normalization factor definition 

Symbol 

Description 

Reference 

L 

U T = — 

i 

/spec = 2npu$ 

Q spec = 2/, C 0 x Uj 

Cox = WLC ox 

A /spec 
^spec — 77JT 

a a£i 
u'spec ^ 2 

Transistor length for normalizing distance along the .Y-axis 
Thermodynamic voltage for normalizing voltages and potentials 
Specific current for normalizing currents 

Specific charge density for normalizing charge densities 

Total oxide capacitance for normalizing capacitances 

Specific admittance for normalizing admittances 

Specific angular frequency for normalizing angular frequency 

2.1 

2.1 

(4.14) 

3.6.1 

5.2 

(5.6) 

5.2 
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Table 0.3 Normalized symbols 


Symbol 

Description 

Reference 

1 = x/L 

Normalized position along the x-axis 

(4.21) 

?c 

Normalized characteristic depth 

(8.24) 

V 

Doping ratio 

(8.32) 

o 

4 

<11 

o 

Channel length normalized to characteristic length 

(9.100) 

Vx = Vx/U T 

Normalized voltage 

(3.43) 

n = (n/u T ) 2 

Normalized modulation factor 

(3.43) 

(pf — (Pf/Uj 

Normalized Fermi potential of silicon substrate 

3.1 

t p = Vp/Ut 

Normalized pinch-off surface potential 

(3.37) 

fo = %/Ut 

Normalized approximation of & s in strong inversion 

(3.66) 

ix ^x/ 1 spec 

Normalized drain current 

(4.15) 

IC 

Inversion coefficient or factor 

(4.26) 

gx = G x /G s pec 

Normalized conductance or transconductance 


tyx Qx/Qvpec 

Normalized charge density 

(3.41) 

q* Qis/ Qvptc 

Normalized inversion charge density at the source 

(5.7a) 

q& QiT)/ Gspec 

Normalized inversion charge density at the drain 

(5.7b) 

qx — Qx / Q spec 

Normalized total charge 


£2 CO j (W S pec 

Normalized frequency 

13.2.2 

*^qs &*qs / ^spec 

Normalized QS frequency 

(5.32) 

Cj = Cj/C ox 

Normalized capacitance per unit area 

(5.50) 

Cj = Cj/Cox 

Normalized total capacitance 

(5.50) 





1 Introduction 


This chapter explains the basic motivations for developing MOS transistor models that can be 
used for the design of complementary MOS (CMOS) integrated circuits. It then gives a short 
history of the EKV MOS transistor model starting from the early development, motivated by 
the design of micropower circuits for watch applications, to the most recent developments. 
Finally, the structure of the book is highlighted in order to help the reader organizing his 
reading. 


1.1 THE IMPORTANCE OF DEVICE MODELING 
FOR 1C DESIGN 

Modern large-scale integrated circuits are essentially composed of MOS transistors and their 
interconnections. Therefore, the design of such circuits requires some kind of a model for the 
transistors. 

For noncritical digital circuits, this model may in principle be very simple. Indeed, modeling 
each transistor as an on-off switch would be sufficient to design purely logic circuits. However, 
as soon as there are critical races among transitions, the model must be extended to describe the 
dynamic behavior of the device, in order to obtain the rise and fall time of these transitions. This 
dynamic behavior is also needed when the frequency of operation approaches its maximum 
limit. With the reduction of supply voltage, more details must be introduced, such as the 
residual current of blocked transistors, the importance of which is increased. 

Analog circuits contain usually a smaller number of transistors, but they are even more 
dependent on the exact behavior of each transistor. The design of high-performance analog 
circuits therefore requires a very detailed model of the transistor. This model must include a 
precise description of the voltage-current relationships, including the effect of the source that 
is often not grounded, and of the dynamic behavior of the device. Its behavior with respect to 
noise and to temperature variations must also be accounted for. 

A transistor model intended for circuit design should serve two essential purposes: 

It should first provide a good understanding of the various properties of the device to facilitate 
the synthesis of optimum circuit architectures. Indeed, in order to build robust circuits, the 
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physical properties of the transistor must be exploited in a way that is minimally dependent on 
temperature and process variations. For this purpose, the model should be explicit. It should 
“speak to the mind,” using no complicated or chained equations. Clarity should supersede 
precision and can be enhanced by means of graphical representations. This important aspect 
of a model is often underestimated and overlooked. It will be emphasized in this book, in 
particular in Part I, which essentially describes what can be called the core of the model. 

Second, the model should be adapted to numerical simulations on a computer, embedded 
in a circuit simulator. For this purpose, precision supersedes clarity, and second-order effects 
must be accounted for. This can be obtained by predistorting variables, by chaining equations 
and/or by providing additional layers around a core model. The model does not need to be fully 
explicit, but it should be compact: it should use sufficiently simple expressions with minimum 
need for numerical iterations, in order to limit the computation time, 

A transistor model should include a minimum number of process-dependent device param¬ 
eters. This is to facilitate the very heavy task of extracting and following-up the value of these 
parameters, with their statistical distribution and temperature dependency. 

Now, the correlation between these parameters (with process and temperature variations) 
must be known, in order to avoid designing circuits for irrelevant worst cases. For this reason, 
the device parameters should be explicitly based on independent and measurable process pa¬ 
rameters. This is essential to be able to ascertain their amount of correlations while avoiding 
the almost impossible task of measuring all these correlations. It also makes the model predic¬ 
tive, allowing to foresee the characteristics of the transistor and hence the performance of the 
resulting circuits even before measuring the device. 

The EKV model described in this book is believed to meet all the above expectations. It 
serves the two main purposes in a coherent manner. Its core requires just a few parameters 
to describe all the basic properties of the long-channel intrinsic device in an explicit manner. 
Layers are added to this core to account for short-channel and secondary effects. 


1.2 A SHORT HISTORY OF THE EKV MOS 
TRANSISTOR MODEL 

The model presented in this book results from a series of direct and indirect contributions along 
several decades. Its origins can be traced back to the early developments of electronic watches 
at CEH (French acronym for Watchmakers Electronic Center) in Switzerland [2]. 

The total power consumption had to be extremely low, less than lp.W, to ensure a few 
years of life to the single button-size cell battery. After the very first versions based on bipolar 
transistors [3], the CMOS technology was soon identified as the best approach to implement the 
digital electronic circuitry needed in a watch using a crystal resonator as the time reference. 
Supply voltage had to be very low, compatible with the 1.3 V delivered by the cell, so the 
development of low-threshold CMOS was a major challenge in the late 1960’s [4]. 

The digital circuitry was essentially an asynchronous chain of divide-by-two stages. The 
main design problem was to minimize the number of node transitions in order to minimize the 
dynamic power. Another one was the elimination of logic hazards to improve the robustness 
against large local variations of the small gate voltage overhead, and this led to the first single 
clock circuits [5-7]. For these digital circuits, MOS transistors could be considered just as 
switches and hence no special model was required. 
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The problem was very different for the few analog subcircuits. Most important was the 
circuitry needed to sustain the oscillation of the quartz crystal resonator (the quartz oscillator). 
Each transistor had to be biased at a drain current much below IpA. Early measurements 
carried out in 1967 showed that the transistor behaved in a very strange manner at these very 
low current levels. Indeed, the well-known square-law transfer characteristics were replaced 
by an exponential over more than 5 order of magnitude of the drain current, very similar to 
bipolar transistors. This is how weak inversion popped out to the attention of micropower 
circuit designers in the late 1960s. 

At that time, no transistor model was available for weak inversion, but they started coming 
out in subsequent years, mainly to account for what appears in digital circuits as a leakage 
current of blocked transistors. In 1972, M. B. Barron published a model for the grounded source 
device showing the exponential dependencies on drain voltage and on surface potential, with a 
rather complex expression relating the surface potential to the gate voltage [8]. The same year, 
R. M. Swanson and J. D. Meindl [9] showed that this relation could be accounted for by means 
of an almost constant factor, which became the slope factor n of our model. The following 
year, R. R. Troutman and S. N. Chakravarti [10] treated the case of nonzero source voltage. 
Then T. Mashuhara et al. [11] showed that the current depends on a difference of exponential 
functions of source and drain voltages. In the mean time, micropower analog circuit blocks 
were developed at CEH. They were first published in 1976 [12,13], together with a model 
applicable for weak inversion circuit design, which was based on the previously mentioned 
work. This model already included two important features of the EKV model: reference to the 
(local) substrate (and not to the source) for all voltages and full source-drain symmetry. The 
related small-signal model including noise was also presented [14], 

A symmetrical model of the MOS transistor in strong inversion was first published by 
P. Jespers in 1977 [15, 16]. Based on an idea of O. Memelink, this graphical model uses 
the approximately linear relationship between the local mobile charge density and the local 
“non-equilibrium” voltage in the channel. This charge-based approach has been adopted and 
generalized to all levels of current in the EKV model. 

Another ingredient of EKV is the representation of the drain current as the difference 
between a forward and a reverse component. This idea was first introduced in 1979 by 
J.-D. Chatelain [17], by similarity with the Ebers-Moll model of bipolar transistors [18]. 
However, his definition of these two components was different from that adopted later, and 
was not applicable to weak inversion. 

Even in micropower analog circuits, not all transistors should be biased in weak inversion. 
There was therefore a need for a good continuous model from weak to strong inversion. Such a 
model was developed at CEH by H. Oguey and S. Cserveny, and was first published in French 
in 1982 [19]. The only publication in English was at a Summer Course given in 1983 [20]. 

This model embodied most of the basic features that were retained later. It introduced a 
function of the gate voltage called control voltage, later renamed pinch-off voltage V P . A single 
function of this control voltage and of either the source voltage or the drain voltage defined two 
components of the drain current (which became the forward and reverse components). This 
function was continuous from weak to strong inversion, using a mathematical interpolation to 
best fit moderate inversion. 

In the mid-1980s, the model of Oguey and Cserveny was simplified by the second author 
for his undergraduate teaching at EPFL (Swiss federal Institute of Technology, Lausanne, 
Switzerland), and most further developments were carried out there. They started with the 
Ph.D. Thesis of the first author [21], in collaboration with F. Krummenacher. The model was 
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formulated more explicitly. Noise and dynamic behavior were introduced by exploiting the 
fundamental source-drain symmetry. The status of the model was presented at various Summer 
Courses [22-24] and a full paper was finally published in 1995 [25]. This publication gave its 
name to the model, but many important extensions were added later. 

Probably the most important extension was the replacement of the current and transcon¬ 
ductance interpolation functions between weak and strong inversion presented in [25] by a 
more physical based one, derived from an explicit linearization of the inversion charge versus 
the surface potential. The incremental linear relationship between inversion charge and sur¬ 
face potential was first considered by M. Bagheri and C. Turchetti [26], but the linearization of 
the inversion charge versus surface potential was originally proposed in 1987 by M. Maher and 
C. Mead [27,28]. Several years later, different groups looked at this problem. B. Iniguez and 
E. G. Moreno [29, 30] derived an approximate explicit relation between inversion charges 
and surface potential which included a fitting parameter. While their first linearization was done 
at the source [29], they later obtained a substrate referenced model based on the original EKV 
MOSFET model approach [25], which also included some short-channel effects. A similar 
approach was also proposed by Cunha et al. [31-34] who obtained an interpolated expres¬ 
sion of the charges versus the potentials that used the basic EKV model definitions 1 [25] and 
was closely inspired from our approach. We also adopted the inversion charge linearization 
approach, since it offers physical expressions for both the transconductance-to-current ratio 
and the current that are valid from weak to strong inversion [35-38]. This gave rise to the 
charge-based EKV model which is discussed in this book. The inversion charge linearization 
principle was rediscovered once more in 2001 by H. K. Gummel and K. Singhal [39,40], 
Finally, a formal detailed analysis of the inversion charge linearization process and a rigorous 
derivation of the EKV model was finally published by J.-M. Sallese et al. in [41 ]. 

Note that this approach actually provides voltages versus currents expressions that cannot 
be explicitly inverted. It can nevertheless be easily inverted by using a straightforward Newton- 
Raphson technique or by an appropriate approximation. Both these techniques have been used 
in the final model implementation. 

The basic long-channel charge-based EKV model was further developed by the EKV team 
to include the following additional effects: 

Nonuniform doping: Nonuniform doping in the vertical direction was proposed by C. Lallement 
et al. in [42,43]. 

Non-quasi-static model: A small-signal charge-based non-quasi-static model was presented 
by J.-M. Sallese and A.-S. Porret in [38,44]. 

Polysilicon depletion and quantum effects: Polysilicon depletion and quantum effects were 
also added [45-47], 

RF modeling: The EKV model was extended by the first author to also cover high-frequency 
operation for the design of RF CMOS integrated circuits [48-52]. 

Thermal noise: An accurate thermal noise model accounting for short-channel effects was 
developed by A. S. Roy and C. C. Enz [53-55]. 


1 Unfortunately, Cunha et al. did not use the same definition of the specific current we have been using. Their specific 
current is actually four times smaller. 
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Extrinsic components: An accurate model of the parasitic capacitances was developed by 
F. Pregaldiny et al. [56]. 

EKV compact model: A model of the MOS transistor would be almost useless if it could not 
be used by circuit designers with a circuit simulator. To this purpose, the model has to be 
carefully implemented in the simulator so that it can run efficiently avoiding any convergence 
problems. The early EKV model (version 2.7) was implemented by M. Bucher as a compact 
model in many circuit simulators [37]. All the more recent developments were implemented 
in the version 3.0 of the EKV MOS transistor compact model [57,58]. 

Parameter extraction: A compact model cannot be used without an efficient parameter ex¬ 
traction methodology. The EKV model uses an original parameter extraction methodology 
presented in [59-62]. (Reference [61] can be found on line at the EKV Web site [63].) 

More recently, the research of the EKV team is more oriented toward the modeling of 
multigate MOS devices and more particularly on double-gate devices [64,65]. 

Further parts of the model were derived by members of the team of researchers and Ph.D. 
students that developed its implementation as a CAD tool at EPFL [63], 


1.3 THE BOOK STRUCTURE 

This book is organized in three parts, which are briefly described below: 

Part I describes the basic long-channel charge-based MOS transistor model. It is the core of 
the model around which all the other parts are built in a hierarchic manner following the 
basic structure of the EKV MOS transistor model. This part is self-contained and the reader 
can stop after it while still having a strong background in all the fundamental aspects of 
the EKV MOS transistor model. It includes all the most important aspects such as basic 
large-signal static model, small-signal dynamic model, noise model, and a discussion of 
temperature effects and matching properties. The other parts complete the basic model by 
adding more detailed descriptions of advanced aspects. 

Part II presents more advanced aspects which are of utmost importance for understanding the 
operation of deep-submicron devices. It starts with the modeling of several nonideal effects 
that already affects long-channel devices before concentrating on short-channel effects. The 
model is then extended to also include the extrinsic part of the device. 

Part III discusses additional aspects which become important when increasing the operating 
frequency. It presents a complete MOS transistor model, built on top of the two first parts, 
which is required for designing RF CMOS integrated circuits. 




Parti 

The Basic Long-Channel 
Intrinsic Charge-Based Model 


The first part models the intrinsic part of the most basic MOS transistor. The channel is 
assumed to be sufficiently long to avoid all short-channel effects. The doping concentration in 
the substrate and the carrier mobility are constant. The gate is a perfect equipotential conductor, 
and the gate oxide is thick enough to prevent quantum effects and tunneling current. Some 
basic definitions are introduced in Chapter 2 in order to preserve the symmetry of the device. 
Chapter 3 models the density of mobile charge as a function of the gate voltage and of the 
local channel voltage. This function is used in Chapter 4 to obtain the drain current in function 
of the source and drain voltages, and introduces the unusual concept of forward and reverse 
current components. Chapter 5 then establishes the corresponding small-signal DC and AC 
models. Chapter 6 is dedicated to modeling the noise, whereas Chapter 7 investigates the effect 
of temperature and the problem of mismatch between devices. 
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2 Definitions 


This short introductory chapter starts by describing the generic structure of the N-channel MOS 
transistor that will be analyzed in Part I. It defines the essential geometrical dimensions and 
voltages, including the “channel voltage” V that will play an important role in the model. Sec¬ 
tion 2.2 introduces the definition of additional important variables, in particular the density of 
mobile inverted charge Q\ that underlies the whole charge-based modeling approach. Symbols 
for the four-terminal N- and P-channel transistors are proposed in Section 2.3, together with 
sign conventions that will render all results derived for the N-channel transistor applicable to 
the P-channel device. 


2.1 THE N-CHANNEL TRANSISTOR STRUCTURE 

The schematic cross section of a generic N-channel MOS transistor is shown in Figure 2.1. 
The source S and drain D are highly doped N-type islands (N+) diffused in a P-type local 
silicon substrate (or bulk) B. 

In between, the active part of the transistor of length L and width W is controlled by the 
gate electrode G, separated by a dielectric layer called gate oxide, since it is normally made 
of silicon dioxide. The P+ diffusion is needed to ensure good ohmic contact with the lightly 
doped P-type local substrate. The position along the channel is defined by x, whereas the 
distance from the silicon surface is given by z. The y-axis is perpendicular to the plane of 
the cross section. We shall assume for the time being that the net doping concentration /Vs of 
the local substrate and the oxide thickness f ox are both constant along the channel. Hence, this 
four-terminal device has a symmetrical structure with respect to source and drain. In order to 
keep this symmetry in the model, the source voltage Vs, the drain voltage Vd, and the gate 
voltage Vq are all defined with respect to the local substrate. By definition, Vs and Vq are 
positive when they block the corresponding junction. 

As shown in Figure 2.1, the active region of the transistor located between source and drain 
is limited to the gate-to-surface capacitor plus a thin layer of silicon in which the potential and 
the charge distribution are modified by the effect of the gate. It is called the intrinsic part of the 
transistor. All the rest is the extrinsic part. It includes the source and drain diodes, series access 
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Figure 2.1 Schematic cross section of a MOS transistor 

resistors or inductors to the four terminals, and all external parasitic capacitors, in particular 
those of the D and S junctions and the direct overlap capacitors from gate electrode to source 
and drain islands. This extrinsic part of the device will be discussed in Chapter 10. 

Application of a voltage across the source-to-substrate and/or the drain-to-substrate junc¬ 
tions forces electrons and holes out of equilibrium, splitting their respective quasi-Fermi po¬ 
tential by Vs at the source end of the channel and Vj ) at the drain end. This splitting propagates 
along the channel, and can be characterized by a channel voltage V that varies monotonically 
from Vs at x = 0 (source end) to V D at x — L (drain end). 

Now, for an N-channel device in normal operation (potential increased at the surface by the 
voltage applied to the gate), the quasi-Fermi potential of holes can be assumed to be constant 
throughout the structure [1,66,67]. Thus V is (within a constant) the quasi-Fermi potential of 
electrons in the channel. 

Another important voltage is the thermodynamic voltage 

U T = kT/q, (2.1) 

where k is the Bolzmann constant and q is the elementary charge. Proportional to the absolute 
temperature T, it is a measure of the thermal energy of electrons. Since it appears ubiquitously 
in MOS modeling equations, it is a more natural unit of voltage for devices and circuits than 
the standard unit of 1 V. Its value is 25.8 mV at 300 K or 27 °C. 


2.2 DEFINITION OF CHARGES, CURRENT, POTENTIAL, 

AND ELECTRIC FIELDS 

For zero electric field at the silicon surface, the source to drain structure of Figure 2.1 corre¬ 
sponds to two back-to-back diodes connected in series; thus, no current other than the junction 
leakage current can flow as long as Vs and V D are positive. The situation remains qualitatively 
the same when more holes are attracted at the surface by applying a negative gate voltage Vg- 
On the contrary, if a positive voltage is applied to the gate, the holes are repelled from the 
surface, leaving the negatively charged P-doping atoms. As shown schematically in Figure 2.2, 
this corresponds to a negative charge of density <2b per unit area. This charge is fixed and 
therefore cannot carry any current. 

By further increasing Vg, negative electrons are attracted to the surface thereby forming an 
N-type channel. It is this negative mobile inversion charge, of density <2i per unit area, which 
will carry the drain-to-source current by a combination of drift and diffusion mechanisms of 
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Charge density (As/m 2 ) 


L- Fixed interface charge Q fc 


Gate charge Q g 1/; Mobile inversion charge Qj 
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Figure 2.2 Schematic representation of various local charge densities 


electrons. For the N-channel device, this current 7 d will be defined positive if it enters the drain 
terminal. 

The charge-based model presented in this book will first calculate the dependency of the 
density Q t of induced mobile charge on the voltages applied to the transistor. Then, it will rely 
on Qi , and on its particular values Gis and GiD at the source and drain ends of the channel, to 
calculate the drain current and to model all aspects of the device behavior. 

The total net charge induced underneath the surface of silicon per unit area of channel is 
given by 


G si =Gb + ei- (2.2) 

As depicted in Figure 2.2, an additional component of charge Gfc is present at the silicon- 
oxide interface. This is a fixed charge that includes the effect of charges trapped inside the 
oxide and weighted by their relative distance to the interface. This charge will be assumed to 
be independent of the gate voltage, although it might change very slowly in time at very high 
values of gate voltage. Additional voltage-dependent charges due to fast surface state will not 
be considered, since they are negligible in modern processes. 

The O-reference of electrostatic potential i fr is that of the bulk of silicon, at a distance from 
the surface where it is not affected by the gate voltage. At the silicon surface (z = 0), •A takes 
the particular value called the surface potential. The electric field E ox in the oxide depends 
on Vq — d's. but is modified by <£ ms , the difference between the extraction potentials of gate 
and channel materials. It corresponds to the barrier of potential that would be created at their 
interface if the oxide thickness r ox would be zero. The electric field in the oxide is therefore 
given by 


E 


OX 


Vb ~ <gms - Ts 

‘OX 


(2.3) 


2.3 TRANSISTOR SYMBOL AND P-CHANNEL TRANSISTOR 

In order to reflect the symmetrical structure of the MOS transistor, the symbols to be used in 
circuit schematics should also be symmetrical, as shown in Figure 2.3. Figure 2.3(a) shows 
the symbol of an N-channel transistor, with the definitions of voltages and current already 
introduced in Figure 2.1. The arrow on the bulk (B) terminal symbolizes the bulk-to-channel 
“junction,” whereas the source S and drain D terminals are symmetrical. 
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Figure 2.3 Symbols and definitions for N-channel and P-channel MOS transistors 


The generic structure of a P-channel transistor is similar to that of the N-channel, but the 
doping types are opposite, with P+ source and drain diffusions inside an N-type local substrate 
(which is usually an N-well in modern processes). Hence a negative voltage must be applied 
to the gate to obtain a positive inverted charge of holes Q t , after creating a positive depletion 
charge Q b . 

In spite of this sign difference, all equations that will be derived for modeling the N-channel 
transistor will be applicable to the P-channel device, provided the definitions of positive voltages 
and currents are inverted , as shown in Figure 2.3(b). The arrow in the bulk connection is 
inverted, which might be sufficient to distinguish it from the N-channel. However, since very 
often the bulk connection is the same for all transistors of the same type and is therefore not 
represented, a small circle is added at the gate of the P-channel device. 

It should be pointed out that, except for the gate electrode, the generic structure illustrated 
in Figure 2.1 is also that of an NPN lateral bipolar transistor. Indeed, this parasitic transistor 
will be activated as soon as one of the two junctions is sufficiently forward biased (—Vs and/or 
— Vd larger than a few hundred millivolts). This device may be exploited as a true bipolar 
transistor, provided it is in a separate well (which becomes the base of the transistor) and the 
MOS current is canceled by a negative gate voltage [68]. This special mode of operation will 
not be further discussed in this book. 













3 The Basic Charge Model 


This chapter is dedicated to the calculation and the modeling of the density of induced mobile 
charge Q\ as a function of the various voltages applied to the transistor. Section 3.1 is a repetition 
of the classical one-dimensional analysis of the total charge density <2si induced at the surface 
of a long transistor channel by a nonzero surface potential. It already shows the fundamental 
difference between weak and strong inversion. This difference is further highlighted by the 
dependency of the surface potential on the gate voltage, which is derived in Section 3.2. Section 

3.3 takes advantage of the results obtained so far to calculate the variation of the local gate 
capacitance per unit area as a function of the gate voltage and the local channel voltage. Section 

3.4 introduces and justifies the charge sheet approximation, which will be used throughout the 
rest of the book. Using this approximation, Q, is then obtained in Section 3.5 by the difference 
between the gate voltage and a threshold function Vjb of the surface potential *T S , and it 
cancels at a value called pinch-off surface potential 'Pp. The slope n of Vtb(^s) will become 
one of the few basic parameters of the model. In Section 3.6, an important simplification of 
the model is introduced by exploiting the fact that this slope n may be considered constant, 
which corresponds to a linearization of the charge versus potential relationship. Based on this 
linearization, an explicit expression is obtained that relates Q\ to the channel voltage V, within 
a constant called pinch-off (channel) voltage Vp. This expression is normalized and depends 
only on process parameters through a specific charge <2spec - By using an approximation of this 
expression in strong inversion, a threshold voltage (at equilibrium) Vto is defined, by which 
V P can then be directly related to the gate voltage. 


3.1 POISSON’S EQUATION AND GRADUAL 
CHANNEL APPROXIMATION 

In the P-type substrate of an N-channel MOS transistor, the total charge concentration p is the 
net effect of the concentrations N\, of doping atoms, of holes p v and n p of electrons: 

P = q(Pv ~ « P - N b ). (3.1) 


Charge-Based MOS Transistor Modeling: The EKV Model for Low-Power and RFIC Design C. Enz and E. Vittoz 
© 2006 John Wiley & Sons, Ltd. 
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Far from the surface, the semiconductor is neutral, and p — 0. Closer to the surface, the 
spatial variations of potential P due to the electric field produced by the gate result in a nonzero 
charge concentration according to the three-dimensional Poisson’s equation 


d 2 P d 2 P d 2 P 

dx 2 dy 2 dz 2 



(3.2) 


where e s ; is the dielectric constant of silicon. 

The channel is long and wide compared to the oxide thickness r ox , allowing the gradual 
channel approximation , stating that the electric field variation in the ^-direction (perpendicular 
to the surface) is much larger than that in the x- and y-directions. Therefore, the second 
derivative of potential P in the directions parallel to the surface can be neglected in (3.2), and 
this three-dimensional equation can be reduced to the one-dimensional equation in z'. 


d 2 P 

dz 2 


q 

—(«p - Pp + N b ). 


(3.3) 


For an N-channel transistor, the quasi-Fermi potential of holes can be assumed to be constant 
for P > 0 [1,66,67]. The hole concentration can therefore be expressed as 


0 F - P 

Pp = >H exp —--, (3.4) 

Uj 

where n, is the intrinsic carrier concentration and 0y is the Fermi potential of the silicon 
substrate. At T = 300 K, 77; = 1.45 x 10 10 cm^ 3 . 

Application of a source voltage Vs and/or a drain voltage Vd brings the electrons in the 
channel out of equilibrium, which is characterized by a quasi-Fermi potential 0 Fn different 
from 0].. As explained in the introduction, this difference is called channel voltage V, and 
0 Fn = 0 F + V. The concentration of electrons can thus be expressed as 


n p — 77; exp ■ 


Uj 


77; exp ■ 


P -&F-V 
Uj 


(3.5) 


The doping concentration N b is assumed to be constant in the channel region. Far from the 
surface, the effect of Vs, Vd, and E ox vanishes; thus V = P — 0, and the silicon is neutral 
with p — 0. Combining equations (3.1), (3.4), and (3.5) then yields 


N h — 77; 


0p 

exp —-exp 



77; exp 


0p 

Uj 


(3.6) 


since <f F Uj, resulting in 


77; = N b exp 


— 0p 

Uj 


(3.7) 
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The expression relating the Fermi potential 0p to the doping concentration /V h is then given 
by 


N b 

0p = Up In—. 

n, 


(3.8) 


Introducing (3.4), (3.5), and (3.7) in (3.3) yields 

/ 


d 2 0 _ qN h 
dz 2 e si 

a <l^b 
e s i 


0 - 2<P f - V -0 

exp-exp- +1 

Uj F Up 

v --v— - yv y fixed charge 

electrons holes * 


G(0, 20 f + V ). 


(3.9) 


The first term in the parentheses is the contribution of electrons, the second that of holes, and 
the third that of the fixed depletion charge. 

Now, the vertical field is given by 


hence. 


d 2 0 

dz 2 


d0 

E z = -~r ; 

dz 


d E z _ d E z d0 _ dE z 
dz d0 dz ' diT 


and Poisson’s equation (3.9) becomes 


E. d E- = — G(0, 20 F + V) d0. 


(3.10) 


(3.11) 


(3.12) 


Both sides of this equation can now be integrated from far below the surface, where E, = 0 
and 0 = 0, to closer to the surface where they become nonzero: 


f z Ei qN b r 

/ E z dE z = -Z = — / G(0, 20p + V) d0. 

Jo 2 e S i Jo 

This finally yields the vertical field E, as a function of 0 and V: 

LAp 

E z = sgn(tp) — F(0, 20p + T), 

L D 


(3.13) 


(3.14) 


where L n is a combination of constants called the extrinsic Debye length 


L 


A 

D — 



(3.15) 
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and 


F(0, 20 f +V) = 


\ 


0 

exp-1 

U T 


exp ■ 


-( 20 f + V) 
Uj 


exp -jj- — 1 ) +-^~ . (3.16) 


contribution of electrons 


of holes 


V 
Uj 

of fixed charge 


This function is represented in Figure 3.1 for <£>f = \4Uj, which, according to (3.8), corre- 
sponds at ambient temperature to a doping concentration N\, of 1.7 x 10 16 cm” 3 . At the surface 
of silicon, the potential 0 takes the value 0 S , and the vertical field has the value E zs given 
by F( Lf's, 20]. + V). Knowing the surface field, the local silicon charge density <2si can be 
obtained by applying Gauss’ law to a short section of channel, as explained by Figure 3.2. 

A parallelepiped volume of channel starts at the surface of silicon where E z = E zs and 
ends deep in the substrate where E z = 0; according to the gradual channel approximation, the 
variation of horizontal field along a short section of channel is negligible; thus, E x+Ax = E x . 
Finally, the lateral field E y = 0 so that the only side contributing to the electrical flux leaving 
the volume is the surface. According to Gauss’ law, this flux is equal to the net charge inside 



Figure 3.2 Application of Gauss’ law to calculate Q si from the surface field E zs 
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the volume, which is equal to <2 si for a unit area of channel. Thus, for 0 S > 0, 

6 si = -e si E zs = 20 F + V). (3.17) 

Ad 

For a given value of 20 F + V , the function /-’ plotted in Figure 3.1 thus represents E Z (<F), 
E z S (0 S )> and Qs^sh It results from the contribution of the three types of charge, which can 
still be identified inside the square root of (3.16): the first term is the contribution of electrons, 
the second that of holes (which become negligible for 0 y>> Uj), and the third term that of the 
fixed depletion charge. 

For negative values of 0 S , the second term dominates and holes accumulate exponentially. If 
0 S — 0 then F — 0; the silicon is neutral up to the surface. This is called the flat-band situation. 

For 0 < •7's 20 f + V, the last term due to the fixed depletion charge dominates. The 

small quantity of electrons corresponding to the second term is negligible in the calculation of 
field and total charge, but will be the only charge available to transport current. This situation 
is called weak inversion. 

When 0 S exceeds 20 F + V , the first term becomes nonnegligible and would keep its expo¬ 
nential growth if 0 S could be increased much above. This situation is called strong inversion. 

It must be pointed out that F is a nonlinear function of the three kinds of charge, and so 
neither Q\ nor <2b can be identified separately in this function, except if one of them strongly 
dominates. This is the case in weak inversion where, from (3.17) and (3.16), 


<2si = Qb — — 


^siUj 

Ld 



(weak inversion). 


(3.18) 


3.2 SURFACE POTENTIAL AS A FUNCTION 
OF GATE VOLTAGE 

The surface potential 0 S increases with the gate voltage Vg. This dependency can be obtained 
by again applying Gauss’ law as illustrated in Figure 3.2, but with the upper part of the volume 
ending inside the oxide layer, and thus including the fixed charge density Q f C . The electric 
field at the upper face is the oxide field E ox given by (2.3), and thus 

Qs i + Qic = -fox^ox = -C 0X (V G - 0ms - I's), (3.19) 

where 

C 0 x = <Wr ox (3-20) 

is the gate oxide capacitance per unit area. Introducing expression (3.17) of Q s ; and solving 
for Vg yields 


Vg — V F b _ G; 

Uj Uj c ox l d 


F(0 S , 20 f + V), 


(3.21) 
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where y FB is the flat-band voltage given by 

y F B = 0ms + Z J^ L - (3.22) 

'-'OX 

It is the value of the gate voltage Vq needed to obtain the flat-band situation, for which <F S = 0 
and gsi = 0. 

Relation (3.21) is represented in Figure 3.3 for realistic particular values of <t> F and 
r si/(Cox l -d)- 

As long as <A S <$C 2<P F + V (corresponding to weak inversion), Q SI = Q b increases only 
with the square root of >F S . Thus l A s increases with Vq. But as soon as *F S reaches 20 F + V. Q si 
starts increasing much more rapidly with >A S due to the important contribution of mobile charge. 
This is not compatible with the limited field, and thus the surface potential only increases very 
slowly to become almost constant in strong inversion. 


3.3 GATE CAPACITANCE 

Since the function F represents the variation of the charge in silicon Q sl with surface potential 
»F S , its derivative gives the corresponding silicon capacitance C s p 

c a d(-8si) _ e si Uj d F _ 6 si exp ^ 2 £- v - exp + 1 
S ‘ d^ s L d d«A s 2 L d F(p t , 20 f +V) ' 1 ' 

This equation and equation (3.21) of VgI'Fs) can be used as parametric equations of C sl ( Vo), 
with >F S as parameter. The local gate capacitance per unit area C g is then obtained by the series 
connection of C sl and C ox : 




c 

'-'SI 


Csi + Co 


(3.24) 


The resulting C g (V g) curve is plotted in Figure 3.4. 
























GATE CAPACITANCE 19 



-50 0 50 100 „ 150 

M3 ~ V FB _^ 

U T 

Figure 3.4 Local gate capacitance C g as a function of gate voltage Vq 

For negative gate voltages, holes are attracted to the surface. C sl becomes much larger than 
Cox and thus C g tends to C ox . The same is true for large positive gate voltages that attract a 
large number of electrons corresponding to channel inversion. 

In between, holes are repelled from the surface, leaving the depletion charge Q b, while the 
electron charge remains negligible. The silicon capacitance is thus reduced to the depletion 
capacitance C<j given by 


C si = C <j = 


2L D ^WJTh 



It corresponds to a thickness t& of the dielectric depletion layer given by 



(3.25) 


(3.26) 


that increases with the square root of the surface potential. Hence the gate capacitance C g slowly 
decreases, until electrons are no longer negligible and rapidly dominate in strong inversion, 
causing an abrupt increase of C g . If the channel voltage V is increased, it increases the value of 
\P S required for strong inversion (see Figure 3.3), letting the gate capacitance keep descending 
further. 

It must be remembered that C g is the local gate capacitance per unit area. Thus, since there 
is only a single gate electrode, the curve of Figure 3.4 can only be measured when the whole 
channel is at the same voltage V = Vs = Vd- Indeed, if y D ^ V s , then V changes along the 
channel, and the total gate capacitance is a combination of different local values. 

These very nonlinear characteristics of gate capacitance must be taken into consideration 
when a MOS transistor is used to implement a capacitor. To obtain a value as constant as 
possible, the device must be biased in accumulation or in strong inversion. A voltage-dependent 
capacitor (varicap) is obtained by exploiting the slow decay of Cg in weak inversion, or its 
rapid increase at the verge of strong inversion [69], 
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3.4 CHARGE SHEET APPROXIMATION 


The mobile inversion charge Q\ defined in Section 2.2 is obtained by integrating the electron 
concentration n p below the surface of silicon: 

/■'A n 

n p dz = -q -r d>A. (3.27) 

Jo Zz 



The integrand n p /E z can be expressed from (3.5), (3.7), and (3.14) [70]: 


Up 

E~z 


N b L D 


exp 


^-20 ¥ -V 

Uj 


U T F(V S , 20 F +V)' 


(3.28) 


This expression, represented in the semilog plot of Figure 3.5 for several values of 2<P b + V, 
unfortunately cannot be integrated explicitly. As can be seen, it is essentially an exponential 
function expl'I'/ (mUj)], with a slope factor m changing from 1 in weak inversion to2in strong 
inversion. Thus, as illustrated by the linear plot on Figure 3.6,95% of charge <2; is at a potential 
within 3Ut to 6Uj below <A S . 

On this basis, the charge sheet approximation [71] illustrated in the same figure will be 
used in the rest of the book. It assumes that the whole charge Q\ is at the surface potential 



Charge sheet Qj at yr s 

Qd(v's) 


Figure 3.6 Charge sheet approximation 
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l / / s . Thus, since there is no voltage drop across this thin charge sheet, the depletion charge (Q h 
is controlled by s . Hence, it can be approximated by expression (3.18) for weak inversion 
(where Q x is really negligible): 


_ e S i t/x 

Ld y Uj 


r ,c ox \f&i, 


where A is the substrate modulation factor, given by 


A = 




-y/Uj = 


'-'OX 


(3.29) 


(3.30) 


3.5 DENSITY OF MOBILE INVERTED CHARGE 

3.5.1 Mobile Charge as a Function of Gate Voltage 
and Surface Potential 

The total charge density Q S1 can be calculated from the field in the oxide by using relations 
(3.19) and (3.22), 


Qsi = -C 0 ,(V G - Vfb - V'O, (3.31) 

and, with the charge sheet approximation, the depletion charge 2b is given by (3.29). Although 
the inversion charge Q\ cannot be explicitly obtained directly from (3.27), it can be expressed 
as their difference 

Q\ = Qsi ~Qb = —C 0X (V G - Vfb - - Av 7 ^) = -C 0 x(V G - V TB ), (3.32) 


where 


V TB = V FB + + A v 7 ^ (3.33) 

is the threshold function. This function of <A S that depends on the process through parameters 
Vfb and If is represented in Figure 3.7 for two extreme values of If. 

This function is nonlinear due to the contribution of and its slope n > 1 is obtained by 
differentiation of (3.33): 


A d Vfb _ ^ A 
“ ~~ 2 fWf 


(3.34) 


It is represented in Figure 3.8. 

As can be seen, n is a very slow function of </ / s , especially since in normal situations, <A S is 
not lower than about 20C/t- Its maximum value thus ranges between 1.2 and 1.7, and it tends 
to 1 for very large values of 'I' s . 
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Now according to (3.32), the density of inverted charge Q\ is proportional to the difference 
between the gate voltage and the threshold function, as illustrated in Figure 3.7. Hence, for Vo 
constant. 


dQi/Cox 

-= n 

d^ s 


(3.35) 


For a given value of the gate voltage, the inverted charge becomes zero for a particular value 
<Fp of the surface potential called pinch-off (surface) potential. It is directly related to the gate 



Figure 3.8 Slope n of Vtb('As) 
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voltage, as can be obtained by (3.32) for Q t = 0: 


Vg = Vfb + + r b yfc. (3.36) 

This function VgO^p) is identical to Vtb(^s) given by (3.33), as can be confirmed by inspection 
of Figure 3.7. 

Solving (3.36) for Pp yields 


*p = = 0) = V G - Vfb - f b 2 (]J VG pj™ +1 “ t) ' (337) 

3.5.2 Mobile Charge as a Function of Channel Voltage 
and Surface Potential 

The total charge in silicon, Q s ;, can also be expressed by (3.17), in which L D can be eliminated 
using (3.30). Furthermore, the function F(P, 2<P P + V) given by (3.16) can be simplified if the 
channel potential is sufficiently positive (<A S U \ ), the contribution of holes being negligible. 

With the charge sheet approximation, the depletion charge gb is again given by (3.29). The 
inverted charge can then be expressed as 


— / hp q, 2& ¥ -V V s \ 

a = a „ - a = (y -+«x P — - - j. qm) 

3.6 CHARGE-POTENTIAL LINEARIZATION 
3.6.1 Linearization of Q (\P S ) 

Since n is only slightly dependent on it will be considered constant , which amounts to a 
linearization of the mobile inverted charge Q x in function of the siuface potential Pg [27]. 

Thus, although it is a (slow) function of </ / s , n will become a fixed device parameter called 
the slope factor. It should be evaluated for the best coverage of the device operation range, as 
will be discussed in Section 3.6.4. 

The inverted charge Q, cannot be calculated from expression (3.32) or (3.38), since the 
surface potential 7L cannot be expressed analytically as a function of the gate voltage Vg- 
Indeed, Figure 3.3 was obtained from equation (3.21) which cannot be inverted. However, the 
linearization of QifPfi by means of the constant slope factor n can be exploited to obtain an 
explicit solution, as will be explained below. 

This linearization is illustrated in Figure 3.9, which is just a qualitative replication of 
Figure 3.7. With the slope factor n constant, the surface potential is related to its pinch-off 
value >Ap by 


Qi 

ttC ox 


Qi = nC oxOf's - <A P ) or P s = + 


(3.39) 
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This expression can be introduced in (3.38) to eliminate s [41J. Arranging the result to extract 
<A P — 2<P f — V yields 


*Fp — 20p — F 
Uj 


-Qi ln [ -Qj ( -Qi 2 / Qi M 
nC 0X Uj r b C ox yZA yAC 0X \/^7r y nC 0X Ui Uj J 


(3.40) 


This equation expresses a general relation between the density of inversion charge Q t and 
voltages V and Vq (since <A P is a direct function of Vq given by (3.37)). 

The inversion charge can be normalized by introducing a specific charge Qspec 

9i = Qi/Qsptc (3.41) 


with 


Qspec = -2nU T C 0K 


(3.42) 


The negative sign in (7spec takes care of the negative charge of electrons, whereas reasons for 
introducing the factor 2 will be explained later. Furthermore, voltages normalized to Uj will 
be represented by lowercase letters: 


= = f/ x . 

v ijf (p V Yb , 


(3.43) 


Equation (3.40) then becomes 
2q, + ln q { + ln 


2 n ( 2 n , - 

— qi -b 2 VV'p - 2q, 

Kb V Kb 


= f v - 2<j)f - v. 


(3.44) 


Due to the simplifications of the function F^F, 2<f P + V ) in (3.38), this expression is valid 
only for i/c p 2q\ (\js p — 2qi corresponds to t// s = 0). Figure 3.10 shows the variation with qi 
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Figure 3.10 Voltage shift t> sh in (3.44). 


of the term labeled i> s h (voltage shift) in (3.44) for various values of i jr v and yb, and with the 
slope factor n defined by (3.34) evaluated at >A S = ff. 

As can be seen, even for extreme values of t/r p and y b the variation of u sb with q x never 
exceeds unity. The terms in q\ can therefore be neglected, and (3.44) simplifies to 


2</j + In q x + In 



Vsh 


% - 20 f - u. 


(3.45) 


The remaining dependency of u s h on i// p is very weak; hence, u s h can be considered constant 
(evaluated for example at ij/ p = 2</>f). 

Equation (3.45) constitutes a general normalized relation between the pinch-off potential 
<Ap, the local channel voltage V, and the resulting local inversion charge density Q\. Since 
<A P is a direct function of the gate voltage Vq given by (3.37), Qi(Vc, V ) can be obtained by 
numerical computation. 

But <Ap is a particular value of the surface potential that does not appear explicitly in the 
measurable characteristics of the transistor. It is therefore very useful for circuit applications 
to relate the inversion charge (and later the drain current) to a particular value of the channel 
voltage V called pinch -off voltage Vp [72] and defined by 

Vp 4 YL A v (2q, + Inqi = 0) = v(q, = 0.4263) (3.46) 

Uj 


or, by using (3.44), 


Up = t/fp - (20f + u sh ). 

Introducing this definition in (3.44) results in 


(3.47) 


2q\ -+- In f/i = Up — v. (3.48) 

This expression provides v(qi), but it cannot be inverted analytically to provide a general 
expression of qi(v). However, the two axes can be exchanged to represent q,(v), as shown in 
Figure 3.11. 





















26 THE BASIC CHARGE MODEL 



In weak inversion, q\ 1; thus the linear term becomes negligible. The mobile inverted 
charge can be approximated by 


qi = exp (i>p — v) (weak inversion). (3.49) 

In strong inversion, q\ 1; thus the logarithmic term becomes negligible. The mobile inverted 

charge can be approximated by 


= 



(strong inversion). 


(3.50) 


This approximation will be further discussed in Section 3.6.3. 

In moderate inversion, both terms contribute to the variation of mobile charge and neither 
approximation is valid. 

As expressed by (3.47) and shown by Figure 3.10, 'Pp — Vp is almost exactly constant. 
Hence by inspection of Figure 3.7, 


dVb _ dVp _ 

dVp d*7*p 


3.6.2 Linearized Bulk Depletion Charge Q b 

Differentiating (3.29) and introducing (3.34) give 

dQb/Cox . 


(3.51) 


(3.52) 
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as can be confirmed by inspection of Figure 3.7. Furthermore, its value g b p at 'A, = 0p obtained 
from (3.29) is 


gbP = —fbCoxV^P- 


(3.53) 


Using the charge-potential linearization introduced in Section 3.6.1, 


Gb = gbP + (1 - n)(0 s - ^p)Cox = -r b CoxV^ + (1 - nM s - 0 P )C OX (3.54) 


where the linearized expression (3.39) of g, can be introduced to obtain in normalized values 


t/b 


A 


Qb 

iSspec 


Yby/Wy 

2n 


n — 1 

- qi- 

n 


(3.55) 


3.6.3 Strong Inversion Approximation 

As was pointed out at the end of Section 3.2, in strong inversion the surface potential 0 S 
increases very slowly with the gate voltage Vo. due to the very rapid increase of the total 
charge in silicon g s i. Thus, 0 S can be assumed to be independent of Vo, and approximated, in 
view of Figure 3.3, by 


0 S = 0 O + V, (3.56) 

where 0o is a constant slightly larger than 20].. 

Expression (3.32) of the inverted charge can then be rewritten as 

gi = — Cox[V G - (Vfb + 0o + U + r bV /0 o + V)]. (3.57) 

'-V-' 

Vtb 


The threshold function Vtb(U) is identical to Vtb(0s) of Figure 3.7, but shifted by —0 q, as 
shown in Figure 3.12(a). 



Figure 3.12 Strong inversion approximation of inverted charge 
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For V — 0, Vtb has the particular value Vxo called equilibrium threshold voltage, or in short 
threshold voltage: 


Vxo — Vtk(V — 0) = Vfb + A + A\/A- (3.58) 

This bias-independent device parameter corresponds to the threshold voltage Vj for Vs = 0 
used in other models. Its precise value depends on the value chosen for A- 
Introducing (3.58) in (3.57) yields 


V TB = Vto + V + A (\M + V - y^o). (3.59) 

According to its strong inversion approximation (3.50) derived from the general expression 
(3.48), the inverted charge would be zero when the channel voltage V reaches its pinch-off 
value Vp defined by (3.46). Hence, Vp can be obtained as the value of V corresponding to 
Vtb = Vq, as illustrated in Figure 3.12(a). Indeed, inspection of this figure shows that V G 
depends on Vp exactly as Vtb depends on V. Thus according to (3.59), 


Vg = Vto + Vp + A 


A + Vp — 



which can be inverted to provide 


V P = V G — Vto ~ A 

The slope of Vc(Vp) is still n defined by (3.34) since 

n _ dVrB _ dVxB _ dVo _ 1 A 

dA dV dV P 2V A + V 



(3.60) 


(3.61) 


(3.62) 


It should be evaluated at a value of V that best covers the range of operation. 

Since n is almost constant with V, inspection of Figure 3.12(a) shows that instead of using 
equation (3.61) the pinch-off voltage can be approximated by 


V P = 


Vg — Vxo 


(3.63) 


It also shows that, instead of using (3.57), the inverted charge can be approximated by 

^ = n(V P - V), (3.64) 

'-'OX 

which corresponds to approximation (3.50). 

For a given value of the gate voltage Vg, the inverted charge can be plotted directly by 
first moving the V-axis to this value in the plot of Figure 3.12(a), and then vertically flipping 
around this axis to produce Figure 3.12(b). Changing Vg shifts the cutye vertically, resulting 
in a change of Vp. 
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Figure 3.13 Relative error of inverted charge in strong inversion approximation 

By introducing expression (3.58) of Vxo into (3.61) and comparing the result with expression 
(3.37) of <Ap, we obtain 


Vp — Pp — %. 


(3.65) 


Hence, according to (3.47) 

fo — fp - v p = 2<j>{ + i> sh or <P t) — *P p - Vp = 2& F + V sh . (3.66) 

Inspection of Figure 3.10 shows that u sh is almost constant, whereas Figure 3.3 shows that 
the surface potential keeps increasing slowly in strong inversion. This difference is due to the 
logarithmic term in (3.48), which has been neglected in approximation (3.50). It results in a dif¬ 
ference Aq\ of the inverted charge q\ that is represented in relative values in Figure 3.13. As can 
be seen, the excess of charge obtained in the strong inversion approximation never exceeds 18%. 

Notice that although the threshold voltage Vto was introduced in the framework of this 
strong inversion approximation, it can always be used to relate Vp to Vq by equation (3.61) or 
by its approximation (3.63). 


3.6.4 Evaluation of the Slope Factor 


As already stated in Section 3.6.1, the slope factor n defined by (3.34) should be evaluated to 
best fit the range of operation of the transistor. 

Inspection of Figure 3.9 shows that n would be best evaluated as the slope of the secant of 
the threshold function Vtb between a particular value of surface potential P s and its pinch-off 
value <Fp. Indeed, the calculation of Q t by the linear relation (3.39) is then exact for the selected 
value of P s . This slope can be obtained from expression (3.33) of Vtb: 


n — ^opt — 


VtbO^p) — Vtb(^s) 
- P s 


1 + 


r b 

V^p + 


(3.67) 


In weak inversion, Q\ is very small; therefore, X P S = P P , as can be seen in Figure 3.7. The 
secant merges with the tangent and slope n is obtained by introducing >P S = <P P = <P Q + Vp in 
(3.34) 


r b 

2y/Pp 


1 + 


r b 

2 V 'Pq + Vp 


n = n w = 1 + 


(3.68) 
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Hence, the slope factor in weak inversion depends only on the gate voltage through V P . More¬ 
over, it has a particular physical meaning. Indeed, since the inverted charge Q\ is negligible 
with respect to the depletion charge <2b, inspection of Figure 3.7 shows that the slope factor 
can be expressed as 


n — (weak inversion only). (3.69) 

The surface potential follows almost linearly the gate voltage variations, but with an at¬ 
tenuation by factor n. This attenuation is produced by a capacitive divider made of the oxide 
capacitance C ox and the surface depletion capacitance C ( i = — Hence, 


n = 72 w 


Cox + Cd 
Cox 


(weak inversion only). 


This series connection of C ox and Cd reduces the gate capacitance to 


(3.70) 


C 0 , 


Cd 


Cox + Cd 




(3.71) 


Hence, l/« w can be identified on Figure 3.4 as the depth of the dip of the C g (V g) curve, as 
shown in Figure 3.14. 

If the whole channel is in weak inversion (see Section 4.4.5), then the surface potential 
*A S is constant along the channel, since it depends only on Vq, as shown by Figure 3.3. It is 
smaller than the lowest value of 2<Pp + V, which is normally 2®\- + Vs- Thus the minimum 
value of the slope factor (max of 1 /«), which occurs at the minimum of the C g (Vc) curve, can 
be expressed as 




C b 


2V2<Z>f + Vs' 


(3.72) 


The surface potential cannot be much lower than this upper limit, since the inversion charge de¬ 
creases exponentially and would rapidly become so small that the transistor would be blocked. 
Hence, m w is usually not much larger than its minimum value n wm in given above. 



Figure 3.14 Value of the slope factor n in weak inversion 
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Figure 3.15 Possible evaluations of slope n in strong inversion (nonlinearity of Vtb(F) strongly 
exaggerated) 


In strong inversion, evaluating the slope at pinch-off (n — n w ) results in a too small value, 
as illustrated in Figure 3.15, where the nonlinearity has been strongly exaggerated. 

Another possibility is to evaluate it at V — 0 ('P s — d / o), resulting in [17] 


n=n 0 =l + -^=. (3.73) 

This evaluation is independent of any bias voltage and can thus be used as a first approximation, 
but it is overestimated as shown in Figure 3.15. 

The same figure shows that a better solution would be to use the slope of the secant from 
V — 0 to V — Fp, obtained by introducing tp P = tp 0 + Vp and tP s = <Ao in (3.67), 


n — ft see 


1 + 


r b 

V% + Vp + V%’ 


or to evaluate the slope (3.34) at ip s = <Pq + Vp/2, 


(3.74) 


n — n s — 1 + 


r b 

y/Vo + Vp/2’ 


(3.75) 


which gives a slightly lower value. 

According to (3.66), the value of <Po — 20 P is just a few Uj. Hence, 0 can be replaced by 
2<Pp in the above evaluations of n, without much affecting the result. 

It must be pointed out again that the dependency of n on bias voltages is very weak, the main 
dependency being on Vq. Thus the error produced by a nonoptimum evaluation is probably 
within the spreading range of the various process parameters. 

However, this slight difference might be a cause of mismatch between devices at different 
bias conditions, especially at different values of the gate voltage. 
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3.6.5 Compact Model Parameters 

Equation (3.48) describes the general charge-voltage relationship for a long-channel transistor. 
This equation is dimensionless and uses normalized variables. Only three model parameters 
and one physical parameter are needed to obtain from it the relation between applied voltages 
Vq and V, and the resulting inverted charge density Q,. 

The physical parameter, used to normalize all voltages in the dimensionless equation is Uj. 
The following are the three device parameters: 

1. The slope factor n defined in Figure 3.7 and by equation (3.34). This parameter was further 
discussed in Section 3.6.4. 

2. The threshold voltage Vto defined in Figure 3.12 and by equations (3.58) and (3.66). It is 
very slightly dependent on Vq through *A p (see Figure 3.10), but can be considered bias 
independent in practice. 

These first two parameters relate the gate voltage Vq to the pinch-off voltage Vp according 
to (3.63). 

3. The oxide capacitance per unit area C ox . It is combined with n and Uj to obtain the specific 
charge Qspec defined by (3.42) and is used to normalize the charge density. 

Introducing these parameters in (3.48) provides the nonnormalized general charge-voltage 
relation: 


-Q ; -Qi 

—^ + nU T In-= V G - Vto - n V. (3.76) 

r ? nC Ut 

'-'OX 1 

We can see that Uj plays an important role in weak inversion where the logarithmic term 
dominates. This role disappears in strong inversion when the logarithmic term becomes neg¬ 
ligible. 



4 Static Drain Current 


In this chapter, the model of the static current-voltage characteristics of the transistor is derived. 
In Section 4.1, the drain current 7 d is shown to be directly related to the charge-voltage relation 
established in the previous chapter. Section 4.2 introduces the important concept of forward 
and reverse components of / D , and Section 4.3 defines the various modes of operation of the 
transistor. Section 4.4 details the derivation of the drain current for all current levels from the 
linearized charge model, with its approximations in strong and weak inversion. Section 4.5 is 
dedicated to a fundamental property of the transistor that facilitates its modeling and opens 
interesting circuit approaches through the concept of pseudo-resistor. Finally, Section 4.6 
introduces a first approximation of the channel length modulation phenomenon, which limits 
the output resistance in saturation. 


4.1 DRAIN CURRENT EXPRESSION 

When the source and drain voltages are different, electrons of density n p forming the mobile 
inverted charge Q\ move by a combination of drift and diffusion, resulting in a drain current 
/ D defined in Figure 2.1. For the long channel considered here, all elementary flows of current 
are along the x-axis with a local current density in this direction given by [67] 


J n = /iq 


d^ dn„ 

d7 + f/T d7 


V 


drift 


diffusion 


(4.1) 


where /i is the equivalent mobility of electrons in the channel. The first term is the drift 
component of the current, proportional to the longitudinal electric field — M'/dx. The second 
term is the diffusion component, proportional to the gradient of charge concentration dn p /dx. 

With the charge sheet approximation, integration in the vertical direction ("-axis) is obtained 
by replacing qn p by —Q\. Moreover, if the channel is sufficiently wide, integration along the 
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y-axis is simply a multiplication by width W. Thus [1], 


Id = ^W 


d V s dft 

~Qi ~T~ + Ut -f— 

ax ax 


drift 


diffusion 


(4.2) 


Since the whole charge Q x of electrons is assumed to be concentrated at the surface, the 
concentration of electrons (3.5) can be replaced by 


0 S -& F -V 

Qi oc exp-—-. (4.3) 

U x 

Therefore 

dgi = Qi_ fdtf _ dV 
dx Uj \ dx dx 

which when introduced in (4.2) yields 

Id = nWi-Qi)^. (4.5) 

dx 

This expression includes the drift and the diffusion components and shows that the overall 
current is proportional to the gradient of channel voltage V (which is a quasi-Fermi potential, 
as discussed in Section 2.1). Now, since the current is constant along the channel, (4.5) can be 
integrated from source to drain: 



rL rV D 

Id / dx = / liW(-Qi)dV. (4.6) 

Jo Jv s 

In this basic model, mobility and channel width W are assumed to be constant. The depen¬ 
dency of /i on the vertical field E zs and the horizontal field E x will be introduced in Part II. 

The effect of a possible variable channel width will be discussed in Section 4.5.2. Since only 
Qi changes along the channel, equation (4.6) becomes 

f Vn -Qi 

Id = P T^dP, (4.7) 

J Vs Fox 

where 

W 

f = nC ox — (4.8) 

is the transfer parameter of the transistor depending on the width over length ratio of the 
channel. 

Equation (4.7) is a very interesting result, since it shows that the drain current can be 
obtained directly from the Q,(V ) as is illustrated in Figure 4.1. This result is independent of 
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the shape of Q,(V). It is valid for all values of the source and drain voltages, including those 
larger than the pinch-off voltage Vp, for which the inverted charge is very small. 

As established in Chapter 3, a variation of the gate voltage Vq shifts vertically the whole 
strong inversion part of the curve by the same amount, whereas the weak inversion part is 
shifted horizontally to follow the variation of Vp. 


4.2 FORWARD AND REVERSE CURRENT COMPONENTS 

Since the mobile charge Q, tends to zero for V tending to infinity, the integral (4.7) can be 
rewritten as 


f°° —Qi -Qi 

Id = P -^dV-p — dV = / F — /r. (4.9) 

J Vs ^ox JVd <-ox 

S -v-' S -v-' 

forward current Ip reverse current 7 r 

The drain current can thus be expressed as the difference between a forward current Ip and a 
reverse current Ip, as illustrated in Figure 4.2. Ip depends on Vq and Vs, but not on Vd, whereas 
7 R depends on Vq and Vd, but not on Vs- Furthermore, according to (4.9), 7p(Vs) = /r(Vd): 
Ip and 7 r are indeed two values of the same function of V. 

Thus, the drain current is the superposition of independent and symmetrical effects of the 
source and drain voltages. This is a property of MOS transistors that is independent of the 
shape of QfV) [73]. Its limits of validity will be discussed in Section 4.5. 



Figure 4.2 Decomposition of the drain current into forward and reverse components 
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4.3 MODES OF OPERATION 

With the bias situation illustrated in Figure 4.1, both Vs and Vd are in the section of the QfV) 
characteristics corresponding to strong inversion. The channel is strongly inverted from source 
to drain and the transistor is said to be in linear mode. This terminology refers to the fact 
that the drain current is a linear function of the gate voltage, as will be shown in Section 
4.4.4. Alternative appellations are nonsaturation mode [1] (meaning that the drain current 
keeps increasing with the drain voltage) and triode mode (referring to the nonsaturating output 
characteristics of the old triode vacuum tube). In French, this mode is called conduction [17], 
and this terminology has been previously used in some of the authors’ publications. 

If the drain voltage Vd is increased above the pinch-off voltage Vp, then the current does 
not increase significantly anymore: the transistor is still in strong inversion, but in forward 
saturation. Forward saturation can be characterized by the fact that the reverse current becomes 
negligible compared to the forward current: 

in (forward) saturation: 7 r <SC /f thus / D = / F . (4.10) 

It can be noticed that the negligible reverse component is in fact in weak inversion, as is the 
drain end of the channel. 

Now, if both Vd and Vs are larger than Vp, then the whole channel is weakly inverted, and 
the transistor is said to be in weak inversion mode. 

These various modes of operation are summarized in Figure 4.3 that represents the Vs, Vd 
plane for a given positive value of Vp (thus for a given value of Vg > Vro). 

The part of the plane above the Vd = Vs line corresponds to the forward modes described 
above, for which /d > 0. The other half of the plane corresponds to the reverse modes, with 
Vs > Vd; therefore, /d < 0. It includes reverse saturation with 

in reverse saturation: /f /r thus I D ——I R (4.11) 

In forward strong inversion, the transistor enters saturation for Vd > Vp; thus, the source 
to drain voltage necessary for saturation is 


V D ssat = V P - V s (in strong inversion). 


(4.12) 


V r 


DSsat- 



Figure 4.3 Modes of operation of a MOS transistor 
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This saturation voltage is also represented in the figure. It decreases when Vs approaches V P . 
However, it never reaches zero since (4.12) is no longer valid close to or in weak inversion. 

In weak inversion, the mobile charge, and thus the two components of current, decrease 
exponentially with Vs/U t and V n /U-\. This mode can be obtained even for zero value of source 
voltage if the pinch-off voltage Vp is made negative. According to (3.63), this is obtained when 
Vg < Vto, hence the alternative appellation of subthreshold mode of operation. 

When the larger of / F or I R becomes sufficiently small, the transistor is considered to be 
blocked. 

It must be reminded that, although V P is used as the limit between strong and weak inversion 
in Figure 4.3, the transition is progressive through a range of moderate inversion, where all 
terms of relation (3.48) are significant. 

According to the definitions of positive voltages in Figure 2.1, the source and drain junctions 
are reverse biased in the first quadrant represented in Figure 4.3. Both Vs and Vd can be slightly 
negative without qualitatively changing the modes of operation described above. However, if 
these negative values exceed a few hundreds of millivolts, the forward-biased junctions inject 
minority carriers (electrons for the N-channel transistor) in the local substrate. A parasitic 
bipolar transistor is superimposed on the MOS transistor. This bipolar mode of operation can 
be usefully exploited if MOS operation is blocked by applying a negative gate voltage [68,74]. 


4.4 MODEL OF DRAIN CURRENT BASED ON 
CHARGE LINEARIZATION 

4.4.1 Expression Valid for All Levels of Inversion 

By normalizing the charge and voltages according to (3.41) and (3.43), the general drain current 
(4.7) expression becomes 


/•I'd 

l \ i — / spec I h 4 r. 

J «s 


(4.13) 


where / spec is the specific current of the transistor defined by 

A W W 2 2 

/spec = pU T — (-Qspec) = 2 npC ox — U T — InfiUj. 

All currents can be normalized to this specific current according to 


(4.14) 


Id _ h _ /r _ , 

— — “7" — . — *spec* 
id If 


(4.15) 


The normalized values of drain current /d, forward current / P , and reverse current I R defined 
by (4.9) can then be expressed as 




and i r 



qi du. 


*d = 


(4.16) 
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Figure 4.4 Normalized charge after linearization with surface potential, and resulting drain current 

An analytic expression relating the channel voltage and the inverted charge was derived in 
Chapter 3 (equation (3.48); Figure 3.11) based on the linearization of QT’A) by means of the 
slope factor n . It is represented again in Figure 4.4 with the drain current shown according to 
(4.16). The particular values of the source and drain voltages correspond to the linear mode. 
From (3.48), the element of channel voltage du can be expressed as 


dv = -(2 + l/q^dqi, 


(4.17) 


which when introduced in (4.16) yields 


if.r 



(2t/i + 1) dq\ — q^ d + q sc j 


(4.18) 


where q sd is the value of normalized charge density q, at the source or at the drain end of the 
channel. 

The normalized forward or reverse component of drain current is thus given by 


if.r — <? s ,d T- <7s,d- 


(4.19) 


It should be reminded that this result was obtained by integrating the Q ;(V) function for 
its particular expression obtained by linearizing <2i(^s) according to (3.35). It is a very simple 
expression, thanks to the factor 2 included in the definitions of 0 spcc (3.42) and / spec (4.14). 

An alternative approach is possible by introducing the same linearization to eliminate the 
surface potential from the original drain current expression (4.2), resulting in 

Id = liW (^- + t/ T ) (4.20) 

\viCqx J dx 


or, by normalizing the charge and the current according to (3.41) and (4.15), and the position 
x along the channel by £ = x/L, 


„ i i \ a< 7; 
id = — (2<7; + 1) —. 


(4.21) 


Integration along the channel ($ — 0 to 1) then yields 




Mi 

/ -(2 qi + I) dr/j = ( q; + q s ) - (qj + q d ) = H - h- 

To. 


(4.22) 


where if and i r are given by (4.19). 
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Figure 4.5 Normalized forward or reverse current: (a) from charge model (4.25); (b) strong inversion 
approximation (4.29); (c) weak inversion approximation (4.33); (d) from the interpolation formula 
(4.39) between weak and strong inversion approximations 

Now, equation (4.19) can be associated with (3.48) applied at the source or at the drain end 
of the channel 


v p - u s , d = 2 q S ' d + In q s d (4.23) 

to obtain the relation between drain current components if r and bias voltages v p — v St d in a 
parametric form. The parameter (q s ,d) can be expressed by inverting (4.19): 


\J 1 + 4ff, r — 1 

<7s,d = - -z - 


(4.24) 


It can then be inserted in (4.23), which yields 

Up - Vs,d = V 7 ' +4tf,r + In (Vl + 4/f, r - 1) - (1 + In 2). (4.25) 

This general expression cannot be inverted to provide tf, r as a function of v s ,d, but it can be 
plotted as shown in Figure 4.5 (curve a). 


4.4.2 Compact Model Parameters 

Equation (4.25) describes the general current-voltage relationship for a long-channel transistor. 
It is continuously valid from weak to strong inversion. 

Only three model parameters and one physical parameter are needed to obtain from this 
dimensionless equation the relation between bias voltages Vq and Vs,d> and the resulting 
current component /f r. 

The physical parameter is Up. It is used to normalize all voltages in the dimensionless 
equation. 
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The three device parameters are: 

1. The slope factor n defined in Figure 3.7 and by equation (3.34). This parameter was further 
discussed in Section 3.6.4. 

2. The threshold voltage Vto defined in Fig (3.12) and by equations (3.58) and (3.66). It is 
very slightly dependent on Vq through i// p (see Figure 3.10), but can be considered bias 
independent in practice. 

These first two parameters relate the gate voltage Vq to the pinch-off voltage Vp accord¬ 
ing to (3.63). They were already introduced to obtain the charge-voltage relationship in 
Chapter 3. 

3. The transfer parameter ft. It is combined with n and U-\- to obtain the specific current / spec 
defined by equation (4.14) and is used to normalize components Ip and Ip of the drain 
current. 

The drain current in all the modes of operation of the transistor identified in Figure 4.3 
can be obtained by subtracting /r(Vd, Vq) from 7p(Vs, Vq) according to (4.9). Flowever, these 
two components of the drain current cannot be obtained analytically from (4.25) since this 
expression cannot be inverted. This is the reason for the approximative curve d of Figure 4.5, 
which will be introduced in Section 4.4.6. 

4.4.3 Inversion Coefficient 

In equation (4.25), the first term that corresponds to strong inversion dominates for iy, 1, 
whereas the second term corresponding to weak inversion dominates for if r 1. Thus, the 
specific current 7 spec can be used to characterize the current level at which Ip or 7r changes 
from weak to strong inversion. The level of inversion of the whole transistor can then be 
characterized by an inversion coefficient IC defined by 

IC — max (if — 7p/7 spec , i T — 7r/ 7 spgc ), (4.26) 

and the diagram of Figure 4.3 can be replaced by that of Figure 4.6. 


Jl. 

4pec 



Figure 4.6 Modes of operation characterized by current levels 
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Again, although IC — 1 is used in this diagram as the limit between weak and strong inver¬ 
sion, the transition is progressive through a zone of moderate inversion. Hence the transistor 
operates in 

- weak inversion for IC 1; 

- strong inversion for / C ~S> 1; and 

- moderate inversion for IC = 1. The width of this zone is not precisely defined. 
It must be extended until the weak or strong inversion approximation is sufficient to reach 
the expected accuracy (see Figures 4.7 and 4.10). 

The notion of inversion coefficient is qualitatively equivalent to that of gate voltage overhead 

Vq — Vto — nVs = Vos ~ (Vto + (n — l)Vs) = n(Vp — Vs) (4.27) 

to characterize the level of inversion. However the latter is not very convenient in moderate 
or weak inversion where a small variation of voltage produces a large variation of current. 
Moreover, the gate voltage overhead becomes negative in weak inversion. 


4.4.4 Approximation of the Drain Current in Strong Inversion 

As established in Section 3.6.3, the inverted charge in strong inversion can be approximated 
by the linear function of V P — V described by equation (3.64). The corresponding forward and 
reverse components of the drain current are obtained by introducing this expression in integral 
(4.9) as illustrated in Figure 4.7(a), which yields 

If.r = ^p(Vp — Vs,d)“ for Vp — Vs,d Uj (4.28) 

or, with normalized voltages and currents 

( v v ~ ^s.d \ o r -— on\ 

h,r = ( - I or Up - u s ,d = 2-y/tf.r. (4.29) 



(a) (b) 


Figure 4.7 Strong inversion approximation: (a) calculation of current; (b) relative error 
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Figure 4.8 Characteristics in strong inversion: (a) gate-to-drain transfer characteristics; (b) output 
characteristics 


It can be verified that, for if_ r 1, the general expression (4.25) of i; p — i> s ,d tends toward 
(4.29). However, since approximation (3.50) of the mobile charge was resulting in an excess 
of charge, (4.28) and (4.29) result in an excess of current that is hardly visible in Figure 4.5. 
This error is explicitly represented in Figure 4.7(b), which shows that the excess of current in 
strong inversion never exceeds 14%. 

The current in linear mode can be expressed by introducing the approximation (3.63) of 
Vp(Vq) in (4.28) and by subtracting 7 R from 7 P : 


Id = ^-[(Vq — Vto — nV s ) 2 ~ (Vg — Vjo — nib) 2 ] 

forward reverse 

= fi(Vu — V(s)[ lb — Vto — ~(Vb + Vs)]. (4.30) 

The drain current is indeed a linear function of the gate voltage (with an offset Vto + n(Vb + 
Vs)/2), because it is the difference of two identical square laws shifted by «(Vb — Vs), as 
illustrated in Figure 4.8(a). 

If the gate voltage is reduced below Vto + n Vd (corresponding to Vb > V P ), then the reverse 
current becomes negligible and the transistor is in forward saturation with 7 d = 7 P given by 

Bn , Bn , B , 

Id = V(V P - V s ) 2 = V D 2 Ssat = AV C - Vro - n V s ) 2 . (4.31) 

2 2 In 

The drain current is a square law function of the gate voltage and is, as expected, independent 
of the drain voltage. 

Combining the second expression of this saturation current with definitions (4.26) and 
(4.14) provides the relation between saturation voltage and inversion coefficient IC in strong 
inversion: 


IC = 


( V p~ Vs 
V 27/t 


2 


/ VoSsat \ 

\~2ih) 


2 


(strong inversion only). 


(4.32) 


If the gate voltage is further reduced below Vro + « Vs (corresponding to Vs > Vp), then 
the forward mode becomes zero and the transistor is blocked in this approximation. 
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4.4.5 Approximation of the Drain Current in Weak Inversion 

As established in Section 3.5, the inverted charge in weak inversion can be approximated by 
the exponential function of Vp — V described by equation (3.49). The corresponding forward 
and reverse components of drain current are obtained by introducing this expression in integral 
(4.16) which yields 


if , r = exp (u p - u s ,d) or v p - u s , d = In i tr . (4.33) 

It can be verified that the second form of (4.33) is the asymptotic value of u p — u s ,d given by 
the general current expression (4.25) for if T 1. 

For nonnormalized variables, (4.33) becomes 


Vp — Vs D 

/p.R = /spec exp -L —. (4.34) 

Uj 

It should be pointed out that (unlike what is suggested by Figure 4.1) weak inversion is 
usually obtained by applying a value of gate voltage V c smaller than the threshold Vjo, hence 
the alternative appellation of “subthreshold” for this mode of operation. The pinch-off voltage 
Vp then becomes negative, as illustrated in Figure 4.9, and weak inversion is already reached 
for Vs = 0. 

The same figure shows that the approximation is valid only for V — Vp Uj, and hence 
for / F R <$C / S pec. It yields an excess of current, which can be calculated by comparing (4.33) 
with (4.25). This error represented in Figure 4.10 is already about 10% for /p.p/Tpec = 0.1. 

The drain current equation is obtained by introducing approximation (3.63) of Vp(Vg) in 
(4.34) and by subtracting / R from 7 P : 


, r Vg-Vto ( -V S -V D \ , 

Id = /spec exp-—- exp —-exp —— for /C « I. (4.35) 

nUj \ Uj Uj J 

where the first and the second term in the parentheses are the distinctive parts of 7p and 7r, 
respectively. This equation is valid as long as the inversion coefficient IC defined by (4.26) is 
sufficiently smaller than unity. 

This expression can also be obtained from expression (4.19) of the components of the drain 
current, where the square term becomes negligible for q s d 1. Returning to denormalized 



Figure 4.9 Weak inversion approximation 
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Figure 4.10 Relative excess of current in weak inversion approximation 
charge 2iS and Qm at the source and drain ends of the channel defined by (3.41) results in 

Lr 


lD = lF - lR =-^ (QlS -Q lD) = ll WUr QlD QlS 

ft^spec 


(4.36) 


in which expression (3.49) of the mobile charge can be used to replace <2is and Q,d, and ends 
up with (4.35). 

The comparison of equation (4.36) with (4.2) shows that it is a current carried only by 
diffusion. Indeed, according to Figure 3.3, the surface potential in weak inversion depends 
only on the gate voltage and is therefore constant along the channel. Thus, the current in 
weak inversion can only be carried by diffusion. The current carriers (in this case electrons) 
are locally majority carriers , since the holes have been repelled away from the surface. The 
channel length can thus be much longer than the diffusion length of minority carriers deep in 
the substrate. 

As discussed in Section 3.6.4, in weak inversion the slope factor n represents the attenuation 
of the capacitive divider formed by C ox and the surface depletion capacitor C d . Its value can 
be evaluated as n wm i n given by (3.72). 

The dependency of the drain current on the three control voltages expressed by equation 
(4.35) is illustrated in Figure 4.11. 

The drain current saturates to its forward value Ip as soon as the drain voltage exceeds the 
source voltage by 3 Uy to 5Up, as illustrated by the output characteristics. The output saturation 
voltage Vds sat? which is given by equation (4.12) in strong inversion, is progressively reduced 
as the inversion coefficient is decreased by reducing Vp — Vs, but it is limited to the minimum 



Figure 4.11 Characteristics in weak inversion: (a) output characteristics; (b) transfer from gate; (c) 
transfer from source 
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obtained in weak inversion: 

V-DS sat = Vossatmin = 3 U T to 5 Up (weak inversion). (4.37) 

If V G = Vs = 0, the saturation current (Ip in forward mode) is reduced to 


7do = /spec exp (4.38) 

nUp 

In digital CMOS circuits, this is the residual channel current of “off” transistors, which is 
responsible for their DC current consumption. 

According to equation (4.35), the transfer characteristics from the gate are exponential, 
corresponding to straight lines with slope 1 /n in the normalized values used in the semilog 
plot of Figure 4.11(b). In saturation, if Vs is increased by some amount A Vs, V G must be 
increased by nAVs to recover the same drain current, corresponding to a right shift of the 
characteristics. Furthermore, since according to (3.72) n decreases slightly for Vs increasing, 
the shifted line is slightly steeper. 

The transfer characteristics from the source are also exponential in saturation, but without 
slope factor n. Thus, they correspond to straight lines of slope 1 in the normalized semilog 
plot of Figure 4.11(c). This exponential behavior is very similar to that of a bipolar transistor 
in active mode, the base-emitter voltage Vbe being replaced by — Vs. Indeed, according to 
equation (3.49), the mobile charge <2is at the source end of the channel depends exponentially 
on the source voltage — Vs, and the saturation current Ip is a linear function of this charge. 
Similarly, in a bipolar transistor, the density of minority carriers at the emitter side of the base 
depends exponentially on Vbe, and the collector current is a linear function of this density. 

But contrary to the bipolar, the junction is normally reverse biased. Hence, there is no carrier 
injection into the local substrate. 


4.4.6 Alternative Continuous Models 


As already pointed out, the general expression (4.25) relating the control voltages (i> p , v s , and 
Vd) and the two components of the drain current (if and i : ) cannot be analytically inverted to 
calculate currents from voltages. It is therefore useful to introduce an approximative expression 
that continuously interpolates the current behavior between weak and strong inversion. One 
possibility is the simple following expression [19]: 


i f.r = In 2 


1 + exp 


Vp 


^s,d 

~2 



(4.39) 


This expression is plotted in Figure 4.5 (curve d) for comparison with the exact expression 
(4.25). 

It can be verified that this continuous approximation tends asymptotically to the strong 
inversion approximation (4.29) for i> p — u Si d 1, and to the weak inversion approximation 
(4.33) for i>p - u s , d <5C 1. 

It coincides with the exact model (4.25) at ;'f r = 6.48, giving a value of currents slightly 
higher above and slightly lower below this limit. 
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4.5 FUNDAMENTAL PROPERTY: VALIDITY 
AND APPLICATION 

4.5.1 Generalization of Drain Current Expression 


The fundamental property of long-channel MOS transistor obtained in Section 4.2 can be 
generalized [73] if equation (4.5) of the drain current can be written in the form 


F v (V, Vg) dV 
F x (x, Vg) dx 


(4.40) 


where Fy( V. Vg) is a function of V and Vg but not of x, and F x (x , Vg) is a function of x and 
Vg but not of V; Id is then a separable function of position x and voltage V in the channel. As 
long as the channel length L is independent of Vd and Vs, F x (x. Vg) and Fy(V, Vg) can then 
be integrated separately: 


L rV D 

F x (x,V g ) dx= / F v (V, V G )dV. (4.41) 

JV s 

Now, since Fy( V, Vg) tends to zero for large V, this expression can be written as 



7d = 


f 0 F x (x,V g ) dx 


F y (V, Vg) dV 


F v (V, Vg) dV 


iv. s 


(4.42) 


or 


Id = /(V s , V G ) - /(V D , V G ) = / F - / R , 


(4.43) 


where 


[™F v (V, V G ) dV 

/(V, V G )= -(V-. 

Jo F x (x, V G )dx 


(4.44) 


This result is a generalization of (4.9), expressing the fact that the drain current is the 
superposition of independent and symmetrical (same function I) effects of source and drain 
voltages. 

It is interesting to point out that this property is similar to that of bipolar transistors as 
expressed by the Ebers-Moll model [18]. 


4.5.2 Domain of Validity 

Let us examine the necessary and sufficient conditions for which equation (4.5) has the required 
form (4.40). 

The channel width W does not depend on V. It may thus depend on position x along the 
channel, and therefore can be included in F x (x, Vg). For example, in a concentric circular 
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transistor. 


W(x) = 2n(R s + x) = 1 (4.45) 

F x (x, V G ), 

where is the radius of the source. Thus 

J F x (x,V G )dx = ^ln(l + ^~y (4.46) 

which replaces L/W in equation (4.8) of ft. 

In a more general case, the device can be split into several (or an infinity of) transistors 
of different lengths and variable widths, all connected in parallel. As long as each transistor i 
fulfills equation (4.40) with 


^Di = Ji(Vs, V G ) — Ii(V D , Vg), 


(4.47) 


the sum of l\y fulfills it as well. 

Equation (3.32) of the mobile inverted charge per unit area Q\ can be rewritten by introducing 
expression (3.30) of F 


-Qi = C ox (Vc - V FB - ^s) - y/2qN b € A V*, (4.48) 

which is a function of Now, Figure 3.3 shows that *A S is possibly a function of V, but not 
of x. Hence if (and only if) Vq — V F b, A'h and C ox are all independent of x (homogeneous 
channel), then Q\ is a function of V only. It can then be included in Fy( V, Vg) and the property 
is not affected. 

The property is conserved if any other term in expression (4.48) of Q\ also depends on V (or 
on & s , but not on x). This includes the effect of gate polysilicon depletion, which is equivalent 
to a value of C ox function of <A S . 

If the doping concentration AT is a function Ny(z) of the depth z in the substrate, then the 
last term of (4.48) that represents the depletion charge density Qy, becomes a different function 
>A S , as will be discussed in Section 8.3. However, the property is not affected as long as this 
function remains independent of x (homogeneous channel). 

If the channel is nonhomogeneous along its lateral dimension (y-axis), the device may 
again be split into several transistors i connected in parallel, each of them fulfilling (4.47). 
This includes the possible difference of side structures of a narrow channel transistor, for which 
the fundamental property is therefore not affected. 

As will be discussed in Section 8.2, the value of mobility /i depends on the local vertical 
surface field E zs . Now, combining (3.17), (3.19), and (3.22) yields 

E zs = — (Vo - Vfb - #**). (4.49) 

e s i 

which depends only on >R S (thus possibly on V) for a homogeneous channel. The variation of 
mobility with the vertical field can therefore be included in Fy(V, Vg) and does not affect the 
property. 
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But the mobility should be independent of the drain current Id' Indeed, such a dependency 
could be included neither in Fy(V, Vq) nor in F x (x, Vg), hence, the property would not be 
conserved. 

As another necessary condition, the effective value of the channel length L along which 
F x (x, Vg) is integrated in (4.41) should be constant. It should not depend on the drain current 
/ D , or on the drain or source voltage V D or Vs. 

In summary, the fundamental property of MOS transistors expressed by equation (4.40) is 
valid if (and only if) the channel is homogeneous along its source-drain dimension (.r-axis) 
with a fixed effective length, and if (and only if) the mobility is independent of the drain current. 
The property depends neither on the shape and width of the channel nor on the doping profile 
of the substrate. It remains valid for large gate voltages, in spite of the mobility reduction due 
to the vertical field. 

4.5.3 Causes of Degradation 

4.5.3.1 Finite length of channel 

When the channel is not very long, several independent mechanisms degrade the fundamental 
property. This is the most important reason why this property is never perfectly valid in practice. 

Channel length modulation. As will be discussed in Section 4.6, when the drain (or source) 
voltage is increased, the effective channel length is slightly reduced by the extension of the 
depleted region surrounding the drain (or the source). As expressed by (4.59) or (4.61), the 
forward current / F (or reverse current I R ) is therefore slightly dependent on the drain voltage 
Vd (or the source voltage Vs), which is not compatible with (4.43). Since this effect is inversely 
proportional to L. the property is progressively degraded when the channel is shortened. 

Short-channel effects. If the channel length is reduced more than proportionally to the gate 
and drain voltages, the longitudinal field in the channel is increased. Hence, the velocity of 
mobile carriers is increased, resulting in an increase of drain current. However, at high values, 
this velocity starts increasing less than proportionally to the field, to finally reach a saturation 
limit. Thus, mobility p becomes a function of the field (or of the current), as will be discussed 
in Section 9.1. 

This variation cannot be included in F x (x, Vg) or Fy(V, Vg) as required by (4.40), and the 
property is degraded. 

For very short channel, additional effects such as drain-induced barrier lowering discussed 
in Section 9.3 and other two-dimensional effects further degrade and possibly destroy the 
property. 


4.5.3.2 Nonhomogeneous channel 

Referring to equation (4.48), if any term of its right-hand side depends on position x along 
the channel, it makes <2i a (nonseparable) function of both x and F s (hence of V); relation 
(4.40) is then no longer valid, and the property is lost. This is true even if the nonhomogeneous 
channel remains symmetrical with respect to source and drain: indeed, the effects of source 
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and drain voltages on I D remain symmetrical, but they are neither independent nor linearly 
superimposed. 

Since e s ; and Vg are normally constant along the channel, three terms remain to be examined 
in (4.48), namely Nb, Vfb, and C ox . 

Variations of substrate doping Nb can be due to some intentional channel engineering such 
as lightly doped drain (LDD) and "halo” implants, or to some artifact of the process like 
the piling-up of impurities at both ends of the channel. Whatever the process, variations of 
Nb always occur at the very ends of the channel, due to the presence of the source and drain 
diffusions. This is yet another reason why the fundamental property is lost in very short channel 
devices. 

Since the flat-band voltage Vfb depends on the Fermi-level of silicon in the channel, it 
is variable as long as the doping concentration is itself variable. Further variations of Vfb 
could be due to variations of the fixed interface charge, as a consequence of non source-drain 
symmetrical channel engineering. 

There is no reason to intentionally change the value of the oxide capacitance C ox along the 
channel. However, local variations at both ends of the channel are unavoidable, which further 
contributes to the degradation of the property for short-channel devices. 

Weak inversion represents a special case. It is characterized by the fact that, all along the 
channel, the mobile charge Q\ is negligible with respect to the depletion charge <2b- As a conse¬ 
quence, the function F defined by equation (3.16), which relates the vertical surface field to the 
surface potential, becomes independent of the channel voltage V, as illustrated in Figure 3.1. 
Using equations (3.27) and (3.28), the mobile charge density can thus be expressed as 

Qi = F q exp —- (4.50) 

U T 

where function F q is independent ofV.lt can therefore depend on x and be included in F x of 
(4.40), whereas Fy reduces to 

-V 

Fy — exp- (weak inversion only). (4.51) 

Uj 

Since F q contains all other parameters on which Q\ depends, namely V G — Vfb, Cox, and 
Nb, these parameters may change along the channel without affecting the property. 

In weak inversion, the fundamental property expressed by (4.43) is thus valid even for a 
nonhomogeneous channel. This is true also for bipolar transistors operated in moderate injec¬ 
tion, and can be traced back to the fact that the current is a linear function of the mobile charge 
density. This linearity exists as long as the charge carriers do not affect the electrostatic poten¬ 
tial: indeed, they are dominated respectively by the depletion charge Qb for MOS transistor in 
weak inversion, and by majority carriers for the bipolar transistor in moderate injection. 


4.5.4 Concept of Pseudo-Resistor 

By defining [75,76] a pseudo-voltage V* given by 



V* = -K 0 


Fy(v, V G )dV 


(4.52) 
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and a pseudo-resistance R* given by 


R* — Kq f F x (x, V G )dx, (4.53) 

Jo 

equation (4.43) of the drain current can be written in the form of a pseudo-Ohm’s law 

Id = (V D * - Vj)/R*. (4.54) 

Hence, by similarity with a network of linear resistors, any network obtained by interconnecting 
the transistors characterized by the same function Fy(V, Vq) (same process) biased (in the 
general case) at the same gate voltage V G is linear with respect to currents. In other words, at 
each node of such a network, currents split linearly in the various branches [77]. 

Thus, any prototype network made of real linear resistors may be converted to a pseudo- 
resistor network made of transistors only, provided only currents are considered. A ground 
in the resistor prototype (V — 0) corresponds to a pseudo-ground in the transistor network 
(V* = 0) obtained by choosing V large enough to make integral (4.52) negligible. This means 
that the corresponding side of the transistor is saturated. 

The constant Kq introduced in (4.52) and (4.53) is always positive. Hence, pseudo-voltages 
for N-channel transistors are always negative. This means that real voltages in the corresponding 
prototype made of resistors must also be negative (with respect to the ground). 

It must be noticed that for P-channel transistors, the “minus” sign in (4.52) must be replaced 
by a “plus” sign (with the sign conventions defined in Section 2.2). Hence, pseudo-voltages 
for P-channel transistors are always positive. 

The numerical value of Kq is irrelevant, since it disappears in (4.54), but its dimension can 
be chosen so as to obtain the dimension of V* in volts, and that of R* in ohms. 

It should be pointed out that, although a narrow channel does not affect the fundamental 
property of a transistor, it has an effect on function Fy( V , Vq). This function may differ from 
that of a wider channel, thereby degrading the linearity of current splitting. 

For the special case of weak inversion , (4.51) shows that Fy and hence V* are independent 
of Vq. The linear pseudo-Ohm’s law is thus valid even for transistors having different gate 
voltages. Now since F q in (4.50) depends on Vq and is included in F x , the value of pseudo- 
resistor R* given by (4.53) can be controlled separately for each transistor by its gate voltage. 
Furthermore, linear current splitting is maintained even with narrow channel transistors. 


4.6 CHANNEL LENGTH MODULATION 
4.6.1 Effective Channel Length 

All previous calculations of the drain current [in particular by (4.7) or by the more general 
expression (4.42)] used the effective value L of the channel length. But this effective length is 
shorter than the distance L$d separating the source and drain metallurgic junctions. 

Let us first consider the flat-band situation, obtained by applying a gate voltage Vg = Vfb , 
with flat-band voltage Vfb defined by (3.22). In this situation, the electrostatic potential F 
in the channel remains constant. Indeed, 'I' — 0 from deep in the substrate to the surface. 
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Figure 4.12 Potential along the channel: (a) flat-band; (b) weak inversion 


However, at both ends of the channel, a potential barrier is produced by the source and drain 
junctions. As shown by Figure 4.12(a), this creates space charge regions of length AL$,d that 
depend on the barrier height 0 B + Vs,d> with the barrier at equilibrium <Z> B given by 


0|-i = U\ In 


N m N b 


(4.55) 


where Nas is the doping concentration of the source and drain diffusions. Since N b N^ff, 
the source and drain space charge regions extend mainly in the P-type channel region. Their 
lengths can be calculated by double integration of Poisson equation (3.2) along the x-axis with 
p — — qN b . Identification of the result with the barrier height <£> B + Vs.d then yields 


AL s,d 


1 2e s j(<£’ B + Vs,d) 


qN b 


(4.56) 


To obtain the effective channel length L. the lengths of the space charge regions must be 
subtracted from distance Lsd; hence, 


L — Tsd — AL s — ALu = Tsd 



(4.57) 


The effective length is slightly dependent on the value of the source and drain voltages. 
Differentiation of (4.57) provides 


dT _ _ ! 6 si 

dVs,o V + Vs.d) 


(4.58) 
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4.6.2 Weak Inversion 

If the gate voltage is increased above the flat-band voltage Vfb, the surface potential <A S increases 
as shown by Figure 3.3. As long as the device remains in weak inversion (P s < 2<Jp + Vs), the 
surface potential is constant along the channel and independent of Vs and Vd, as illustrated in 
Figure 4.12(b). At both ends of the channel the barrier height is reduced, but the field pattern 
becomes two-dimensional, since P becomes a function of x and z. Equation (4.57) for the 
one-dimensional case is no longer exact, but the effective channel length is still modulated by 
Vd and Vs, resulting in a slight variation of the specific current 7 spec , and proportional variations 
of /f and 7r. 

Now, 7 F already strongly depends on Vs as expressed by (4.34), so this small additional 
variation can be neglected. But 7p would be independent of Vd without channel length mod¬ 
ulation, so this small variation cannot be neglected. The symmetrical situation exists for the 
dependency of 7r on Vd and Vs. Hence by (4.58), 



(4.59) 


where k is a correction factor for two-dimensional effects. 


4.6.3 Strong Inversion 

The variation of surface potential <A S along the channel in strong inversion is depicted in 


Figure 4.13. It can be assumed to be independent of the gate voltage and to follow the channel 


voltage according to ^s — V + Po (see Section 3.6.3). Hence, at equilibrium (V = Vs = Vd = 
0), <A S = Pq all along the channel. The potential barrier at both ends of the channel is reduced 




p 


Equilibrium (l/ D = V s = 0) 


x 


SB junction 


BD junction 


Figure 4.13 Potential along the channel in strong inversion 
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to @b — o. Since tAo = 2<fp, combining (3.8) and (4.55) gives 

iff 

<P B - iA 0 = U T ln—. (4.60) 

N h 

For Vs and Vd > 0, this barrier remains constant as long as the transistor is in linear mode 
(Vd < Vp). Flence, effective channel length L remains constant. If the transistor is saturated 
with Vd — Vp > 0, the drain barrier is increased by the same amount; the forward current 
becomes slightly dependent on the drain voltage. A symmetrical situations exists in reverse 
saturation. Thus, similar to (4.59) with a different barrier height 

= H -, (4.61) 

dVo.s dL Y 2qNb(<pB — *Ao + Vd.s — Vp) 

Experiments show that factor k correcting for two-dimensional effects tends to decrease when 
the inversion coefficient 1C is increased. 


4.6.4 Geometrical Effects 


For the usual case of constant width W, 7 spec given by (4.14) is inversely proportional to L. 
Hence 


d/ f.r _ If.r 
dL ~~ ~L’ 


(4.62) 


and the effect of channel length modulation is identical in forward and reverse saturation. 

We have seen in Section 4.5 that the fundamental property of the transistor, which includes 
symmetrical source-drain characteristics, is independent of the channel geometry. But channel 
length modulation degrades this property and is itself sensitive to device geometry. 

As an example, consider again a concentric circular transistor with a radius R$ of the source 
and an inner radius 7? D = R$ + L of the drain. According to equations (4.43) and (4.46), 


7f oc 


1 

In (1 + L/Rs) ’ 


(4.63) 


hence. 


d7p Ip Ip 1 — R$I Rp) 

--=---= —- ±LJi (4.64) 

dL Rp, In Rd/Rs L\n(R D /R s ) 

which is smaller than result (4.62) for a rectangular channel. 

Now if the transistor is in the reverse mode, its saturation current is — 7 r and channel length 
modulation occurs at the source end of the channel. Thus, (4.63) can be rewritten as 


7r oc 


1 


In 


Rd 


R d -L 


(4.65) 
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Figure 4.14 Effect of channel length modulation in a circular concentric transistor 


giving 


d/R /r Rd/Rs — 1 

-- = — ' -, (4.66) 

dL L\n(R D /R s )’ 

which is larger than result (4.62). Results (4.64) and (4.66) are plotted in Figure 4.14. 

It must be pointed out that in a concentric transistor structure, the inner diffusion is usually 
the drain, in order to minimize the associated junction capacitance. Forward and reverse modes 
are then exchanged with respect to Figure 4.14 and the effect of channel length modulation 
on the forward saturation current is increased. This result can be qualitatively extended to 
any nonrectangular channel: for a given channel length L, the variation of forward saturation 
current due to channel length modulation is increased if the source is wider than the drain; it 
is reduced if the drain is wider than the source. 




























5 The Small-Signal Model 


This Chapter describes the small-signal model of the MOS transistor obtained from the large- 
signal model after a proper linearization of the large-signal equations at a defined operating 
point. It starts looking at the dc small-signal model, introducing the source, drain and gate 
transconductances and higlighting the fundamental relations between them. The transconduc¬ 
tances are then expressed in terms of bias covering all modes of inversion. The fundamental 
transconductance to drain current ratio is then introduced and its use for circuit sizing is 
illustrated. The small-signal dynamic behavior is introduced directly by first deriving a com¬ 
plete non-quasi-static (NQS) model, introducing the source, drain and gate transadmittances 
together with the five other admittances and the fundamental relations between them. Their 
bias dependence over all regions of inversion is presented. The NQS model serves as the basis 
for deriving the quasi-static (QS) model. The concept of transcapacitances is introduced as a 
result of a hrst-order approximation of the transadmittances. In the QS model, the admittances 
of the NQS model then reduce to the five intrinsic capacitances. The domain of validity of the 
three different small-signal models is then defined and the use of a NQS model for transient 
operation is also discussed. 


5.1 THE STATIC SMALL-SIGNAL MODEL 

5.1.1 Transconductances 

5.1.1.1 General expressions 

The most important small-signal parameters are without doubt the transconductances. The 
transconductances together with the capacitances determine the transit frequency / t or the 
speed of the device, the thermal noise, and indirectly the current consumption. Since the MOS 
transistor is a four-terminal device, it is controlled by three independent voltages, namely 
V(\, Vs, and Vq. A transconductance value can therefore be defined for each of these control 
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voltages. The total increment of the drain current AI D is given by 


AI n = 


din 


9/d 

*Vs + ^ 

9 Vb 


AV d + 


9 In 


9 Vs op ° ' 9T D op ' 9 Vg 

= ~G ms AV S + G md A V D + G m AV c 


AV G 


(5.1) 


where G ms , G md , and G m are the source, drain and gate transconductances respectively, defined 
as 


Gms = - 


r A 9/ ° 

^ md — 


r A 9/ ° 


dh 

9 Vs 

r D 

9Vd 
9/d 
9Vg 


op 


op 


op 


(5.2a) 

(5.2b) 


(5.2c) 


where notation op stands for the operating point at which the linearization occurs. It can 
be characterized by the set of the three dc voltages Vq, Vs, Vd. Note that all the small- 
signal transconductances defined in (5.2) are positive. Now, since according to (4.43) h = 
/f(Vg, Vs) — / R (V G , Vd), (5.1) can be rewritten as 


9/p 

Ah= AV S 

ovs 


— 9/r f 9/p 9 /r\ 9Vp 

- AV d +-1 - 

9V d \9Vp 


I —AV 0 . 

9V P J 9V C 


(5.3) 


= —Cm 


—t'md 


— in 


Transconductance G ms depends only on the forward current Ip and is therefore independent 
of the drain voltage Vd, whereas G md depends only on the reverse current /r and is therefore 
independent of the source voltage Vs- These tranconductances can be identified on the Q\ 
versus V plot as illustrated in Figure 5.1. 

As can be seen by inspection of this figure, the quantity by which a small variation of 
source voltage Vs must be multiplied to obtain the corresponding variation of area Ip/fi is the 



Figure 5.1 Relation of source and drain transconductances with the mobile inverted charge 
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particular value — Qis/C ox of — Q\/ C ox taken at the source end of the channel. Hence, 


and, symmetrically, 


where 


G m s — „ ( (?is) — M j ( £2is) — Gspec q s 


G m d = -pr~ (— Qio) — My (— Q\d) = ^spec C[di 


G S pec = /spec /Ut = 2 nPU T , 


and q s and q& are the normalized charges at both ends of the channel defined by 

A — 6iS _ , 

q s = — -. (5.7a) 

Lsspec 

A — 6iD , c , 

qd = -p. -■ (5.7b) 

S2, spec 

Note that the two expressions (5.4) and (5.5) are very general, and do not depend on the 
precise shape of — <2i(V). 

As shown by (4.25), 7p and 7r depend on the differences Vp — Vs and Vp — Vd respectively. 
A variation of Vs or Vd has the same effect on Ip and /r as an equal variation of Vp of opposite 
sign. Therefore we have 

d Ip 3/r 

—— = G ms and — = G md . (5.8) 

3 V P 3 V P 

Furthermore, according to (3.51), dVp/dVG = I /n. Hence the expression of G m in (5.3) be- 


G m = Gms Gmd . (5.9) 

n 

Note that this dependency of the gate transconductance on the source and drain transcon¬ 
ductances G ms and G md is independent of the inversion coefficient of the transistor. 

When the transistor is saturated, 7r <$C Ip and G md G ms and hence 

ri 

G m = —— (saturation). (5.10) 

n 

Using the normalized charges q s and qa given in (4.24), expressions (5.4) and (5.5) become 


A ^7ms,d 
G snec 


/4if r +1-1 


/ 4/ f r +1 + 1 
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or, by using denormalized variables, 

G ms ,d = nfiUj (^/ 4/ FiR // spec + 1 — 1^ . (5.12) 

The gate transconductance can be obtained by introducing this expression in (5.9), giving 

G m — PUj ^y/4/ F // spec + 1 — yj 4/r/ /spec + 1^ • (5.13) 

However, this result is useful only if the forward and reverse currents are known separately 
(and not only their difference I D = I F — / R ). 

Since relation (3.48) between voltages and charge cannot be inverted, the transconductances 
cannot be expressed as functions of voltages in the general case. 


5.1.1.2 Approximation in strong inversion 

With the strong inversion approximation of the charge discussed in Section 3.6.3, the various 
transconductances can be found directly on the Vtb(F) plot of Figure 3.12(a), as shown in 
Figure 5.2(a). 

This diagram, which also shows the current in function of the bias voltages, will be called 
the Jespers-Memelink diagram [15,77], It can be used to analyze and synthesize circuits using 
transistors in strong inversion. Expression (5.9) of the gate transconductance can be verified 
by simple inspection of this diagram. 

The expressions of the source and drain transconductances can be obtained by differentiating 
the current given by (4.28) or simply by inspection of Figure 5.2. 

If /3, Vs.d* an d Vp (or Vq) are known, this figure shows that 


G ms ,d = nfi(V p — Vs.d) = P(Vg ~ ^to — «Vs,d)- (5.14) 



Figure 5.2 Drain current and transconductances in strong inversion: (a) Jespers-Memelink diagram; 
(b) corresponding Q\ (F) plot 
















THE STATIC SMALL-SIGNAL MODEL 59 


If only currents and voltages are known, but not ft (the transistor is not yet sized), then 
remembering that the total area of the triangle is /r , r//T (see Figure 4.7), the transconductances 
can be obtained from 


2/p r 2 nft r 

G msd = -=-—-. (5.15) 

Vp-Vs,d Vq — Vto — n Fs.d 

If the known parameters are ft and ft r . then the transconductances are obtained by extracting 
(Vp — Vs.d) from the current equation (4.28) and introducing it in (5.14) or in (5.15) 

Gms.d = \f^- n ftl f,r> (5.16) 

which is the expression used most usually, showing that the transconductance of a transistor in 
strong inversion is proportional to the square root of the current. It corresponds to the general 
expression (5.12) for ftp / spec = 2nftUj. 

Introducing expression (5.14) of the source and drain transconductances in (5.9) gives the 
simple expression of the gate transconductance in linear mode: 


G m = ft(V n - Vs) 


(5.17) 


that can also be obtained directly by inspection of Figure 5.2. 

In forward saturation, ft = ft, G m — G ms /n, (Vp — Vs) = Vossat according to (4.12), and 
the inversion coefficient IC is defined by (4.26). The gate transconductance is thus given by 
one of the following expressions: 


G 


m 


ft(Vp — Vs) — ft Vossat = — (Vg — V T o — nV s) 
n 

2/d _ 2/q _ 2/d 

n(V p — Vs) nV D ssat Vq — V T o — «Vs 



= iftU'ps/Tc = 


^ VTc. 

n 


(5.18) 


The first line of this equation shows that for a given value of ft, Vossat must be increased to 
augment the transconductance G m (with the result of an increase of current). But if the current 
is given, the second line shows that Vossat must be decreased to increase G m (which requires 
an increase of ft). 


5.1.1.3 Approximation in weak inversion 

The transconductance in weak inversion can be obtained by differentiating approximation 
(4.34) of the current: 


G 


ms,d — 


dft.R 
3 Vs,d 


ft,R 

Uj 


It corresponds to the general expression (5.12) for ft p <£ / spe c = 2 nftUj. 


(5.19) 
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According to (5.9), the gate transconductance is then given by 


G 


m 


G md 


n 


If Ir _ Id 
nU-p nUr 


It is proportional to the total drain current. 


(5.20) 


5.1.2 Residual Output Conductance in Saturation 

According to the fundamental property discussed in Section 4.5, the forward component of the 
drain current (7p) does not depend on the drain voltage Vd- As a consequence, the overall drain 
current in forward saturation (where Ip, — Ip) should remain constant. However, as analyzed 
in Section 4.6, the slight variation of channel length caused by drain voltage variations renders 
Ip slightly dependent on Vp>. This corresponds to a parasitic drain transconductance dlp/dVo 
expressed by (4.59) or (4.61). In forward mode, this transconductance is normally much smaller 
than the source transconductance G ms . Hence, it can be neglected in linear mode, where it is 
also smaller than the main drain transconductance G m d. This is no longer possible in forward 
saturation where G m d itself becomes negligible. 

The symmetrical situation exists in reverse saturation where the parasitic source transcon¬ 
ductance d / R /d 14, can no longer be neglected with respect to the very small main source 
transconductance G ms . 

A convenient way to include these parasitic transconductances due to channel shortening 
is to replace them by a single drain-to-source conductance G d s - Indeed, the total variation of 
the drain current given by (5.3) then becomes 


AI d = G m AVa - G ms AV S + G md AVu + G ds (AV D - A Vs) 

= G m AV g — (G ms + G ds ) A V s + (G md + G ds ) AV D . 

According to this equation, G ds has to be accounted for only when G md is very small (forward 
saturation) or when G ms is very small (reverse saturation). 

Since G ds is due to the variation of channel length, its value is proportional to 7p (or 7 r in 
the reverse mode). It can thus be expressed by 


Gds = If.r/ Vm, 


(5.22) 


where Vm is the channel length modulation voltage given by 


Vm = 7f.r 


d Vb.s 
d^F.R 


= L 



/ Ip R d L \ 
\ L d7 F R / 


(5.23) 


This hctitious voltage is thus proportional to the channel length L. The first term in parentheses 
can be obtained from (4.59) or (4.61) and is proportional to the square root of the channel doping 
concentration Np. 

The second term in parentheses is equal to 1 for constant channel width W (see (4.62)). 
If W is not constant and increases from source to drain, then this second term is increased in 
forward mode and decreased in reverse mode, as illustrated in Figure 4.14 for a concentric 
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Figure 5.3 Convergence of saturation characteristics toward — V M 


circular transistor. The value of Vm is thus increased (hence Gd s decreased) if the saturated 
side of the transistor is wider and decreased (hence G ( | s increased) in the opposite case. 

Assuming Vm 5s> Vd.s (long channel) and constant, it corresponds to the convergence point 
of saturation currents for various gate voltages, as illustrated in Figure 5.3. In reality, due to 
two-dimensional effects, Vm tends to increase slowly when the inversion coefficient IC is 
increased. 


5.1.3 Equivalent Circuit 

The small-signal equivalent circuit of the transistor, which corresponds to equation (5.21), is 
shown in Figure 5.4. 

The three transconductances discussed in Section 5.1.1 are represented by voltage- 
controlled current sources (VCCS) of adequate sign connected between the source and drain 
nodes. The residual conductance in saturation Gds, introduced in Section 5.1.2, is connected 
in parallel. Note that the small-signal schematic of Figure 5.4 includes only the intrinsic com¬ 
ponents of the transistor. 

The expressions of the intrinsic parameters, derived previously as function of bias voltages 
and/or currents, are summarized in Table 5.1 for weak and strong inversion. 

A new parameter A vmax defined by 


A 


vmax 


A 


Gms 

Gds 


(5.24) 


is introduced at the last row of this table. It is the maximum voltage gain available from the 
transistor in common gate configuration (driven from the source with AVq = 0). Indeed, if 


G m AV g 



Figure 5.4 Small-signal dc equivalent circuit 
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Table 5.1 Summary of small-signal parameters 


Small-signal parameter Weak inversion 


Strong inversion 


G m s,d 

G m 

G ds 

A v max 


If.r 

G t 

nP(Y p 

- Vs.d) = ^ 

Ip 

nUj 

Linear 

: P(V D - Vs) 


Saturation: /S V D ssat = 

h,K 

If.r 


Vm 

Vm 


Vm 

2V m 

V M 

Ut 

VDSsat 

u T -JTc 


2/f,i 


2/n 


nVnssat nU T s/Tc 



the device is forward saturated (hence G m d = 0), then the whole current variation G ms A Vs 
flows through Gd S , and the drain voltage variation is 

AV D = (l + AV S = (1 + A vmax ) A Vs, (5.25) 

where the term “1” can be neglected. In common source configuration (driven from the gate 
with A Vs = 0), G ms is replaced by G m and the maximum (negative) voltage gain is A vmax /n. 


5.1.4 The Normalized Transconductance 
to Drain Current Ratio 

The source and drain transconductances can be written as a function of the forward and reverse 
current respectively by using (5.11), resulting in 

G ms = Gspec q s = Gspec -j===— = ^ (^4/f+l - l), (5.26a) 

G md = Gspec q A = Gspec ^ , 1 = ^ (^4i r + 1 - l) . (5.26b) 

V 4/ r +1 + 1 2 V / 

The above equation (5.26a) can be used to derive the important transconductance to current 
ratio 


Gms Gr _ Gms <?s _ 1 

If G S pec h' q$ + + + + 1 

which can also be written in terms of the forward normalized current 


(5.27) 


Gms Ur = 2 = f 1 for «'f « 1 

If V4i7TT + 1 \ 


l/Vff f° r if > 1 


(5.28) 
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'd — /d / 4pec 

(b) 


Figure 5.5 G ms I/t//f versus forward normalized current: (a) comparison between the asymptotes, 
a numerical calculation and the analytical expression; (b) comparison between analytical expression 
and results measured on several long-channel devices in saturation from different technologies 


In forward saturation, Id = /p and G ms = n G m , and hence 

Gms Uj _ G m n Uj _ 2 

Id Id V4ff + 1 + 1 


(5.29) 


Equation (5.29) is plotted versus the normalized forward current in Figure (5.5a) together 
with the unity asymptote valid in weak inversion and the l/y/if asymptote valid in strong 
inversion. It perfectly matches the symbols obtained from a numerical simulation with I\ — 
D.l\pV. Figure (5.5b) shows the same transconductance to drain current ratio characteristic 
compared to results measured on several technology generations. It is interesting to note that 
the transconductance to drain current ratio characteristic given by (5.29) is independent of any 
process parameters (except of course those used for normalizing the forward current). 
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Figure 5.6 Variation of transconductance-to-current ratio and maximum voltage gain with inversion 
coefficient: (a) from charge model (5.29); (b) from approximation (5.30) 


Equation (5.29) is also plotted as curve a in Figure 5.6. It shows that in weak inversion, the 
transconductance is within 1% of its asymptotic unity value given by (5.20) for IC <$) 0.01, 
and 10% below it at IC — 0.12. In strong inversion, the transconductance is 10% below its 
asymptotic value (5.18) at IC = 23, and within 1 % of it only for IC > 2500. For IC = 1, the 
transconductance is only 62% of the value obtained from either asymptotes. Hence the range 
of moderate inversion where the full continuous equation (5.29) must be used depends on the 
required precision. 

Curve b in Figure 5.6 is the variation of transconductance obtained from differentiation of 
the mathematical interpolation of the current (4.39) from weak to strong inversion: 


G 


ms 


Uj 

If 



in saturation 


1 — exp (—V/C) 

VTc 


(5.30) 


By introducing expression (5.22) of the residual output conductance in saturation, the 
maximum voltage gain defined by (5.24) becomes 


A _ G ms Vm _ ^ Uj Vm 

max — T — ^ms ~ T T • 

/ f iF Ut 


(5.31) 


Figure 5.6 therefore also represents the variation of A v max normalized to its maximum value 
V\n/ LJ'\ obtained in weak inversion. This degradation of A vmax with the increase of inversion 
coefficient IC is only slightly attenuated by the slow increase of Vm mentioned at the end of 
Section 5.1.2. 

The transconductance-to-drain current ratio is very useful in analog circuit design. It actually 
shows how much transconductance you get for a given current and can therefore be used as 
a figure of merit for evaluating the current efficiency of any device including circuits such as 
operational transconductance amplifiers (OTA). From Figures 5.5 and 5.6, we clearly see that 
weak inversion offers the highest current efficiency, whereas in strong inversion it decreases 
as 1 /s/Tf. It is important to note that the transconductance-to-drain current characteristic is a 
ratio; i.e., the transconductance of a given device can always be made larger in strong inversion 
than in weak inversion by increasing the bias current, but obviously this comes at the price of 
a lower current efficiency. 
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/G — /f — Iq/I spec 

Figure 5.7 The transconductance on drain current ratio characteristic used for sizing a device 

As explained by Figure 5.7, the transconductance-to-drain current ratio can be used to size 
a particular device. Assume you have a certain bias current available and you want to bias a de¬ 
vice in saturation in the middle of the moderate inversion with !C = if = I. Knowing the bias 
current and the inversion factor, you can deduce the specific current / spec = Id/IC and then the 
W/L ratio from 7 spec . You still need another criterion to select independently the W and the L (it 
could be noise, gain, etc.). You can then calculate the normalized transconductance to be about 
0.62 and the actual transconductance to be G m = 0.62 l\)/(n Uj). Less trivial, if you want a cer¬ 
tain transconductance for a given bias current, you can compute the transconductance-to-drain 
current ratio, say 0.8 in this case and deduce the inversion factor to be about 0.3. Knowing the 
bias current you can extract the specific current / spec and then the W/L ratio as explained above. 


5.2 A GENERAL NQS SMALL-SIGNAL MODEL 

The small-signal equivalent circuit described in Section 5.1 is valid only at low frequency 
(actually at dc to be correct) and hence does not account for the small-signal dynamic behavior. 
Now each time a terminal voltage is changed, the current changes by a certain amount. In order 
for this current to change, the inversion charge density within the channel has to change. This 
means that some incremental charges are either brought to or taken away from the static 
inversion charge density. This gives rise to transient charge flows (or ac currents) that are 
obviously not accounted for in the static small-signal model described in Section 5.1. They can 
be modeled by several capacitors which would result in the QS small-signal model described 
in Section 5.3. But since the latter is only a first-order approximation of a more general NQS 
model, we prefer to first derive the general NQS small-signal model and then its first-order QS 
approximation. In many textbooks, the QS small-signal model is derived first and then extended 
to the NQS model. But this requires some tedious calculations and difficult explanations that are 
completely avoided when starting from the general, but more complex, NQS model. Therefore 
we will start with a description of a very general NQS small-signal model. 

The QS and NQS operations are delimited by the QS frequency &> qs corresponding to 
the intrinsic channel time constant r qs = l/® qs . The normalized QS frequency 1 Q qs is bias 

1 Here the actual frequency is denoted by a small cap, whereas its normalized value is denoted with an upper cap. This 
is an exception to the rule used throughout the book, namely that normalized variables use small caps. 
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dependent according to [44]: 


q A 


00 , 


qs 


*si 


^spec 


spec 


t-qs 


= 30 


(q s + qa + l ) 3 


4 q 2 + 4 q A + 12* s * d + 10g s + 10<? d + 5 


(5.32) 


where 


1 

^spec — 

^spec 


A 


A Uj 

~L r ' 


(5.33) 


The QS channel cutoff frequency &> qs can be used as a figure of merit since it represents the 
ultimate frequency that the intrinsic part of the MOS transistor can reach without accounting 
for the extrinsic components such as the overlap capacitors that further decrease this frequency 
and are accounted for in the transit frequency f t discussed in Section 11.3.1. Notice that a> spec 
scales like l/L 2 , therefore increasing quadratically when reducing the transistor length. This 
feature is one of the driving force for CMOS downscaling to achieve faster circuits and also 
use CMOS for RF circuits. 

In saturation (</ s q A ), (5.32) reduces to 


( + 1 )3 (6 (weakinv.) 

o — ^ ___ — / ^ 

qs 4*2+10* + 5 \^* s = ^V5=^^ (St «) ngin v. ) . 

From (5.34), we see that in weak inversion &> qs = 6a> spec = 6/x Uf/L 2 , which is constant 
and determined only by the mobility and the transistor length. Note that in weak inversion, 
r qs = 1/a; corresponds to the transit time of the carriers diffusing from source to drain. 
In strong inversion, L2 qs is proportional to q s or to +7/ or to the saturation voltage Vossat = 
Vp — Vs- 

For Vd = Vs (or equivalently q s = q A ), (5.32) reduces to 

^ q s = 6 (2q s + 1). (5.35) 

The normalized QS frequency L2 qs is plotted versus the inversion factor if in Figure 5.8(a) 
which clearly shows the weak and strong inversion asymptotes. Notice that in strong inversion 
and for Vp, = Vs, L2qs is 1 -6 times larger than in saturation for the same inversion factor. Q qs is 
also plotted versus the normalized pinch-off voltage i; p in Figure 5.8(b) for different values of 
the normalized drain voltage ranging from uj = 0 to v A = 100, corresponding to saturation. 
Also shown is the strong inversion asymptote 15/4 v p . 

The NQS analysis will not be detailed here, since it is rather lengthy. It can be found in 
[38,44,78]. The most important result of the latter analysis is that the NQS small-signal behavior 
can be represented by the equivalent small-signal circuit presented in Figure 5.9. This circuit is 
made of five admittances, three connected to the gate (Tosi, ^GDi, an d T G Bi) and two connected 
to the bulk (Tssi, Tbd,) not accounting for Y(,h', and three transadmittances Y m , Y ms , and K nll j 
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(a) 



(b) 

Figure 5.8 Intrinsic QS normalized frequency versus inversion factor (a) and versus pinch-off voltage 
for different drain voltages (b) 



Figure 5.9 The complete intrinsic NQS small-signal equivalent circuit 
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connected between drain and source and controlled by the gate, source, and drain voltages 
respectively. These three transadmittances are modeled by three VCCS defined by [44,78] 

An = Y m AV C , (5.36a) 

4ns = Y ms AV> s, (5.36b) 

/md = F md AV d . (5.36c) 


Note that these admittances and transadmittances have real and imaginary parts. 

In the same way there exists a relation between G m , G ms , and G m d (see equation (5.9)), it 
can be shown that the same relation also holds for the transadmittances, namely [44,78] 


Y m = 


Tins Kml 


(5.37) 


which reduces to (5.9) for a> <w qs . 

Note that we need to know only one transadmittance to deduce the other two. Indeed, 
assuming we know T ms , we can deduce T md by using the symmetry property of the device; i.e, 
y md can be calculated using the same equation used to calculate T ms but after permuting Vs 
and Vd (or if and ; r or q & and q d ). Knowing both V ms and T md , we can compute Y m using (5.37). 

The gate-to-bulk admittance is related to the gate-to-source and gate-to-drain admittances 
by the following fundamental relation [38,44,78]: 

^GBi =- 0 «Cox — T G si — K G Di) ’ (5.38) 

n 

where Cox = W L C ox . In addition, the bulk-to-source and bulk-to-drain admittances are 
related to the gate-to-source and gate-to-drain admittances by [38,44,78] 


h B si = in - 1) T GSi , (5.39a) 

Kbdi = (n — 1) K G Di- (5.39b) 

As for the transadmittances, knowing only one admittance is enough to calculate the four 
other ones. For example, if we know Tcsi, we can calculate T G Di by symmetry, Tesi and IfiDi 
using (5.39) and finally T G Bi by using (5.38). 

The NQS intrinsic small-signal model shown in Figure 5.9 is therefore fully characterized 
for a given operating point when one transadmittance and one admittance are known. All the 
other components are deduced either from symmetry or by using (5.37), (5.38), and (5.39). In 
addition, it can be shown that the transadmittances can always be written as the product of the 
dc transconductance, which accounts for the bias dependence, times a common normalized 
function § m [@(g s , gd)L which accounts for the frequency dependence [44,78] 

K ms = G ms % m [6(q s , c/d)L (5.40a) 

Kmd = Gmd ?m[0(tfd. <?s)L (5.40b) 

where 0 — &>/ft> qs = <wr qs . Notice the symmetry property illustrated by the swapping of the 
position of the q s and qa variables as arguments of 9 in (5.40). 
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The exact derivation of the normalized function is a bit tedious and will not be de¬ 
scribed here. The detailed calculation can be found in [38,44,78]. Nevertheless, a very good 
approximation of £ m valid in any mode of inversion is given by [44] 


sinh(l) ’ 


(5.41) 


with A. = (1 + j) y/W. Note that for 0 <^C 1, (5.41) can be approximated by a first-order func¬ 
tion [44] 

1 

tm = ——- for OJTqs <£ 1. (5.42) 

1 + j cur qs 

The magnitude and phase of function are plotted versus the normalized frequency in 
Figure 5.10(a) (plain line) and compared to the first-order approximation (5.42) (dashed line) 
and also the second-order approximation (dashed-dotted line). Figure 5.10(a) shows that the 
first-order model can be used up to about 0 = 1 for both magnitude and phase. For 0 > 1, 
the second-order model can be used up to about 0 = 3 and the full function has to be used 
above. The dash-double-dot curve corresponds to the QS model and will be discussed later in 
Section 5.3. 

The £ m function has been checked against measurements made on several devices and at 
different biases [44], An example of such measurements made on a long-channel (L — 10 /im) 
N-type device in saturation is shown in Figure 5.10(b) for different gate bias ranging from 




Figure 5.10 Normalized transdmittance function versus normalized frequency, (a) Evaluated 
from (5.41). The line corresponds to the approximations given by (5.41), the dashed line corresponds 
to the first-order approximation given by (5.42), and the dashed-dotted line corresponds to the second- 
order approximation, (b) Comparison with measurements made on an N-channel device measured at 
different biases and properly normalized 
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V G — 0.5 to 1.5 V. This plot clearly shows that after proper frequency and bias normalization, 
all the curves corresponding to the different bias conditions fall on the same normalized 
curve. It also demonstrates that the NQS transadmittances are fully characterized by the single 
normalized function £ m . 

Similarly, the Fcsi and Y Gn] admittances can be written as a product of a bias-dependent 
capacitance (representing the QS approximation) times a common normalized function 
*7d)] 


fcsi = j coC GSi (q s , <?d) %c[0(q s , t/d)] = j coCox c c (q s , c/d) Hc\9{q s , ?d)]> (5.43a) 
*GDi = j 0 )C GSi (q d , q s ) % c [9(q d , (/<,)] = j wC ox c c (q A , q s ) % c [9(q d , q s )], (5.43b) 


where c c (q s , q d ) is the normalized gate-to-source intrinsic capacitance 


Cc(<7s, <7d) = 


^GSi 

Cox 


<h 2 q s + Aq d + 3 

3 (q s + qd + l) 2 


2/3 in strong inv. and sat. 
q s in weak inv. and sat. 


(5.44) 


A good approximation for the normalized function £ c used for the admittances is given 
by [44] 


with 


and 


where r is defined as 


?c = 


fc(0) 


</e + a-e)Uo/2)' 


(5.45) 


z A 2 cosh(k) - 1 
c X sinh(A.) 


(5.46) 


A 

e = 


10r (r + 2) : 


,2 1 3/2 


9(r + 1) (r 2 + 3 r + 1) 


(5.47) 


_a + 1/2 _ if + 1/4 

q d +1/2 ~ V'r+1/4' 


(5.48) 


Note that r is much smaller than I for c/ s <<C I <SC q d , corresponding to strong inversion and 
reverse saturation, it is equal to unity when q s — q d or when both q s <</ I and ga«l (corre¬ 
sponding to weak inversion), and finally r is much larger than I forr/d 1 q s , corresponding 
to strong inversion and forward saturation. Function £ c is plotted in Figure 5.11(a) versus the 
normalized frequency 0 = a> r qs for different values of r. For 0 1, £ c = 1 and therefore the 

admittances increase proportionally to 6. For 0 1, oc 1 /\fT) meaning that the admittances 

then only increase proportionally to ~/0. The proportionality factor depends on the parameter 
r. As shown in Figure 5.11(a), there is a small difference between the forward mode and 
the reverse mode, particularly on the phase, but in forward mode, there is very little differ¬ 
ence between weak (r — 1) and strong inversion (r 1) since p only varies from 1 to 1.17. 
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(c) 


Figure 5.11 Normalized admittance function £ c versus normalized frequency, (a) Evaluated using 
(5.45) to (5.48) for different values of r with r = 0 and 0.1 corresponding to strong inversion and 
reverse saturation (q s <K 1 <K qa), r = 1 corresponding to weak inversion and r = +oo corresponding 
to strong inversion and forward saturation (q d <3C 1 <SC q s ). (b) Different approximations of (for 
r = 1). The line corresponds to the first-order approximation given by (5.49) and (5.45) and the dashed- 
dotted line corresponds to the second-order approximation, (c) Comparions with measurements made 
on a P-channel device measured at different biases and properly normalized 
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Therefore, in forward mode, § c can be approximated by f c given by (5.46), which can be further 
approximated by the following first-order function: 

£c = lc = 1 , - - - for &>t qs « 1. (5.49) 

1 + j co r qs /2 

The latter approximation is similar to the transadmittance approximation (5.42) except that 
the pole is a factor 2 higher than ® qs . Function f c is plotted versus the normalized frequency 
in Figure 5.11(b) together with the first-order approximation (5.49) (dashed line) and also the 
second-order approximation (dashed-dotted line). As for the transadmittance approximation, 
the first-order admittance approximation can be used up to about 0 = 1 and the second-order 
approximation up to about 0 = 3. 

As shown in Figure 5.11(c), the normalized admittance function has been validated 
against measurements made on a 300 um x 300 pm P-channel MOS transistor integrated in a 
0.35 p.m CMOS process and biased at different overdrive voltages. The fact that all the measured 
points fall onto the same curve illustrates the strength of the bias and frequency normalization 
processes. 

A simpler approximation of both the transadmittances and the admittances will be given in 
the next section and will lead to the QS model. 


5.3 THE QS DYNAMIC SMALL-SIGNAL MODEL 
5.3.1 Intrinsic Capacitances 

As mentioned in the previous section, for 0 = co r qs 1, the NQS function for the admit¬ 
tances § c is about equal to unity and the admittances reduce to the intrinsic capacitances. The 
normalized gate-to-source and gate-to-drain intrinsic capacitances are derived from (5.43) and 
(5.44) with I, = 1 
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(5.50a) 

(5.50b) 


whereas the gate-to-bulk, source-to-bulk, and drain-to-bulk intrinsic capacitances are derived 
from (5.38) and (5.39) respectively 
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(b) 

Figure 5.12 Normalized intrinsic capacitances versus the pinch-off voltage (a) and versus the drain 
voltage (b) 


They are plotted in Figure 5.12 for 71, = 4 */Lr[ and 'I'q = 30 Ur, together with the total gate 
capacitance 

a 1 

CGi — CGSi + CGDi + CGBi = - (tl — 1 + CQSi + CGDiX (5.52) 

fl 

where (5.51a) has been used. 

Figure 5.12 also shows the approximate values of the intrinsic normalized capacitances in 
strong inversion and saturation 
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n — 1 


CGBl - 3 n ’ 

(5.53c) 

2 


CBSi = («-!)-, 

(5.53d) 

fBDi = 0. 

(5.53e) 


Figure 5.12(b) also shows that for Dd = v s , ccsi = CGDi and cesi = cbdd It might be surpris¬ 
ing that ccsi and cgdi are not exactly equal to 1/2 for i>d — v s — 0 in Figure 5.12(b), but ccsi 
and CGDi are actually only equal to 1/2 asymptotically in very strong inversion and a little below 
1/2 in strong inversion. 

In weak inversion, the normalized intrinsic capacitances are given by 


c GSi = ds, 

(5.54a) 

CGDi = di. 

(5.54b) 

n — 1 

CGBi — 

(5.54c) 

n 

CBSi = (n - 1) q s , 

(5.54d) 

CBDi = (n - 1) q d . 

(5.54e) 


Since in weak inversion q s <£. 1 and c/d 1, the intrinsic capacitances are dominated by CGBi- 


5.3.2 Transcapacitances 

In the QS regime, 9 = at r qs « 1 and the first-order transadmittance function (5.42) can be 
further approximated as 

= 1-7 « r qs for ft)tq S « 1 . (5.55) 

ms md 

The source transadmittance can then be written as 

Fms — G m s (1 j ^Ut'qs) = G m s j 0) G m s Cq S = G ms j 0} C m s, (5.56) 

where C ms = G ms r qs is defined as the source transcapacitance. A transcapacitance is similar 
to a transconductance except that the output current is proportional to the derivative of the 
control voltage instead of the control voltage itself. Similarly, the drain transadmittance can 
be written as 


Fmd — G m d (1 j nJTq S ) — G m d j tO C m d, (5.57) 

with C m d = G m d r qs being the drain transcapacitance. Using (5.37), the gate transadmittance 
is then given by 


Fm — G m (1 j CUTqs) — G m j (O G m , 


(5.58) 
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with C m = G m r qs being the gate transcapacitance which is related to the source and drain 
transcapacitances by 


C 


m 


c„ 


Gnid 


n 


(5.59) 


The QS approximation of given by (5.55) is also plotted versus 6 in Figure 5.10. The 
phase is identical to the first-order approximation (5.42), but as shown in Figure 5.10, the 
magnitude increases proportionally to 0 instead of decreasing. This is a clear limitation of 
the QS approximation. It is important to note that any charge-based model implemented in 
a circuit simulator such as Spice without specific NQS model will show this behavior. It is 
therefore important to remember that the QS model is valid only to about a fraction of the QS 
frequency &> qs (typically &> qs /3). 

By definition, the QS time constant is related to the transconductances and transcapacitances 

by 
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(5.60) 


From (5.32) and (5.4), we 
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can derive the expression for the source and drain transcapacitances 



Aq; + Aql + 12 q s q d + 10g s + I0q d + 5 

(5.61a) 

15 

(q* + <?d + l) 3 

</d 

Aq; + Aql + 12 q s q d + 10 + lOgd + 5 

(5.61b) 
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They are plotted versus i> p and i>d in Figure 5.13 for /], = 4 *JUr and o = 30 Uj. As shown 
in Figure 5.13, the approximate values in strong inversion and saturation are given by 

4 

c ms = n —, (5.62a) 

Cmd = 0, (5.62b) 

4 

c m = — • (5.62c) 

It is important to note that these transcapacitances are of the same order of magnitude than 
the intrinsic capacitances and therefore cannot be neglected. We will see in Section 12.2 that 
neglecting, for example, C m can lead to a large phase error on Y m at RF (see Figure 12.3). 


5.3.3 Complete QS Circuit 

The complete QS intrinsic small-signal schematic is shown in Figure 5.14, where the transad- 
mitances are modeled by three VCCS defined by (5.36) with F m , T ms , and T m d given by (5.58), 
(5.56), and (5.57) respectively. 
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Figure 5.13 
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Normalized transcapacitances versus the pinch-off voltage (a) and versus the drain 



Figure 5.14 The complete intrinsic QS small-signal equivalent circuit 
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5.3.4 Domains of Validity of the Different Models 

It is important to clearly understand the domains of validity of the three small-signal models 
shown in Figures 5.4, 5.9, and 5.14. The dc small-signal model of Figure 5.4 is strictly valid 
only at a> — 0. Now it can be used for many low-frequency circuit analyses to evaluate for 
example the dc gain. It can also be used when extrinsic capacitors, including interconnects, 
dominate, as is often the case. 

It is important to notice that very often the frequency limitation is not given by the intrinsic 
QS frequency but by the parasitic extrinsic elements or by some other component such as a load 
capacitor. Actually it is mainly when working at RF that the intrinsic frequency limitations 
become important and should be accounted for. But even at RF, the NQS regime should 
be avoided and therefore the NQS small-signal model of Figure 5.9 is seldom used. There 
are nevertheless some cases where the device might operate in NQS mode. For example, in 
some circuits like G m -C filters where nonminimum length P-channel transistors are used in 
the current mirror of the transconductor, the combination of nonminimum length and lower 
mobility of P-channel device might drive the device close to the NQS regime. The additional 
phase shift introduced by the NQS effect in the current mirror might then change the frequency 
behavior of the filter. It is therefore important to check whether any device operates close to 
the NQS regime. Also, increasing the QS frequency can simply be done by increasing the 
bias current at the cost of a higher power dissipation and a possible increase in the minimum 
required supply voltage in order to adapt for the increase of Vbssat- It is then useful to evaluate 
the QS frequency and set it at a frequency just high enough for avoiding any NQS effects but 
without increasing the bias current prohibitively in order to maintain the power consumption 
as low as possible. 

Another situation where NQS effects might appear is when very fast clock signals are used 
with very steep slopes. At the start of the step signal, the transistor might momentarily be 
driven into NQS regime. Although this is usually a large-signal transient problem, it might be 
useful to discuss it here. 

Although it is possible to derive an exact small-signal solution, it is much more difficult 
(maybe even impossible) to derive an analytical large-signal NQS model. Only first- or second- 
order approximations have been derived up to now [79]. On the other hand, large-signal 
transient simulations can be done quite easily by simply cutting the transistor channel into 
several slices [80]. This can easily be done by replacing in a circuit simulator a single transistor 
by a cascade of N fictitious transistors in series each having a length L/N, where L is the 
length of the original transistor [80]. This is illustrated in Figure 5.15(a), where 10 transistors 
connected in series have been used. Of course, the middle transistors should model only the 
intrinsic part of the device and hence all the extrinsic components such as the overlap capacitors 
and the access resistors have to be sized accordingly. In the following example, we simulated 
only the intrinsic behavior and therefore all the transistors include only the intrinsic part. The 
transistor is biased in strong inversion with a 1-V gate and drain voltage, corresponding to Vq — 
Vto = 0.4 V or IC = 28. The source voltage is biased at 0 V. To illustrate the NQS behavior, 
a negative step voltage of —100 mV is applied at the source as illustrated in Figure 5.16. 
Figure 5.15(b) shows how this step voltage propagates along the channel from the source 
to the drain. It clearly shows that the effect on the channel voltage close to the drain is not 
instantaneous and it takes some time for the step to reach the drain. The source and drain currents 
7s and 7 d are plotted versus time in Figure 5.15(c). It shows that the source and drain currents 



78 


THE SMALL-SIGNAL MODEL 





Figure 5.15 (a) NQS transient simulations by slicing the channel of a single transistor of length L 
into several intrinsic transistors in series having a length equal to L/N. (b) Voltages along the channel 
due to a step voltage at the source, (c) Drain and source currents due to the step voltage at the source, 
(d) Zoom on the QS drain current showing the negative Dirac impulse occurring at the origin 



Figure 5.16 NQS transient simulations and drain and source currents showing the charge deficit at 
the drain 
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are not equal and that the drain current lags the source current. This situation is reproduced 
in a slightly larger scale in Figure 5.16. Note that the area between the source current (top 
curve) and the drain current (lower curve) represents charges that actually never reach the drain 
and therefore constitutes a charge deficit at the drain. 

The result obtained from the QS model of a single transistor with the same total length 
and bias is also plotted in Figure 5.15(c). As expected from the expression of the source 
transadmittance (5.56), the response to this step voltage is a large negative peak (actually a 
Dirac impulse) corresponding to the derivative of the input voltage due to the transcapacitance 
part of the source transadmittance, followed by an instantaneous change of the drain current 
due to the transconductance part of the source transadmittance. Since the QS model ensures 
charge conservation, the negative spike represents the charge deficit at the drain observed in the 
NQS simulations but these charges are actually taken away from the drain current immediately 
instead of not reaching the drain as is the case in the NQS simulation. This is illustrated in 
Figure 5.15(d), where the QS drain current /d(QS) shown in Figure 5.15(c) has been zoomed 
out to show the negative impulse. Notice the large value of the negative impulse amplitude 
which in some cases may give rise to simulation (convergence) problems. 

Also plotted in Figure 5.15(c) is the result obtained from the time domain equivalent of the 
first-order NQS approximation given by (5.42). As expected it differs from the NQS simulation 
at small time values but then follows quite nicely the NQS simulation after about 150 ns. The 
major difference with the QS simulation is that the spike has now disappeared, avoiding any 
simulation problems. Note that the second-order NQS approximation would of course give an 
even better result. 




6 The Noise Model 


This chapter is dedicated to the modeling of the noise in the MOS transistor focusing mainly on 
the intrinsic part and assuming that the device has a long channel and hence does not account 
for short-channel effects which are described in Section 9.4. There are mainly two kinds of 
noises coming from the channel region, namely the thermal noise and the flicker or 1 If noise. 
Both can be described by a local noise source which depends on the position along the channel. 
Section 6.1 shortly presents the different methods to calculate the power spectral density (PSD) 
of the drain current fluctuations, by integration of the local noise source along the channel. The 
method will then be applied for both the thermal noise and the flicker noise. The low-frequency 
thermal noise is then derived in Section 6.2. The thermal noise parameter is defined as the ratio 
of the drain thermal noise conductance to the output conductance at Vd = Vs (° r equivalently 
the source transconductance), and the thermal excess noise factor is the ratio of the drain 
thermal noise conductance and the gate transconductance. The use of these two parameters is 
illustrated by several circuit examples. Section 6.3 is devoted to flicker noise, which arises from 
several sources: the fluctuation of the number of mobile carriers in the channel, discussed in 
Section 6.3.1, the fluctuation of the mobility, presented in Section 6.3.2, and finally the flicker 
noise coming from the access resistances, described in Section 6.3.3. The bias dependence of 
all the three noise sources is particularly emphasized. All three contributions are compared 
in Section 6.3.4 using measured data from the literature. Finally, the scaling properties of the 
flicker noise are discussed in Section 6.3.5. 

6.1 NOISE CALCULATION METHODS 

6.1.1 General Expression 

The origin of noise is related to local random fluctuations of the carrier velocity or the carrier 
density. These local fluctuations can be modeled by adding a random current to the local dc 
current as shown in Figure 6.1(a). They then propagate to the terminals resulting in fluctuations 
of the voltages or currents around the dc operating point. There are clearly two different parts in 
the noise analysis: the microscopic part which consists in deriving the statistics of the stochastic 
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Figure 6.1 Equivalent circuits of the MOS transistor noisy channel illustrating different noise analysis 
approaches, (a) The Langevin method used by Klassen and Prins [81], where a distributed noise 
source is added to the differential equation giving the drain current, (b) Circuit obtained from (a) after 
linearization of the differential equation and keeping only the first-order terms, (c) Equivalent small- 
signal circuit approach: since the circuit of (b) is linear, the effect of each local noise source on the 
drain current fluctuation can be calculated separately and summed at the drain, (d) The impedance field 
method, where the current response 6/ D at the drain due to a current 5 I x injected at position x along 
channel and the corresponding current A,(x) = 6/d/6/ v are calculated. The noise is then evaluated 
from the derivative of A[(x) with respect to x 
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process such as the velocity fluctuation and translating it into a variation of the local current, 
and the macroscopic part which consists in calculating the response of the terminal currents 
(or voltages) to these fluctuations or in other words how these local fluctuations propagate 
to the terminals and produce variations of the terminal voltages or currents. In this part we 
will mainly focus on the macroscopic part, namely finding a common expression for the PSD 
of the drain current fluctuations due to all the microscopic local noise sources located in the 
channel. At this stage, it is important to point out that these local fluctuations are always small 
and consequently, the analysis of the propagation of the noise sources to the terminal voltages 
or currents reduces to a linear analysis. Hence, the principle of superposition can be applied 
for adding the effects of all the noise sources along the channel. In principle, since these noise 
sources are random process, they might be spatially correlated, which should be accounted for 
when summing their effects. However, in all of the cases discussed below, it will be assumed 
that the local sources are spatially uncorrelated and therefore their PSD can be summed. 

Several methods have been used for the calculation of noise in the MOS transistor. A de¬ 
tailed description of all these different methods goes beyond the objective of this book, but they 
will be briefly illustrated below. The first approach is based on the Langevin method and was 
used by Klaassen and Prins [81] initially for deriving the thermal noise and was then extended 
by Klaassen to also account for the flicker noise [82] and by Langevelde to include also the 
induced gate noise [83], It starts with the differential equation giving the drain current (4.5), to 
which a Langevin noise source 8 t„(x, t) is added as shown in Figure 6.1(a). This distributed 
noise source depends on the position along the channel and induce channel voltage fluctuations 
bV n (x, t) that should normally be accounted for if the 81 „(x. t) would be large-signal fluctu¬ 
ations. Since these voltage fluctuations are much smaller than the thermodynamic voltage, the 
current differential equation can be linearized, resulting in the equivalent small-signal circuit 
shown in Figure 6.1(b). Since this equivalent circuit is now linear, the superposition principle 
can be used. The problem can then be reduced to isolating a single noise source in the 
channel and calculate its effect 6/„d on the drain terminal current as shown in Figure 6.1(c). 
The total effect is then obtained by summing the contributions of all the noise sources along 
the channel assuming they are spatially uncorrelated. This latter approach will be called the 
equivalent small-signal circuit approach. 1 Note that a similar transmission line approach has 
also been used [ 84]. A third approach is the impedance field method (IFM) initially introduced 
by Shockley [85] and modified afterward by van Vliet [86,87], As illustrated in Figure 6.1(d), 
the channel is excited by a current bl x at position x along the channel, and the current response 
6 / d at the drain terminal and the corresponding current gain A i (x)A8I d /8I X are calculated. The 
noise due to the local noise source at position x is then evaluated from the so-called impedance 
field 2 corresponding to the derivative of the current gain with respect to x at each position. 
Taking the derivative with respect to position corresponds actually to taking the difference 
between the current gain at positions x + Ax and x, which is illustrated in Figure 6.1(e). If bl x 
is set equal to the local noise source bl n (x ), then the equivalent circuit of Figure 6.1(e) reduces 
to the circuit of Figure 6.1(c). The IFM is therefore equivalent to the small-signal circuit 
approach. A more rigorous demonstration shows that actually the three approaches mentioned 
above are equivalent [156], 

1 It is sometimes also called the two-transistor approach. 

2 The name impedance field comes from the fact that the terminal voltage fluctuations were initially evaluated resulting 
in a gain between the excitation current and the voltage fluctuation that has the dimension of an impedance (it is actually 
a transimpedance). 
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Ax 



Figure 6.2 MOS transistor cross-section with an infinitesimal noisy piece of channel between points 
x and x + Ax and split into two noiseless transistors M\ and Mi 

In the following, we will derive a general analysis based on the more intuitive equivalent 
small-signal circuit approach, offering a common framework for the treatment of both thermal 
and flicker noise. 

To start, let us assume that the channel is noiseless except for a slice of the channel comprised 
between positions x and x + Ax which is noisy and has a resistance A R as shown in Figure 6.2. 
The microscopic noise due to the channel slice is modeled by a current source 6 I n having a 
PSD S 5/2 and connected between x and x + Ax in parallel with the resistance A I? of the slice. 
Note that a current source (Norton source) is used because the physical origin of noise is a 
random fluctuation of the carrier velocity and/or charge density, resulting in fluctuations of 
the local current which is then represented by a noise current source added to the dc current. 
The transistor can then be split into two noiseless transistors on each side of the noise current 
source, namely transistor M\ of length x on the source side of point x and transistor Mi of 
length L — x on the drain side. As mentioned above, it can be assumed that the noise voltage 
5y n across resistance AR is much smaller than Uj and therefore a small-signal approach can 
be used. Both transistors M\ and Mi can then be replaced by their low-frequency small-signal 
equivalent circuits. For frequencies much below the channel cutoff frequency a> qs (see equation 
(5.32) for definition), the capacitive coupling can be neglected. As illustrated in Figure 6.3, 
the equivalent circuits of transistors M\ and Mi reduce to two simple conductances, of values 
G s = G m di on the source side and Gd = G ms 2 on the drain side. Since AR can obviously be 
neglected compared to the series connection of G s and Gd, the drain current fluctuation 6 / nD 
is then given by 

6 / nD = G ch ARbI n , (6.1) 

where conductance G c h corresponds simply to the series connection of G s and Gd 

1 A 1 1 

G ch (x) G s (x) G d (x) 


( 6 . 2 ) 
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(a) 


(b) 


Figure 6.3 Two-transistor equivalent circuit used for low-frequency noise calculation 


Note that both G s and Gd and hence also G C h depend on the position x of the local noise 
source. The noise source 6/ n also depends on the position x along the channel and might also 
depend on frequency co (for example when considering 1 If noise). 

The PSD of the drain current fluctuations due to noise current source 6/ n is then given by 

s bil n (°^ x ) = Gl h (x)AR 2 (x)S bI i(ai, x). (6.3) 

The PSD of the total noise current fluctuation at the drain S A ,2 due to all the different sections 

^nD 

along the channel is obtained by summing their elementary contributions S bI ^ assuming that 
the contribution of each slice at different positions along the channel remain uncorrelated. This 
translates into integrating the elementary contributions over the channel from source to drain, 
resulting in 3 


f L 1 0 Sziiico, x) 

S AI 2 (oj) = / G 2 ch (x)AR 2 (x)^~ - dx. (6.4) 

Jo Ax 

Note that S&i 2 has to be divided by Ax in (6.4) to represent the contribution of the noise current 
source by unit length. 

As explained above, we have chosen to represent the noise source by a current source 
(Norton source) in parallel with the elementary section because it is closer to the physical 
origin of noise. As shown in Figure 6.4, we could of course also use an equivalent noise 
voltage source (Thevenin equivalent) defined by 

614= AR8I n , (6.5) 


or in terms of PSD, 


x) — AR 2 Sfrj 2 (c 0 , x). 


( 6 . 6 ) 


3 Note that the contribution of one elementary slice to the drain current is written as 5 ,2 , whereas the total contribution 

nD 

of all the sections is written as S AI 2 . 

nD 
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Figure 6.4 Two-transistor equivalent circuits: (a) using the original noise current source of Figure 6.3; 
(b) circuit with an equivalent noise voltage source 


The drain current fluctuation due to 6 V n is then given as 

(oj, x) = G 2 ch (x)S &v .i(co, x ). (6.7) 

If the noise current sources 6/ n are spatially uncorrelated, so are the noise voltage sources 
614 an d (6.4) becomes 


S A ,*(co) = / G 2 c Jx) 


S &V 2 (a>, x) 
Ax 


dx. 


( 6 . 8 ) 


Equation (6.4) or (6.8) will be used below to derive the low-frequency thermal noise and 
flicker noise PSD in Sections 6.2 and 6.3 respectively. 


6.1.2 Long-Channel Simplification 

Conductance G c h is actually nothing else than the channel conductance G c h at point x. If the 
mobility is assumed to be constant, it is then given by 

d/ D W 

Gch = -T77 = /*(- Qi)~r = Gspec^i, (6.9) 

dV L 

where G spec = / spec / Uj = 2nfi U \. The resistance A R of a section, again assuming a constant 
mobility, is given by 


AV _ Ax 

~b = Wni-QO' 


( 6 . 10 ) 


Note that the derivation in the case velocity saturation and mobility reduction due to the vertical 
field have to be accounted for is much more tedious and is presented in Section 9.4. 
Combining (6.9) and (6.10) into (6.3) results in 


S Si^(°A x ) = 



( 6 . 11 ) 


The PSD of the total drain current fluctuation is then given by 
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A more formal derivation of (6.12) is given in Appendix A2 at the end of this chapter, 
following the approach of Klaassen and Prins [81]. Note that the above model ignored the 
capacitive coupling of the noise generated in the channel to the gate. The latter will be analyzed 
in the high-frequency noise model described in Chapter 13. 


6.2 LOW-FREQUENCY CHANNEL THERMAL NOISE 
6.2.1 Drain Current Thermal Noise PSD 

The PSD of the drain current fluctuations due to thermal noise in the channel can be evaluated 
using (6.4) or (6.8). The PSD of the noise current source of one section is then simply given 
from (6.10): 


Sui= «L=4kT ™=®> . 

AR Ax 


(6.13) 


where k is the Boltzmann constant and T is the absolute temperature. 

The PSD of the total drain current fluctuation S AI 2 is obtained from (6.12) as 


S AI 2 n 4 4 kT • G nD 


1 f L 

4kT—J^ W^[-Qi{x)]dx 


W f L 

= AkTix— J [-&(*)] dx, 


(6.14) 


where it has been assumed that the mobility /i is constant. The thermal noise conductance at 
the drain G„d is then defined as 


W l' L u 

G„d = /t,— J [-Gi(jt)]4t = (6.15) 

where Q\ is the total inversion charge in the channel given by 

Qi = W f Qi(x)dx. (6.16) 

Jo 

Hence, for a mobility that is independent of the electric field, the noise conductance is propor¬ 
tional to the total inversion charge “stored” in the channel. Equation (6.15) can be written in 
normalized form as 
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(6.17) 
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The total normalized inversion charge cji can be evaluated using the drain current expression 
(4.21), repeated here for convenience 

, n d 4i 

id = — ( 2 <?i + 1 ) —, 

and making a change of variable by expressing d£ as 

2q\ T 1 

d$ =--- d qi . (6.18) 

'd 

Replacing df in (6.17) by (6.18) results in 


/•' 1 [ qi 

gnD = 9i— <?i(£)d§ = / qi(2qi + 1) dc/i = 

JO Id Jq s 

_ 1 4 q; + 3 q s + 4 q s q d + 3 q d + 

6 q s + qd + 1 

where the expression of the normalized drain current (4.22) 

; d = (<? s 2 + <7s) — (<7d + ?d) 


(6.19) 


has been used. 

For Vd = Vs (or q s — qd) and in saturation (i.e., for q s qd), (6.19) can be simplified as 


q s 


for V D = V s (q s = qa) 


gnD = qi 


q s in saturation (q s » q d ). 


In SI and saturation, q s 1 and (6.20) reduces to 


gnD = qi — ~^q s 


In WI, « 1 and q d <ZC 1, and (6.19) becomes 


( 6 . 20 ) 


( 6 . 21 ) 


1 1 

gnD = qi — ^(q s + qd) - 2 (* f + h). 
The thermal noise conductance is then obtained as 

Tspec k T k 7p T /r 


f7 n D — G spec gnD — 


Uj 2 


2U t 


( 6 . 22 ) 


(6.23) 


The PSD is then given by 


S a ,2 = 4kT G nD = 4 kT 1 ^-^ = 2q (I F + Ir), 
°° 2Ut 


(6.24) 
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Figure 6.5 Thermal noise equivalent circuit with noiseless transistor 


which corresponds to full shot noise of both the forward and the reverse components of the drain 
current [88]. This result might be surprising since the above derivation used the expression of 
the local thermal noise and integrated its effect on the drain current over the channel. In weak 
inversion the current is dominated by diffusion and, similar to a bipolar transistor, the noise 
can be interpreted as shot noise related to the potential barriers at the source and the drain. 
Nevertheless, it can be shown that expression (6.15) (or its normalized form (6.17)), which 
was derived with the assumptions of thermal noise due to the channel conductance, is valid in 
all regions of inversion [ 89,90]. 

Assuming that the channel thermal noise is the only source of noise within the transistor, 
for frequencies much below the channel cutoff frequency co qs , the noisy transistor can then 
be modeled as a noiseless device to which a noisy current source AI n d is connected between 
drain and source as shown in Figure 6.5. This noisy current source has a PSD given by (6.14), 
where the noise conductance G„d is given by 

G n D = Gspec 9T (6.25) 


where q\ is given by (6.19). 


6.2.2 Thermal Noise Excess Factor Definitions 


Several thermal noise excess factors can be defined according to the definitions introduced 
initially by van der Ziel [91]. The thermal noise parameter related to the drain terminal 6 n o is 
defined as 4 


c A GnD 

6nD — p -, 

WsO 


(6.26) 


where Gd s o is the drain-to-source conductance at Vos = 0, 


GdsO — G ms — G S p ec q s . 


(6.27) 


4 Van der Ziel initially used y for the thermal noise parameter defined by (6.26) and a for the noise excess factor 
defined by (6.30). The most important noise excess factor from a circuit design point of view is the one given by 
(6.30), which has been called y in many papers instead of a as it was defined initially by Van der Ziel [91]. We will 
keep the circuit design definition of y and rename the Van der Ziel’s y as 6. 
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The 6 ni) parameter shows how much the thermal noise of the active device deviates from 
the value it takes when it operates as a passive resistor of conductance Gd s o- Since for Vds = 0 
the noise conductance G„i) is equal to the channel conductance Gd s o, the noise parameter 6 „d 
is then equal to unity. 

Assuming constant mobility, (6.25) can be used together with (6.27) in (6.26), allowing 6 nD 
to be written in terms of the normalized charges as 

§nD = —• (6.28) 

9s 

In saturation, from (6.20), 6 nD is equal to 

2 a 4- 3 /4 f 1/2 WI and saturation (</ s 1) 

6nD = T * ' = \ (6.29) 

i q s + i ^ 2/3 SI and saturation (q s ^>1). 


Note that the 6 n o thermal noise parameter compares the thermal noise conductance evaluated 
at a given operating point that is not necessarily the same as the one used to define the output 
conductance Gd s o (i.e., V D s = 0). It is therefore not very useful for circuit design and is used 
more for modeling purposes. 

For circuit design, it is more useful to define another figure of merit, y n u, named the thermal 
noise excess factor related to the drain and defined as 


a G„d gnD nqi 
YnD — ~p, — — • 

Urn 9s 9d 


(6.30) 


y n D represents how much noise is generated at the drain of a transistor for a given gate transcon¬ 
ductance. Contrary to the 6 „d thermal noise parameter, the noise conductance and the gate 
transconductance used in the definition (6.30) are evaluated at the same operating point. y nD 
has a direct impact on the noise performance of circuits. 

The smaller y n d, the better the noise performance of the device. Note that y n o can become 
quite large in the linear region when Vd tends to Vs - Indeed, in this region, the gate transconduc¬ 
tance gets smaller as the drain-to-source voltage decreases, but the thermal noise conductance 
does not decrease, resulting in a degradation of the y nD noise excess factor. At the limit when 
Vd becomes equal to Vs, the gate transconductance becomes zero and y ni) tends to infinity. 

Note that y n d is also a figure of merit that can be used for any transconductor (even for circuit 
transconductors) to evaluate how much thermal noise is generated for a given transconductance. 
The smaller y D d, the better the transconductor. 

The 6 nD thermal noise parameter and the y nD noise excess factor are related by 


GnD GdsO c GdsO c GdsO c 9s 

YnD — ~p; — o n D — — b n D n ~p; — o n o n 

t-^dsO ^m m ^ms t_/ md *7s ^d 


In saturation, G m d = 0 and q& = 0, resulting in 


(6.31) 


c GdsO c 
XnD — ^nD ^ — ^nD ^ — 

t/ms 


WI and saturation 


n l 


SI and saturation, 


(6.32) 
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Figure 6.6 Thermal noise parameter 6 nD : (a) versus the inversion factor for a given ; r /4 ratio; (b) 
versus u ds for a given if 


since Gdso = G ms . Forn = 1.5, the thermal noise factor in SI and in saturation is approximately 
equal to unity. 

The thermal noise parameter 6 „d is plotted versus the inversion factor for different values 
of the i T /if ratios in Figure 6 . 6 (a) and versus the normalized t,q s = Vds/Uj voltage for a given 
inversion factor in Figure 6 . 6 (b). 

It is important to notice that the above results have been obtained with the assumption of 
constant mobility along the channel. The latter assumption is valid for long-channel devices, 
where the lateral electric field E x remains much smaller than some critical field E c defined in 
Section 9.1. As soon as E x approaches E c , the carrier velocity starts to saturate and the mobility 
can no longer be considered as constant along the channel. Also, the carrier temperature starts 
to rise, increasing the thermal noise. These effects affect the thermal noise excess factor, which 
can become larger than its long-channel value. These effects will be discussed in detail in 
Section 9.4. 


6.2.3 Circuit Examples 

The effect of thermal noise and more particularly the use of the noise parameters and noise ex¬ 
cess factor are illustrated with three examples. The first is shown in Figure 6.7 and corresponds 
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Vq 



(a) (b) 


Figure 6.7 Elementary sample-and-hold circuit used to illustrate the use of the thermal noise param¬ 
eter to evaluate the rms noise voltage on capacitor C 


to a simple sample-and-hold function implemented with a MOS transistor operating as a switch 
and a hold capacitor on which the input voltage is sampled and held. To close the switch, the 
gate voltage is set to a sufficiently high value such that the on resistance R on and the corre¬ 
sponding R on C time constant are low enough to allow the voltage on the capacitor to settle at 
a value equal to the input voltage. After the output voltage has settled, the switch is opened 
and the voltage is sampled on capacitor C. Due to the thermal noise of the switch, in addition 
to the input voltage, there is also a noise voltage that is sampled. To evaluate the rms value 
of this noise voltage, the PSD of the noise voltage on capacitor C has to be evaluated first. 
As shown in Figure 6.7(b), this is done by setting the input voltage to zero and replacing the 
transistor by its equivalent small-signal circuit including the noise current between source and 
drain accounting for the thermal noise voltage of the channel. The equivalent circuit simplifies 
to a simple parallel RC network as shown in Figure 6.7(b). The output noise voltage is then 
simply equal to the low-pass filtered current noise according to 


V„ = 


-Re 


1 + j ®/® c 


In, 


(6.33) 


where a> c = 1 /(R on C) is the cutoff frequency. The PSD of the output noise voltage is then 
given by 


Sv ? = 


Rn 


1 + jto/co c 


Sn = 


Ri 


1 + (m/coc) 2 


Sn , 


(6.34) 


with S /2 given by 


S/2 = 4 kTGno. (6.35) 

In this particular example, after the voltage has settled, the Vds voltage is equal to zero and 
therefore it is better to use the definition of the noise parameter for G n d 

G n D — &nD 6? m s = G m s = G s p e c (6.36) 

since for V n — Vs, 6 n D = 1- Note that R on = 1 /G ms . Even though the transistor is usually an 
active device, in this particular case it operates as a simple (nonlinear) resistor and the variance 
of the output voltage can be found directly by applying the Bode theorem (see Appendix 6.4), 
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Figure 6.8 Linearized MOS transconductor using transistor M\ biased in the linear region, illustrating 
the use of the thermal noise excess factor 


resulting in 


V n 2 = — • (6.37) 

Another example with a MOS transistor biased in the linear region is the linearized transcon¬ 
ductor shown in Figure 6.8. It is similar to a cascode stage except that in this case the driver 
transistor M\ is biased in the linear region instead of saturation to take advantage of the linear 
transconductance. Indeed, in the linear region, the gate transconductance is given by 


G m = pV D s (6.38) 

and is therefore set by the drain-to-source voltage, which has to be chosen smaller than the 
pinch-off voltage in order to bias the transistor in the linear region. The overall transconduc¬ 
tance G m is obtained from the analysis of the small-signal equivalent circuit of Figure 6.8(b), 
resulting in 


„ ^out 

'- 7 meq — 


^Fin 1 "F G mdl / G ms2 


— G m l for G ms 2 ^ G m dl. 


(6.39) 


This means that for G ms 2 5S> G m di, the overall transconductance G meq is equal to the 
transconductance G m 1 of M 1 . The latter condition suggests to bias Mi in weak inversion in 
order to get the largest source transconductance for the imposed bias current. 

A first-order noise analysis can be carried out by setting the A V m to zero and assuming that 
the cascode transistor M 2 and the bias current source can be made noiseless, the only noise 
contributor being transistor M\. With the help of the small-signal circuit shown in Figure 6.8(c), 
the output noise current is given by 


fnout — i i n in — ^nl G ms 2 G m dl, (6.40) 

1 + Omdl/Oms2 

which means that all the current noise generated by transistor M\ is conveyed to the output. 
The output noise current PSD is then equal to the PSD of transistor M \: 


S r . = 4kT G nout = 5/2 = 4kT G^i. 

nout nl 


(6.41) 






















94 THE NOISE MODEL 


As mentioned above, this linearized transconductor can be evaluated in terms of noise perfor¬ 
mance by evaluating its noise excess factor 


Xneq — 


Gnc 


y meq 


G nDl 


'ml 


KnDl, 


(6.42) 


which is simply equal to the thermal noise excess factor y nD \ of transistor M\. Since M\ is 
biased in strong inversion and in the linear region, (6.30) simplifies to 


2 qh + q sl gdi + <?di 

3 <?sl + <?dl 


(6.43) 


and the thermal noise excess factor becomes 


mqn 2q; x + q s iq d i + q dl 

VaDi = - =«i--2-2- 

q s i - q<!\ 3 <y sl - q dl 



+ a + or 
1 — a 2 


(6.44) 


where 


A * 7 dl 

a = — , 
q si 


which in strong inversion is equal to 


Vpl ~ Vdl 
a = — - 

^pi 


1 — £, 


(6.45) 


(6.46) 


with e = Udi/i>pi. Since the drain voltage of M\ has to be much smaller than its pinch-off 
voltage s <ZC 1 and hence (6.44) can be approximated by 


^ «i V ^ 

XnDl = =n 1 — = 

S Ddl 


Vci — ^TOn 


(6.47) 


For biasing M i in the linear region, the overdrive voltage is necessarily larger than the Vds 
voltage, resulting in a thermal noise excess factor larger than the value obtained in saturation 
(about equal to n 2/3 = 1). 

The last example is shown in Figure 6.9 and corresponds to a diode-connected MOS tran¬ 
sistor. The noise PSD of the voltage fluctuation across capacitor C can be evaluated from 
the small-signal circuit given in Figure 6.9(b), where the conductance G m corresponds to the 
small-signal conductance of the diode-connected transistor M and the noise current source to 
its thermal noise. The noise voltage fluctuation V n is then given by 


K = - 


G m 1 + j «/«, 


(6.48) 
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(a) (b) 


Figure 6.9 Diode-connected MOS transistor used to illustrate the use of the thermal noise excess 
factor in circuits 


where a> c = G m /C is the cutoff frequency of the low-pass filtered white noise. The corre¬ 
sponding PSD is then given by 


SV„2 


1 


1 


S,2, 


G^l+(«/« c ) 2 

with Si 2 given by (6.35) with G„d equal to 

GnD = KnD G 


(6.49) 


(6.50) 


Rewriting S v i = 4kTR n (a>), where R n (co) corresponds to the gate input-referred equivalent 
noise resistance given by 


RJfo) = 


YnD 1 

Gm 1 + («/® c ) 2 ' 


(6.51) 


Note that R n (co) is frequency dependent. The noise voltage variance is then obtained by inte¬ 
grating the PSD over the frequency from 0 to +oo. Since the cutoff frequency and the noise 
resistance are respectively proportional and inversely proportional to G m , the integral does not 
depend on G m . This is similar to the simple RC network discussed in Appendix 6.4 except for 
the additional y nD parameter. The variance is therefore given by 


V 2 = k„d —• (6.52) 

The thermal noise voltage variance is therefore y n d times that of a passive RC circuit. Since 
for long-channel devices, y n d can be smaller than 1 (but is always larger than 1/2), the noise 
generated on capacitor C by an active transistor connected like a diode can be smaller than 
that obtained from a passive RC circuit. For a long-channel device, in strong inversion and 
saturation, y nD = 1 and there is almost no difference. As will be shown in Section 9.4, for 
short-channel devices (actually at high lateral electric field), the noise excess factor y nD can 
become significantly larger than 1, degrading the performance of analog circuits. 
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6.3 FLICKER NOISE 

In addition to the thermal noise of the channel described above, the MOS transistor also 
exhibits flicker or Ilf noise. As its name suggests, flicker noise is characterized by a PSD that 
is inversely proportional to frequency. It therefore mainly dominates at low frequency, below 
the so-called corner frequency /k defined as the frequency at which 1 If noise contributes 
equally than the channel thermal noise to the total noise PSD (referred indifferently at the 
drain or at the gate). Because the 1 If noise scales inversely proportional to the gate area, it 
is becoming a major issue for analog 1C design in deep and ultradeep submicron devices. 
Corner frequencies of several tens of megahertz are now typical, and hence low-frequency 
analog circuits are usually totally dominated by 1 If noise. Techniques exist to reduce or even 
eliminate this low-frequency noise. The most obvious one is to size the gate area in order to 
bring down the corner frequency to an acceptable value. This is done at the expense of higher 
capacitances, which require higher transconductance and hence higher current for the same 
characteristic frequency. Other circuit techniques such as chopper stabilization and correlated 
double sampling can be used to eliminate the 1 If noise [92,93], 

There are basically two main causes to this 1 If noise. The first results from carrier fluctua¬ 
tions of the inversion charge due to trapping in traps located in the oxide close to the Si-Si02 
interface, whereas the second originates from fluctuations of the carrier mobility. Each of these 
causes will be presented below. 


6.3.1 Carrier Number Fluctuations (Me Worther Model) 

The flicker noise due to carrier fluctuations originates from the fluctuations of the inversion 
charge close to the Si-SiCB interface due to variations of the interfacial oxide charge resulting 
from dynamic trapping/detrapping of mobile carriers from the channel into slow border traps 
[91,94-96], 

Consider again a section of the channel comprised between x and x + Ax. The current at 
position x is obtained from (4.5) 


I D = WqN (x)fx ——, 
ax 

where N{x) = —Qi(x)/q is the number of carriers per unit area. If a number of carriers get 
trapped at a position x, the relative current fluctuation is then given by 


6/d(x) SN | 6/u 
Id = aT + 7^ 


(6.53) 


where the mobility fluctuation term is induced by the influence of the trapping on the scattering 
mechanism. The mobility being affected by the trapping mechanism hence depends on the 
number of trapped charges per unit area N t according to [97,98] 


1 1 ~ 1 

— —-1- a c N t —-h ofcl 6tl> 

fi fi o Mo 


(6.54) 
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where 0 t = —qN t is the trapped charge density and a c = a Q /q is the Coulomb scattering 
coefficient which is about 10 4 Vs/C for electrons and 10 5 Vs/C for holes in silicon [95,97, 98]. 
Accordingly, a c is about 1.6 x ICC 15 Vs for electrons and 1.6 x 10 14 Vs for holes in silicon. 
Accounting for this scattering mechanism, (6.53) can be rewritten as 


5/ d (x) 

Id 


/ 1 d N 
\N dN t 


1 d/i \ 

fx d N t ) 


5N t = 


Id N „ . c 

— TT7 - «c H) ONf 
N d/V, 


(6.55) 


We can relate 6 N and 6N t considering that the fluctuation 6 0 t of the trapped charge density 
causes a variation 6 I / / S of the surface potential which produces a change of all the charges that 
depend directly on W s , namely the inversion charge, the depletion charge, and the gate charge. 
These other charges vary according to the charge conservation principle, resulting in [99] 


60 g + 60b + 6<2i = —£>Qt’ (6.56) 

where 6<2 g , 6 (2b and 8Q, are the induced fluctuations of the gate, depletion, and inversion 
charge densities respectively. 5 They can be related to the fluctuation of the surface potential 
St/'s according to [99] 


bQ g = -C ox 6^ s , (6.57a) 

60b = -C b 6^, (6.57b) 

60i = -Ci6^ s . (6.57c) 


It follows that [99] 


R = 


6 N 
6M 


60; 


60 , 


Q 


Ci + c ox + C d 


(6.58) 


It can be shown from (4.3) and assuming V — const., that C x = —Qi/Uj and therefore [98] 


0j = N 

Qi+Q* N + N*’ 


(6.59) 


where 0; = —qN and 


Q* = - qN* = -U T C ox (l + . (6.60) 

From the definition (3.70), the term 1 + Cd/C ox in (6.60) is actually the slope factor in weak 
inversion n w which is approximately equal to the slope factor n. Equation (6.60) then reduces 


5 Note that the additional variation of the interface traps 6 (2k, originally included in the analysis presented in [98,99], 
has been neglected considering that they are much smaller than the variations of the other charges. 



98 THE NOISE MODEL 


to 


•O* ~ n _ Gspec 

{2 — ?2l/tC 0 x — 2 ’ 

with Qspec given by (3.42). Equation (6.59) then becomes 

R = — ^ 9± = gi 

SN t Gi + G spec/2 <?i + 1/2 

Using (6.62), the relative local current fluctuation (6.55) can be written as 

Slp(x) _ / 1 \ &Nt 

Id “Ui+1/2 V V spec ’ 


(6.61) 


(6.62) 


(6.63) 


where V spec = - Gspec/g = 2 kTnC ox /q 2 and a = a c (- Gspec) = a c • V spec is a coefficient re¬ 
lated to the Coulomb scattering coefficient. 

The corresponding PSD of the local noise current source 6/ n normalized to the square of 
the dc current is then given by 


s &ij _ ( 1 \ 2 S &n? 

Ib AN~\9i+ 1/2 a/J ) iVs|ec' 


(6.64) 


The PSD of the trap charge density fluctuation S &N 2 depends essentially on the trapping 
mechanisms into the oxide. For tunneling process, the trapping probability decreases exponen¬ 
tially with the distance from the Si-SiC >2 interface into the oxide. The trapping charge density 
fluctuation PSD is then defined by [91, 94-96] 


/cTXN t 
S&N < ~ W Axf ’ 


(6.65) 


where / is the frequency, X is the tunneling attenuation distance (~ 0.1 nm) [95], and Nj 
the oxide volumetric trap density per unit energy in eV 1 • m -3 evaluated close to the Fermi 
energy level. Note that Nj is obtained from measurements and typically ranges from 10 ~ 17 to 
10” 16 eV" 1 • cm' 3 . 

The fluctuation of the drain current due to an elementary section is then given by (6.3) 


>6 1\ 


/2 

'D 


— ^ch AR 1 


AN 


S Vj 

ib 


AN 
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Ax y 

L ) Vgi + 1/2 


Ax 

~L 

■ a fi 


ib 

S&N? 
N 2 ’ 

y spec 


( 6 . 66 ) 


AN 


where a constant mobility is assumed. 6 Finally, the relative PSD of the total fluctuation of the 


6 This is in contradiction with the scattering mechanism described above which would imply that the mobility is 
dependent on the inversion charge and hence on bias. Nevertheless, this approximation allows to derive a simple 
first-order approximation of the bias dependence of the flicker noise. 
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drain current is obtained by integration according to (6.12) 
Sai. 


AN 




V- 


/o 


dr = S d Ljv K D (q s , q d )\ AN , 


AN 


with 


‘S'dUjv — 




kTWLn 2 Cq X /’ 


(6.67) 


( 6 . 68 ) 


If we assume that SdLjv is °nly weakly bias dependent, most of the bias dependence is 
accounted for by the unitless factor K D (q s , q d )\ AN defined by 


1 


K D (q s , qd)\ A N = t 


1 


4 Jo \<7i + 1/2 


+ a/x d£ 


1 

4/d 

1 




1 


= —In 
2; d 


<7. + 1/2 
1 + 2 q. 


+ a/j. (2qi + 1) d^i 


(6.69) 


1 + 2 q d 


+ 


CtjJL 


1 + qs + q d \ 2 / 


with £ = x/L and i A = q 2 - q 2 + q s - q d = (q s - q d ) (1 + q s + q d ). 

The bias-dependent factor Ku(q s , qd)\ A N I s plotted versus the inversion factor in saturation 
in Figure 6.10(a) for two values of the a/j. product. The value a/i = 0.4 used in Figure 6.10 
has been taken from Table 6.1 [100]. 

In very strong inversion K D (q s , q d )\ A N tends to 


/a/x\ 2 

K D (q s , q d )\ A N = y—J for qs, qd » l, 

whereas in weak inversion Ko(q s , q d )\ AN reduces to 

/ a/x\ 2 

K D (qs, qd)\ AN = ^1 + for q s ,q d l. 


(6.70) 


(6.71) 




Figure 6.10 Bias-dependent factors K v (q s , g d )| 4A , and K a (q s , g d )| 4A , versus the inversion factor 
if in saturation and for ;; = 1/2 
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which is equal to unity when the mobility fluctuations induced by the carrier trapping mecha¬ 
nism can be ignored (i.e., for a — 0). 

As shown in Figure 6.10(a), the behavior of Kuiqs, ^d)l an ver Y muc h depends on the value 
of the afi product. For values of a/x that get close to unity, Ku(q s , q^AN starts t° saturate 
to (an/ 2) 2 in very strong inversion. On the other hand, for small values of a//, Figure 6.10(a) 
shows that Ku(q s , qd)\AN i s ver y close to the square of normalized G m /Iu curve. 

For circuit design, it is more useful to refer the flicker noise PSD at the gate by dividing 

S AI 2 by G 2 resulting in 

nD AN 




^All. 


nD 

AN 


— ^dIz\W K D (q S5 #d)l AiV 


AN Gl 

= SqUat K G (q s , q&)\ an ’ 



(6.72) 


where 


A q 2 kT X Nj 
~ WLClf 


(6.73) 


Assuming again that Sq\an is only weakly bias dependent, most of the bias dependence is 
captured by the factor K G (q s , x/d)I zi,v defined by 

K G (q & , Qa)\an ~ (1 + <7s + qdY K D (q s , qd)\ A N ■ (6.74) 


The bias-dependent term K G (q s , qd)\ A N is plotted versus the inversion factor in saturation 
in Figure 6.10(b) for the same values of a/i used in Figure 6.10(a). As explained above, 
when the correlation term an is much smaller than 1, Ko(q s , qd)\AN is approximately equal 
to (G m nUj/ Id) 2 in saturation and hence Kc(q s , ?d)Ujv is only weakly bias dependent. As 
shown in Figure 6.10(b), for a = 0, it approximately changes only by a factor 2 over 6 decades 
of current. This is no more the case when «// gets closer to 1. In this case the gate-referred 
flicker noise starts to increase significantly in strong inversion. Figure 6.10(b) also indicates 
that the flicker noise referred to the gate in saturation and due to number fluctuation is minimum 
in weak inversion. 

The source of flicker noise coming from the fluctuation of the mobility will be discussed in 
the next section. 


6.3.2 Mobility Fluctuations (Hooge Model) 


In the Flooge model [101], the drain current noise results from the fluctuations of the carrier 
mobility. The PSD of the local noise current source of an elementary section is given by [91] 


S5/2 _ a H q 

A„ ~ WAX (-Qi) /’ 


(6.75) 


where an is the Hooge parameter which is unitless and ranges from about 10 4 to 10 6 . 
Assuming a constant average mobility, the fluctuation of the drain current due to an elementary 
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channel section is then given by (6.11) 




/ dl\ 2 S &1 2 


Ax 0 !h q 

16 

A/i 

UJ /6 
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WL 2 (-&)/ 


The PSD of the total fluctuation of the drain current is then given by 

S A1\ 


= Sd\ Aii K D (q s , q d )\ Afl , 


with 


Ail 


Sd\au = 


«h q- 


A ' 1 kT W L nC ox f ’ 

and where K^(q s , q d )\ All accounts for the bias dependence and is defined by 


K D (q s , q d )\ Afl = 


rl d£ 


1 


*0 2 ?i(£) id 


i + T] d« = 


1 

id 


1 f q s 

q s -qd+~ in — 

2 V?d/j 


1 


l + qs + q d 


1 + 


ln (gs/gd) 

2(?s - qd). 


(6.76) 


(6.77) 


(6.78) 


(6.79) 


The bias-dependent factor Ko(q s , q d )\ A/1 is plotted versus the inversion factor in satu¬ 
ration (i.e., assuming a constant ratio q s /q d — 100) in Figure 6.11(a). In weak inversion, 
K D (q s , qd)\ Af i is approximately given by 


^d(<7s, q d )\ All = 


In (gs/gd) 
2 (q^ - qa) 


In (if/ i T ) 
2 i d 


Vds/Ut 
2 i d 


(6.80) 




Figure 6.11 Bias-dependent factors K v (q s , q d )\ All and K a (q s , q d )\ All versus the inversion factor if 
in saturation (i.e., for q s /q d = 100) 
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whereas in strong inversion, it is given by 
K D {qs, <?d)U M = 


1 


1 


<7s + <7d Vh + Vh 

The gate-referred noise PSD of the drain current fluctuations PSD is given by 


(6.81) 




>AIi 


A/i 


A/i 


= SdI/I,/ ^d(< 7 s, q<i)\An 

m 


where 


and 


Gi 

■^gUm k g(< 1 s, qi)\ A ^ 


A kT n «h 
‘-'gUu — 


(6.82) 


11 W L C ox / ’ 


Kciqs, <Ja)\aii — (1 + < 7 s + <? d )“ K D (q s , q &)\ AM 

In ( qjqd ) 


(6.83) 


= (1 + <7s + <?d) 


1 + 


2(g s - qd) 


(6.84) 


Bias-dependent factor K G (q s , <?d)l/iu is plotted versus the inversion factor if in saturation 
in Figure 6.11(b). It shows that for a given q s /qd ratio (or equivalently a given Vbs voltage), 
Kc(q s , qd)\ A fi is decreasing like 1/id in weak inversion 


K c (q s , qd)\ A n = 


In (qs/ qd) lnO'f/h) V DS /U T 


2(<y s - qd) 2 i d 2i d 

In strong inversion, K G (q s , qd)\ Afl is approximately given by 

K G (qs , qd)\ A ii = q s + qd — Vh+ Vh, 
and hence increases like Vh in very strong inversion and in saturation. 


(6.85) 


( 6 . 86 ) 


Unlike S AV i 


AN 


, which is minimum in weak inversion, Figure 6.11(b) shows that S AV 2 


is minimum in moderate inversion (in saturation as well as in the linear region). 


A/i 


6.3.3 Additional Contributions Due to the Source and Drain 
Access Resistances 

An additional contribution arises from the 1 // noise generated in the source and drain access 
resistances [ 102,103]. The latter is modeled by two voltage sources in series with the source 
and drain resistances R% and Ry, respectively. Assuming that R s — R D = R a /2, the PSD of 
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the resulting drain current fluctuations is given by 


3 a& 


G L + G 


md 


AR [1 + (G ms + G m d) R a /2\ 


>AV* 


(6.87) 


where S AV 2 is the PSD of the 1//noise voltage sources in series with the access resistances. 
Assuming that (G ms + G mc j) R d /2 1, the PSD normalized to the square of the drain current 

is then given by 



AR 


(G 


; + Gm d ) 


J AVj 


( 6 . 88 ) 


Now, the PSD of the voltage source S AV 2 is related to the PSD of the resistance fluctuation 
S AR 2 by 

S AY } = Id S AR 2. (6.89) 

Equation (6.88) then reduces to 



= (GL + G^ d ) S AR 2 = (a* + ql) G: pec S AR 2. 

AR 


(6.90) 


In strong inversion and in saturation, (6.90) becomes 


— G^ s — ql G 7 pec S^ R 2 = 2«/1 / d S 4R 2. (6.91) 

AR 

Assuming that S AR 2 is only weakly bias dependent, (6.91) shows that the contribution of the 
access resistances to the flicker noise at the drain in strong inversion sharply increases with 
the drain current (actually proportionally to ). Hence the access resistances will mostly 
contribute at high current level and should be negligible in moderate and weak inversion. 



6.3.4 Total Mf Noise at the Drain 

The total 1 // noise at the drain is given by the sum of the different contributions described 
above [95,100] 




Sai 2 d 

Sai 2 d 

1 nD 

T 2 

| nD 

^ J 2 

AN i D 

Afi i D 


(6.92) 


S A , 2 jll and the different contributions have been computed using the parameters given in 
Table 6.1 which have been taken from reference [100]. The results obtained for Vds = 50 mV 7 
are plotted versus the inversion factor in Figure 6.12. It can be seen that the contribution coming 


7 The Vds = 50 mV bias voltage is not very representative for analog circuit design since most of the time the 
transistors are biased in saturation, except for switches which have a zero Vbs- It has been chosen mainly to be able 
to compare the results to the experimental measurements presented in [100], which are the only recent measurements 
found where the PSD is plotted versus the current over a wide bias range. 
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Figure 6.12 Total 1// noise PSD at the drain in the linear region normalized to the square of the 
drain current and comparison of the different contributions versus the inversion factor. The parameters 
used for the calculation are given in Table 6.1 and are taken from [100] 


from the number fluctuation dominates over a wide bias range (i.e., for 10 2 < if < 10 2 ), 
whereas S AI 2 ^/I^ is dominated by the mobility fluctuation at very weak inversion (i.e., for 
if < 10 2 j and by the contribution coming from the access resistances in very strong inversion 
(i.e., for if > 10 2 ). Note that the case with a/i = 0 looks similar to the result obtained in [100], 
where the term due to the mobility correlation is used as a fitting parameter and was found to 
be negligible (corresponding to the curve with a/i = 0 in Figure 6.12). 

From a circuit design point of view, it is more interesting to look at the total flicker noise 
referred at the gate. The latter is plotted in Figure 6.13 versus the inversion factor using the 
same parameters than in Figure 6.12. As mentioned above, the number fluctuation contribution 
is dominating S AV 2 for if ranging from 10~ 2 to a bit less than 10 2 . In this range and for a/r = 0, 
S AV 2 stays almost constant. It starts to increase drastically in very strong inversion and tends 
to increase also in very weak inversion. 

The data plotted in Figures 6.12 and 6.13 correspond to a transistor biased in the linear region. 
It can be shown that the curves do not change drastically when moving into saturation, as long as 
the drain-to-source voltage is not kept constant and made too large in order to ensure saturation 
also in very strong inversion when sweeping the inversion factor from weak to strong inversion 


Table 6.1 Typical values of parameters taken from [100] and used in Figures 6.12 and 6.13 
for the evaluation of (6.92) 
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Figure 6.13 Total l/f noise PSD referred at the gate in the linear region and comparison of the 
different contributions versus the inversion factor. The parameters used for the calculation are given 
in Table 6.1 and are taken from LI00] 


(remember that the required drain-to-source voltage for biasing the transistor in saturation in 
weak inversion is only a few Uj, which might not be enough for ensuring saturation in very 
strong inversion). If a constant drain-to-source voltage large enough for biasing the transistor 
in saturation also in the very strong inversion region is maintained, the gate-referred noise 
increases in weak inversion due to the increase of the mobility fluctuation term. This can be 
understood from (6.85) which indicates that Sq\ Aij is actually proportional to Vds- 

Of course, the results shown in Figures 6.12 and 6.13 have to be taken with some precaution 
since they strongly depend on process parameters which can change significantly from one 
technology to another. Also, the model presented above as well as the computation assumed a 
constant average mobility and ignored all the short-channel effects. Nevertheless, this gives a 
first idea of the bias dependence of the flicker noise and allows to state that the flicker noise 
should be minimum in the moderate inversion region. 


6.3.5 Scaling Properties 


An important property of the 1 // noise is that it scales inversely proportional to the gate area. 
The product of the 1 // noise PSD referred at the gate times the gate area can be defined as a 
figure of merit for the 1 // noise. This figure of merit is strongly related to the oxide thickness 
and decreases when reducing the oxide thickness. Indeed, from the number fluctuation PSD 


referred to the gate (6.72), it can be seen that the figure of merit W L S AV 2 is proportional 

G AN 

to the product At t° x . In case the oxide trap density remains about constant when scaling down 
the oxide, the noise should diminish significantly with scaled technologies. 

The PSD referred to the gate using the mobility fluctuation model as given by (6.83) is 
proportional to the product q?h t m - If the Hooge parameter an is assumed to be constant, 
the figure of merit for mobility fluctuation therefore decreases also when scaling the oxide 
thickness. 

Therefore, at constant gate area, the l/f noise improves with scaled technologies, at a rate 
proportional to r" x where n is comprised between 1 and 2 depending on the bias region. But, 
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when one really wants to take advantage of the scaling, then the ratio t" x /(WL) should be 
considered. If all the scaled dimensions are proportional to the scaling factor k < 1, then the 
1 // noise increases like \ /k in the worst case (when 1// noise is dominated by mobility 
fluctuations) or in the best case remains constant (when the 1 // noise is dominated by the 
number fluctuations). 

Further discussion of the impact of downscaling technology on 1// noise is presented 
in [96], including the 1// noise also present in the gate leakage current and its correlation to 
the channel flicker noise. 


6.4 APPENDICES 

Appendix A1: The Nyquist and Bode Theorems 

It is probably useful to recall here some fundamental properties of thermal noise in passive 
RLC networks such as the one shown in Figure A. 1. The first is called the Nyquist theorem and 
states that the PSD of the voltage fluctuation between two terminals of a passive RLC network 
is simply given by the real part of the impedance Z obtained when looking into the port 


S V 2 (f ) = AkT hi {Z(j2nf)}. 


(A. 1) 


The variance of the voltage V n is then given by 


_ r+oo r+oo 

v n 2 = / S V 2 (f) ■ df = 4kT- / 9T [Z(j2jtf)} ■ df. 


(A.2) 


Instead of calculating the integral given by (A.2), a more powerful mean to evaluate is to 
use the Bode theorem (Figure A.2), which states that 


where Coo is defined by 


V} = kT I —-- 

,Coo Co 


(A.3) 


1 A 

-= lim ^ Z(s), 

Coo 


(A.4) 
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Figure A.l The Nyquist theorem for thermal noise in passive RLC circuits 
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— = lim (5 Z (5)) 
^-'oo s —>°° 



-0 



Noiseless 



Noiseless 

non- 
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network 



network 

(EC) 



(L,C) 


- 0 




J 


— = Hm(jZ(s)) 
Cq i —>0 


Figure A.2 The Bode theorem for thermal noise in passive RLC circuits 


which corresponds to the capacitance obtained when looking into the port after having removed 
all resistances from the circuit (or set them to infinity) as shown in Figure A.2. 

Co is defined as 


— = lints Z(s), (A.5) 

Co j—>0 

which corresponds to the capacitance obtained when looking into the port after having replaced 
every resistance by a short circuit (or set them to zero) as shown in Figure A.2. 

Usually, Coo and Co can be obtained by inspection of the corresponding circuit by applying 
simple circuit transformation rules. 

Both theorems can be illustrated on the simple first-order RC circuit shown in Figure A.3. 
The impedance Z(j co) of the RC circuit of Figure A.3 is given by 

R R wR 2 C 

Z(j co) = -= -- — j --. (A.6) 

J 1 + 7 coRC 1 + {coRC) 2 J 1 + ( coRC) 2 

The PSD of the thermal voltage fluctuations is then obtained from the Nyquist theorem as 


S v Af ) = AkT ■ Sit {Z(j27r/j) 


4 kT ■ R 
1 + {coRC) 2 ' 


The variance can then be calculated by evaluating the integral 


V 2 = AkT R 



d / 

1 + (2 nfRC) 2 


kT 

~c' 


(A.7) 


(A.8) 


The later result is obtained directly without computing any integral by using the Bode theorem 


Z(jco) 



Figure A.3 Applying the Nyquist and Bode theorems to a first-order RC circuit 
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,C„= C 


L 


_o C 0 = +° 


Figure A.4 Applying the Nyquist and Bode theorems to a first-order RC circuit 
as illustrated in Figure A.4. C 00 is obtained directly from circuit inspection as C 00 = C, whereas 

(A.9) 


1 sR 

— = lim-= 0. 

Co *->o 1 + sRC 


The noise variance is then obtained from (A.3) as 


kT 

V- = —. 
n C 


(A. 10) 


Appendix A2: General Noise Expression 

The following derivation is taken from [81]. The expression of the drain current valid in all 
regions of inversion is given by (4.5), which is repeated here for convenience 

dV 

I D = fiW(-Qi)—. 

dx 

The drain current is decomposed into a dc value I D o and a fluctuation 5/ nD (x, t ) resulting from 
the local current fluctuation 67 n (x, t) at point x along the channel 

dV 

/do + SAidOt, 0 = fxW(— Qi) — -b6/ n (x, t), (A.ll) 

dx 

where V = Vo + 5V(x, t ) with 5 V (x, t) being the fluctuation of the channel voltage at point 
x. Expanding the current in a series and neglecting the second-order terms lead to 

6 / nD (.r, t) = — [/xW(—Qio) SV(x, f)] + 6/ n (x, t), (A. 12) 

d.r 


where Q i0 = <2i(V 0 ). 

Integrating from x = 0 to x = L, 


I [fiW(-Qio) SV(x, r)]dv+ [ 6 / n (x, t)dx (A.13) 

/o df Jo 

/ 6/ n (x, t) dx, 

/ o 


A / n i) (x , t) L — 
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since in short-circuit condition, 6 V — 0 at x — 0 and x — L. The autocorrelation function of 
AI n d is then given by 


^ 4 / 2 D ( r ) — 6/ n D(0 bIno(t + r) (A.14) 

= — f f 5 I„(x, t) bl n {x', t-\- t)AxAx'. 

L Jo Jo 

The PSD of A/ n D is then given by 

=j 2 J J S 5InK (x, x\ w)6xdx’, (A.15) 

where Sg/ n 5 /'(x, x', &>) is the cross-power spectral density (CPSD) between noise at points x 
and x'. If there is no spatial correlation, then S d i nd i'(x. x', a>) is a Dirac impulse located at 
point x' — x 


x ', &>) = F(x, w ) 6(x' — x). 

Equation (A.15) then reduces to 


1 rL 
~ V- jo 


Sai 2 A<°)= tt / F{x, (O) dx. 


Applying (A. 17) to only one noisy section between x and x + Ax leads to 

F{x, bo) 


% 2 „( a ’) = 


Ax 


which relates F(x, a >) to the PSD of the noise of a single section S^Ax, o>) 

F(x, a>) = Ax S&j 2 (x, &>). 

Finally, (A. 17) can be written as 

1 f L 

Sa/iJoj) = -jj J Ax S 5I i(x, w)dx. 


(A. 16) 


(A.17) 


(A.18) 


(A. 19) 


(A.20) 




7 Temperature Effects 
and Matching 


This chapter models variations of the transistor characteristics, which are very important issues 
in circuit design. Section 7.2 considers variations with the temperature, which constitute the 
main external perturbation on transistor characteristics. Section 7.3 is dedicated to the problem 
of mismatch between the characteristics of supposedly identical transistors, which is a very 
important limitation to the performance of most analog circuits. These two kinds of variations 
will be characterized as variations of the basic model parameters established so far, and will 
be traced back to variations of physical parameters. 


7.1 INTRODUCTION 

The purpose of a transistor model is to describe its electrical characteristics. These are essen¬ 
tially the static and dynamic relationships between the voltages applied at its various terminals 
and the currents flowing through them. 

The model introduced so far describes how these electrical characteristics depend on phys¬ 
ical parameters. These physical parameters have been lumped into a reduced set of model 
parameters. As long as the physical parameters remain constant, the characteristics and the 
model parameters remain constant. However, some physical parameters may change, thereby 
modifying the transistor characteristics. 

Aging is the consequence of parameters changing with time. It will not be considered here. 

Many parameters are changing with the temperature, which can be considered the main 
external perturbation on the transistor. 

The characteristics of two or more transistors designed to be identical do not match perfectly. 
This mismatch is the consequence of parameters changing in space. 

A list of all basic parameters that influence the characteristics of the transistor is given in 
Table 7.1. It indicates which of them depend on the temperature and which of them may change 
spatially, resulting in mismatch. 


Charge-Based MOS Transistor Modeling: The EKV Model for Low-Power and RFIC Design C. Enz and E. Vittoz 
© 2006 John Wiley & Sons, Ltd. 
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Table 7.1 Basic physical parameters: dependence on temperature and effect on mismatch 



U T 

Yl\ 

N b 

£ox> ^si 

Qfc 

<£m S 

tox 

L,W 

A 

Temperature 

Y 

Y 

N 

Ne 

N 

Y 

N 

N 

Y 

Mismatch 

N 

N 

Y 

N 

Y 

Y 

Y 

Y 

Y 

Y — yes, N = no. 

Ne = negligible 








Table 7.2 Intermediate parameters and model parameters: dependence on 

temperature and effect 

on 

mismatch 











Cox 

Vfb 

n 

% 

n\v 

Vto 

P 

Q spec 

^spec 

Defin. 3.8 

3.20 

3.22 

3.30 

3.66 

3.34 

3.58 

4.8 

3.42 

4.14 

Temp. Y 

Ne 

Y 

Ne 

Y 

Y 

Y 

Y 

Y 

Y 

Match Y 

Y 

Y 

Y 

Y 

Y 

Y 

Y 

Y 

Y 


Y = yes, N = no, Ne = negligible 


The temperature is assumed here to be constant in space. As can be seen, most of the physical 
parameters are independent of either space or temperature. The temperature coefficient of 
dielectric constants e ox and e s ; is small enough to be neglected. 

Table 7.2 is a list of most of the additional parameters that have been derived so far by 
combining some of the basic parameters, including the most important device parameters n, 
Vto, and fi. Most of them depend on temperature and all of them are subject to mismatch. 


7.2 TEMPERATURE EFFECTS 

7.2.1 Variation of Basic Physical Parameters 

As indicated in Table 7.1, only four of the basic physical parameters that control the transistor 
characteristics have a nonnegligible dependence on temperature T. 

The dependence of Uj — kT/q is obvious. This fundamental specific voltage, which has 
been used to normalize other voltages, is proportional to the absolute temperature. Its temper¬ 
ature coefficient is k/q — 86p.V/°K. 

The intrinsic carrier concentration of silicon has the value «i = 1.45 x 10 10 cm -3 at 300°K, 
but it is strongly dependent on T since [67] 


n, oc T 3 / 2 exp ——, (7.1) 

F 2U t 

where Vcap is the voltage corresponding to the energy band gap of silicon. This band gap 
voltage itself depends slightly on the temperature, as shown by Figure 7.1. For the usual range 
of ambient temperature, this variation can be linearized as shown in the same figure. Then 


exp 


-(Vgo ~aT) 
2 U t 


oc r 3 / 2 


exp 


—Vgo 
2 U T 7 


n-, oc r 3/2 


(7.2) 
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Figure 7.1 Temperature dependence of the silicon band gap [67] 


where Vgo = 1.20 V is called the extrapolated band gap voltage. This result is plotted in 
Figure 7.2. Most of the temperature variation is due to the exponential term; therefore, (7.2) 
can be approximated by keeping the term 7’V 2 constant at a value T^~\ 


n i = n ioo exp 


—Vgo 
2 U T ’ 


(7.3) 


where « IOO = 1.73 x 10 20 cm -3 for Vgo = 1-20 V and 7 0 = 300°K. This approximation is 
also plotted in Figure 7.2. It departs from (7.2) by about 40% at the limits of the displayed 
temperature range. If more precision is needed, the difference may be reduced to less than 
5% (within the line thickness in the figure) by artificially increasing the value of Vgo to 
1.28 V (and adapting the value of n loc to 8.11 x 10 20 cm 3 so as to maintain n, = 1.45 x 
10 10 cm -3 at 300 °K). 

The Fermi potential <J F given by (3.8) depends on the temperature through t/ T and n,. By 
using approximation (7.3) of n u it can be expressed as 


c7>p 


Vgo 

~Y 


- U T In 


ioo 


(7.4) 



Figure 7.2 Temperature variation of intrinsic concentration n\. (a) given by (7.2); (b) approximation 
given by (7.3) 
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This variation with temperature is plotted in Figure 7.3 for several values of doping concen¬ 
tration Mb. The value of Vgo has been increased by 6.6% to partially compensate for the T ' /2 
term in n\, as mentioned above. 

The temperature coefficient of <Pp is obtained by differentiation of (7.4) or more simply by 
inspection of Figure 7.3: 


d^p 

~dT 


k |^ ftioo 1 
~q N^~ ~T 



(7.5) 


It is independent of temperature and its absolute values decreases when Mb is increased. This 
value ranges between —1.1 and —1.6 mV/°K. 

Voltage 0 ms , the difference between the extraction potentials, depends on the gate and 
substate materials. If both are silicon as in most standard technologies, then <£ ms depends on 
their isolated Fermi potentials. By applying (7.4) to express the gate Fermi potential <£ F g, with 
Mb replaced by the gate doping concentration M g , we obtain for a P-doped gate (same type as 
that of the local substrate): 


0 ms — <2> F g — — Uj In —j - > 0. (7.6) 

N b 

For an N-doped gate (same type as that of source and drain, opposite to that of the local 
substrate), the sign of <Pfg is changed, giving 


^ms = —'£*fg — ^f = —Vgo + Uj In 1C ” < 0. (7.7) 

N g N b 

It is worth noticing that changing the gate doping from P-type to N-type changes <t> ms by 

<2> ms (N-gate) - <Z> ms (P-gate) = V G o - 2 U T In ^ . (7.8) 

Indeed, if the gate is highly doped (M g approaches /i l0C ), the Fermi level moves from being 
close to the valence band to being close to the conduction band, thereby crossing the entire 
band gap. Since <£ ms is part of the flat-band voltage Vfb according to (3.22), the threshold 
voltage is then reduced by the same amount. 
























TEMPERATURE EFFECTS 115 


From (7.6), the temperature coefficient of <£ ms for an P-doped gate is 


d ( T- nv k N g c T :lls 

-= — In — = - > 0. 

dr q N b T 


From (7.7), the temperature coefficient of <P ms for an N-doped gate is 


(7.9) 


d< ftms = i ]n n L 
d T q N g N b 


^(VGO+<Pms)>0. 


(7.10) 


The temperature coefficient is positive in both cases, since N g > N b . 

If the gate is very strongly doped, then N g = n l0C and the temperature coefficient for both 
types of gate doping becomes 


d< ^ms Wioo dtPp 

dT ~ q n ~N b ~ ~~AT 


(7.11) 


Indeed, for a very high doping, Figure 7.3 shows that the temperature coefficient of <£ F g tends 
to zero and 


<f ms = constant — <t> b . (7.12) 

This relation is exact for a metal gate, since its extraction potential is independent of temper¬ 
ature. 

The last basic parameter of Table 7.1 to be considered is mobility fi. The mobility of 
electrons and holes in silicon is affected by several scattering mechanisms [67]. Scattering 
due to acoustic phonons increases with temperature, thereby reducing the mobility. Scattering 
due to ionized impurities has an opposite effect, since it increases at low temperatures; it also 
increases with impurity concentration N b . Within the range of ambient temperatures, their 
combined effect can be approximated by 


/x oc T~ a . 


(7.13) 


In nondoped silicon, a is approximately 2.5 for electrons and 2.7 for holes. It decreases to 
about 1 for N b = 10 18 cm' 3 [67], 

From 7.13, the relative temperature coefficient of the mobility can be expressed as 


dfi/fi a 

d T ~ T 


(7.14) 


corresponding to a range of —0.3 to —1% per degree at ambient temperatures. 

All possible effects of the temperature on the behavior of the transistor as described by the 
model derived in Chapters 3 and 4 will be accounted for by simply including the variation with 
temperature of the basic physical parameters discussed so far. 

However, for a better understanding of the temperature behavior of circuits, it is useful to 
express more explicitly the effect of temperature variations on the model. 



116 TEMPERATURE EFFECTS AND MATCHING 

7.2.2 Variation of the Voltage-Charge Characteristics 

Since neither Qf C nor C ox depends significantly on temperature, the dependence of the flat- 
band voltage Vp B is that of 0 rns given by (7.9) or (7.10). If the gate is strongly doped, it can be 
reasonably approximated by (7.11): 


d Vfb _ d0 rns ^ d0]. 

dr ~~ dr ~~ ~~dF’ 


(7.15) 


with dd> F /dr given by (7.5). 

Since the substrate modulation factor /], given by (3.30) does not depend on temperature, the 
variation with A T of the threshold function Vjb (3.33) is only A Vfb, as illustrated in Figure 7.4. 
The slope «(remains unchanged and A(—Q,/C ox ) in strong inversion at constant surface 
potential would be —A Vfb • 

However, what is imposed is not the surface potential, but the value of channel voltage 
V — <A S — <Ao at the source and at the drain, and <Ao depends on temperature according to 
(3.66) repeated here for convenience: 


tf'o = 2<2>p + Usht/x- 


The normalized voltage shift i; sh is approximately independent of temperature and smaller 
than 4 according to Figure 3.10. The temperature coefficient of •Ao is thus close to the double 
of that of 0\- given by (7.5): 


d'Ao _ 2 Vsh _ Vgo — 2(Pf — Vsh _ Vgo — 

~dT~ Z ~dT~ ~Y ~ T _ T 


(7.16) 


As represented in Figure 7.4, the variation of threshold voltage, AVj o, is the combined 
effect of A Vfb and A0 {) : 


A Vxo = A Vfb + n A 0Q , 


(7.17) 



Figure 7.4 Effect of an increase of temperature on voltages and charge 
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where slope n should be evaluated at V = 0: n — n o given by (3.73). Hence 


dVjo d Vfb chA) 

- =-h no - 

dr dr dr 


(7.18) 


as can be obtained directly by differentiation of expression (3.58) of the threshold Vto- 

Now, for a highly doped gate, introducing approximation (7.15) with (7.16) and (7.5) yields 
an explicit expression for the temperature coefficient of Vto: 


dVro 

~c yF 


d0p 

= (2«o - l)-r=- + «o 

dr 


r 


(no - 1/2X20P - V G0 ) + n 0 y sh 

r 


(7.19) 


which is always negative. Using the first expression of d&p/dT in (7.5), this temperature 
coefficient can also be written as 


dVro 

~dT~ 


k 

q 


(1 - 2n 0 ) In + n 0 i> s h 
N b 


(7.20) 


showing that, except for the slight variation of no to be discussed further, the temperature 
coefficient of Vto is independent of the temperature. Practical values are ranging from —2.5 
to —1 mV/°K. 

Although the slope factor n at constant <T S is independent of temperature, at constant V — 
<T S — <r„ it varies through the variation of ( P< I . By using (3.34), and (7.16), 


dn d ( r h \ d<r 0 n — 1 Vgo — 

— = - 1 + — , —- =-—--, (7.21) 

dr d% V 2V«r 0 + v /dr itv + Vq 

which is always positive. Practical values are never larger than 0.1%/°K; therefore, this vari¬ 
ation can be neglected in most situations. 

Neglecting the variation of n, the specific charge density (/spec defined by (3.42) and used 
to normalize the density of inverted charge is simply proportional to t/ x ; hence. 


d<2spec/<2spec - 

dr ~ T ' 


(7.22) 


Since n can be considered constant, the variation of the pinch-off voltage at constant gate 
voltage obtained from expression (3.63) becomes 


dVp 1 dVro 
~dT ~ ~n dr ’ 


(7.23) 


The temperature coefficient of —Qi for fixed voltages depends on the mode of operation. 
For strong inversion, differentiating approximation (3.64) and introducing (7.23) yield 


d(— 0i/C ox ) _ dVro 
dT _ d7^' 


(7.24) 


This relation is also illustrated in Figure 7.4. 
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The behavior is more complicated in weak inversion. Approximation (3.49) can be rewritten: 

V P - V 

-Qi = 2nC ox U T exp ——-, (7.25) 

U t 

where Uj and Vp depend on temperature. Differentiation gives 

dQi/Qi V + U T -V p 1 dV r0 

-=-. (7.26) 

dr TUt nU T d T 

Since in weak inversion V — Vp is usually much smaller than Vgo — 20p, an inspection of 
expression (7.19) shows that the last term dominates. As for strong inversion above, the charge 
increases with temperature. But the relative increase is maximum in weak inversion. 

In summary, among the three device parameters controlling the charge-voltage character¬ 
istics of the transistor, only Vto is significantly dependent on the temperature. The variation of 
C ox is negligible and that of n can usually be neglected. 


7.2.3 Variation of the Voltage-Current Characteristics 


The only additional parameter needed to obtain the current from the mobile charge density is 
the transfer parameter p defined by (4.8). It is proportional to the mobility; hence, from (7.14), 


dp/p _ a 
d T ~ ~T' 


(7.27) 


As seen previously, p can be replaced as the third parameter controlling the current by the 
specific current / spec that is used to normalize all currents. Differentiation of its expression 
(4.14) gives 


d/spcc / / spec 

dr 


2 — a 
T 


(7.28) 


We have seen that a > 2 for nondoped or lightly doped silicon, resulting in a negative tem¬ 
perature coefficient of / spec . For a doping concentration /Vp = 10 16 cm -3 , a = 2, the variation 
of Uj compensates that of p, and / spec is approximately independent of the temperature. This 
compensation disappears and the coefficient becomes positive when a is decreased below 2 
by further increasing N^. 

The variation of current with temperature for constant bias voltages depends on the mode 
of operation. 

For strong inversion, the differentiation of approximation (4.28) gives 


d^F,R/^F,R _ d P/P 2 dVro 

dT “ dr ~ n(Vp - Vs.d) ~d7^ 


(7.29) 


Since the temperature coefficients of Vto an d P are both negative, compensation occurs for a 
particular value of n(Vp — Vs,d) — Vq — Vto — n Vs.d- This value is ranging between 300 and 
600 mV. Above this limit value, the variation of mobility dominates and the current decreases 
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with increasing temperature. Below this limit, the variation of threshold dominates and the 
current increases with the temperature. 

For weak inversion, the differentiation of approximation (4.34) gives, after introduction of 
(7.28) 


d^F.R/ZF.R _ Vs.d — Vp + (2 — a)Uj 1 Vto 
dT ~~ TU~ t ~nUp dT ’ 


(7.30) 


which is very close to expression (7.26) for the charge. Here again the last term due to the 
variation of threshold dominates. The current for constant bias voltages increases with tem¬ 
perature. 

This dependence is very large, typically 5% per degree, due to the strong effect of threshold 
variations on the drain current (large transconductance to current ratio). For this reason, a 
transistor in weak inversion should always be biased at constant current, and never at constant 
gate and source voltages. 

The specific conductance used to normalize transconductances is given by (5.6). Neglecting 
again the variation of n, we obtain by differentiation 


dG S pec /G 


spec 


1 — a 


d T 


< 0. 


(7.31) 


Since a > 1, this coefficient is always negative. 

The transconductance for a given value of ft may be imposed by the voltages or by the 
current. 

For strong inversion and constant voltages, the differentiation of (5.14) yields 


dGms.d/Gms.d _ dft/ft 1 dVro 

dT ~~ ~~d T n(V P - Vs.d) d T ' 


(7.32) 


By comparing with (7.29), we can see that the sensitivity to threshold variations is half of that 
for the current. The compensation of the variation of ft therefore occurs for half the value of 
nftVp — Vs.d), in the range 150-300 mV. 

For strong inversion and constant current, the differentiation of (5.16) yields 


dG ms ,d/G ms , d _ 1 dft/ft _ a 
d T 2d T 2T' 

The relative temperature coefficient of the transconductance is always negative and independent 
of the current. 

As mentioned above, a transistor in weak inversion should always be biased at constant 
current, the differentiation of (5.19) yields 


dG ms , d / G ms,d 

dr 



(7.34) 


Results (7.33) and (7.34) are comparable. The temperature coefficient of the transconduc¬ 
tance at constant current is always negative. It is about —0.3%/°K at ambient temperature. 
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7.2.4 Variation of the Current-Charge Characteristics 

Relationship (4.19) between the normalized current and charge can be rewritten with nonnor- 
malized variables: 


P_ f -Qis.p 
2 n V C ox 


2 

+ pu T 


- <2iS,D 


c 


ox 


— If 


(7.35) 


where the hrst term may be neglected in weak inversion and the second term may be neglected 
in strong inversion. Differentiating separately these two components of the inverted charge 
gives for strong inversion 


d<2is,p/6is,p _ &P/P _ a_ 

dr ~~2 dr ~~ 2r' 

and for weak inversion 

d2is,o/<2is,o _ _dpip 1 _a—1 

dT ~~ dT^ ~ T ~ T 


(7.36) 


(7.37) 


These results are comparable. The temperature coefficient of the charge at constant current is 
always positive. It is about +0.3%/°K at ambient temperature. 


7.3 MATCHING 
7.3.1 Introduction 

Matching of the characteristics of two or several transistors is a very important consideration 
for analog circuits. Even if transistors are exactly identical in their structure and layout, their 
electrical behaviors are not exactly identical. This is due to spacial fluctuations of the physical 
parameters that control these behaviors, as listed in Table 7.1. 

As summarized in Section 4.4.2, the static voltage-current characteristics of long-channel 
transistors require only three device parameters, namely Vto, P. and n. Hence, the mismatch 
of their characteristics is completely characterized by the mismatch of these three parameters. 

The sensitivity of these parameters to temperature has been discussed in Section 7.2. If 
there is any difference in the temperature of two or several transistors, due to a gradient of 
temperature on the chip, it produces a proportional difference in the parameters. This gradient 
may be stationary (due to a source of heat on the chip), or it can be transient in time (due to a 
change of ambient temperature that is too fast with respect to the chip thermal time constant). 

Now, even if the temperature does not vary throughout the chip, some variations of the three 
device parameters remain, which can be traced back to those of the physical parameters, as 
illustrated in Figure 7.5. 
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Figure 7.5 Dependence of Vr 0 , n 0 = n(V = 0), and ft on basic physical parameters 

7.3.2 Deterministic Mismatch 


Let us assume that the average value of each physical parameter is slightly different between 
devices. This might be due to a spatial gradient, or to some local difference due to differ¬ 
ent environments. The resulting small differences of device parameters can be calculated by 
differentiation of the various equations summarized in Figure 7.5. 

We obtain for the difference A Vro of threshold voltages, 


AN b (Qfc \ AC m Qf c AQf C 

AV to = [(2« 0 - 1 )U T + («o - l)*b] — 1 ^ - 2(n 0 - l)*b ^ 

N b \ (-"OX / (-"OX (-"ox \lfc 

(7.38) 

for the difference An of slope factors (evaluated at n — no where it is the most sensitive to 
variations of N b ): 


An no — 1 


U T \ 

AN b 

AC m 

n riQ 

LU 


N b 

Cox . 


and for the difference A/3 of transfer parameters, 


Aft _ An AC ox AW AL 

~T ~ 1T + ~c^ + ~w T' 


(7.40) 


To illustrate the importance of each term, let us take a realistic example with 'Pq — 0.8 V, 
n = 1.4, and Qf c /C m = —200 mV. The effects of a 1% variation of each physical parameters 
are summarized in Table 7.3. 


Table 7.3 Effect of 1% variation of the physical parameters on the three device parameters: for 
example <A 0 — 0.8 V, n = 1.4 and <2f C /C 0X = —200 mV 




Qfc 

N b 

Cox 


W 

L 

(7.38) 

AV to (mV) 

2.00 

3.67 

-8.40 

0 

0 

0 

(7.39) 

An In (%) 

0 

0.13 

-0.29 

0 

0 

0 

(7.40) 

AP/P(%) 

0 

0 

1.00 

1.00 

1.00 

-1.00 
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As can be seen, n is the less sensitive parameter. Its sensitivity to C ox is only (no — l)/«o 
times that of fi, and that to Np about half of this. Hence, the contribution of An can often be 
neglected in a first approximation. 

Some correlation exists between the variations of the three parameters, since they all depend 
on Cox- They would be fully correlated if the only varying parameter was C ox . 

Moreover, variations of Vpo and n are further correlated by their common dependence on 
Np. They would be fully correlated if the only varying parameter was Np. 

To evaluate the importance of these possible correlations, let us calculate the sensitivity of 
the saturated drain current (forward current Ip) to variations of the three device parameters. 
As obtained in Chapter 4, this current is a function of Vp — Vs according to 


h = /spec F i( v P ~ v s) = 2npUj Fi 


( Vq — Vto 
V nU T 



(7.41) 


where Fi may be the inverse of the function defined by (4.25). Hence, by differentiation with 
constant Vs, 


AI f 




If + 


/spec dCj 

n dVp 


G 


m 


AV g — A Vto — (Vg — Vto) 


An 

n 


(7.42) 


The gate transconductance G m can be identified as the factor of AVg (independently of the 
exact form of i 7 )). We obtain finally 


Alp 

If 


Ap 

P 


An 

n 



AVg — AV to — (Vg — Vto) 


An 

n 


(7.43) 


For AV g = 0, this equation gives the mismatch of saturation currents for transistors having 
the same gate and source voltages: 


Alp 

If 


AP_ 

P 


-p— A Vpo + [l 
If 


—— (Vg — Vpo) 

If 


An 

n 


(7.44) 


In this situation (for example in a current mirror), Ap/P contributes directly to Alp/Ip, whereas 
A Vto is weighted by G m /Ip, the transconductance to current ratio that is only a function of 
the inversion coefficient IC, as shown by Figure 5.6. When IC is increased, G m /Ip decreases, 
thereby reducing the effect of A Vto- 

Expressing AVg for Alp = 0 in (7.43) gives the mismatch of gate voltages for transistors 
having the same saturation current and the same source voltage: 


AVg — A Vpo — 


I^Ap_ 
G m P 


(Vg — Vto) — 



Ah 

n 


(7.45) 


In this situation (for example a differential pair), A V n) contributes directly to AVg, whereas 
Ap/p is weighted by Ip/G m . When IC is increased, Ip/G m increases, thereby increasing the 
effect of AP/p. 
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(a) (b) 


Figure 7.6 Contributions to current mismatch with <P 0 = 0.8 V and n = 1.4: (a) for AC ox /C ox = 
+ 1% alone; (b) for A/J//3 = — 1% alone 


In both cases, the factor weighting An/n is a function of the inversion coefficient, since 
Vq ~ Wo can be expressed from (4.25) as 


Vg — Wo = nUj 


Vl+4/C + ln(Vl + 4/C- 1) — (1 + In 2) 


■ n Vs, 


(7.46) 


whereas from (5.29), 


If nU T (Vl + 4/C + 1)' 

The mismatch of currents calculated by introducing (7.46) and (7.47) into (7.44) separately 
for differences in C ox and Np of 1% is plotted in Figure 7.6, using values given in Table 7.3. 

As can be seen, the effect of A Vto increases drastically in weak inversion (I C < 1), whereas 
that of Aft dominates in strong inversion (IC 5s> 1) for variations of C ox . Their (additive) corre¬ 
lation is therefore relevant only in moderate inversion, when both contributions are comparable. 

For Vs = 0, An causes a slight reduction of mismatch in very weak inversion, which can 
again be neglected. 

For Vs > 0, the current mismatch is increased by the contribution of An, especially in weak 
inversion. This can be explained by the fact that the effective gate voltage threshold Vto + n Vs 
becomes dependent on n. 

In strong inversion, some terms are negligible in (7.46) and (7.47), hence (7.44) is reduced 
to 


Alp 

h 


P 


G m 

~^AV to 


1 + -y—«Vs 


An 

n 


whereas in weak inversion it becomes 


Al p 

h 


p 


A Vto 
nU T + 


V s \ An 
1 — In IC -- -. 

U T ) 


(7.48) 


n 


(7.49) 
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(a) (b) 


Figure 7.7 Separate contributions to gate voltage offset with *P 0 = 0.8 V and n = 1.4: (a) for 
zlCox/Cox = —1% alone; (b) for ANb/Nb = +1% alone 


The mismatch of gate voltages (gate voltage offset) calculated by introducing (7.46) and 
(7.47) into (7.45) separately for differences in C ox and N\, of 1% is plotted in Figure 7.7, using 
values given in Table 7.3. 

As can be seen, the contributions of A/3 and An increase in strong inversion (IC >> 1), 
whereas that of A \to dominates in weak inversion for Vs = 0. Correlations through AC ox 
and ANb are additive, but relevant only in moderate inversion, when the contributions are 
comparable. 

For Vs = 0, An causes a slight reduction of offset in very weak inversion, which can be 
neglected. 

For Vs > 0, the offset is increased by an amount equal to V$An, which can again be 
explained by the fact that the effective threshold becomes dependent on n. 

In strong inversion, (7.45) can be approximated by 


AV g = AVjo — 


G m P 



n V s 


An 

n 


(7.50) 


This expression shows that the correlations through AC ox and A A)-, are indeed additive, since 
the signs of AV to, An, and — A/3 are the same, as we can see in Table 7.3. 

In weak inversion, (7.45) can be reduced to 

AB 

AVc = AVjo ~ nUj—— + [(In IC - l)t/ T + V s ] An, (7.51) 

P 


showing that the correlated An slightly reduces the offset for Vs/C/t < 1 — In IC, but aug¬ 
ments it above this limit. 

Appropriate layout techniques can be used to virtually eliminate the systematic mismatch 
discussed in this section [104]. 

Transistors to be matched should be implemented as close as possible, in order to minimize 
the effect of gradient and/or other variations of low spacial frequency. 

Their environments should be fully identical, in order to avoid local variations of critical 
physical parameters. 

In order to eliminate the effect of a constant gradient, each device can be split into two 
half-width devices located each side of an axis of symmetry and connected in parallel. Best is 
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the implementation of pairs in quad configurations, since it also ensures the same environment 
for the two transistors. 

We have considered differences between the average values of parameters across the devices. 
However, except for Vds = 0, Q, is not constant along the channel. It is larger close to the 
source (in forward mode) and therefore the current is more affected by a difference of physical 
parameters close to the source. Hence, transistors to be matched should have the same source- 
drain orientation to avoid an additional effect of gradients. 

The mismatch that remains after elimination of these systematic variations is due to statistical 
fluctuations of the physical parameters across the area of the transistor channel. 


7.3.3 Random Mismatch 


Let us assume that the random fluctuations of a parameter P are not spatially correlated. It can 
be shown [105,106] that the standard deviation of the difference AP of average values of P 
across two separate regions of area WL is given by 


cr(AP) — 


Ap 

VWL ’ 


(7.52) 


where Ap is the area proportionality constant for parameter P. 

This relation can be understood by considering the particular example of C ox illustrated in 
Figure 7.8. 

If for an element of surface of unit area, 


^u( A Cox ) 

r 

'-'OX 


= Aq 

'-01 


(7.53) 


then for the total area, the standard deviation of the difference of total capacitances is increased 
by the square root of the area (the variance increases linearly with the area), whereas the 
capacitance increases with the area. Hence, 


ct(AC 0 x) A Cm VWL A c ox 

C ox WL JWl' 



Figure 7.8 Dependence of a(AC ox /C ox ) on channel area WL 
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W 


The same averaging across area takes place for the fluctuations of parameters Qf C , N h , 
and fi. 

The situation is somewhat different for the fluctuations of W and L. First, they are best 
characterized as absolute values and not as a percentages. Furthermore, they are not averaged 
across an area, but along a distance. Indeed, as illustrated by Figure 7.9, noncorrelated fluc¬ 
tuations of width are averaged along the length, and noncorrelated fluctuations of length are 
averaged along the width. If for an element of surface of unit length. 


o a (AW) = A w , 


then for the total length L, it becomes 


and symmetrically. 


a (AW) = 


L 


A w 

vr 


er(AL) = 


AlVw_ 

w 


a l 

Vw' 


(7.55) 


(7.56) 


(7.57) 


Proportionality constants Aw and Al could be different if the etching process defining the 
gate is anisotropic. We will assume that they are identical, of value A w L = A w = A L . 

Now, the device parameter affected by variations of W and L is /6 oc W/L. If it is small, 
the relative difference of aspect ratios can be expressed as 


A(W/L) _ AW AL 
W/L ~ ~W L7’ 


the variance of which is 


cr 


2 


( A(W/L) \ 

V W/L ) 




(7.58) 


(7.59) 
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Introducing (7.56) and (7.57) with A w — A L — A W l yields 

g2 ( A(W/L) \ _ Al x n 1 \ _ / fW fT\ 

v W/L ) WL \L W) (WL) 3 / 2 \y L W)' 


(7.60) 


The mismatch of W/L decreases faster than that of other relevant parameters when the 
channel area is increased while keeping W/L constant. Its contribution to the mismatch of /I 
can therefore be made negligible by increasing W L. Moreover, its variance is minimum for a 
square channel and increases with approximately the square root of the aspect ratio. 

It should be emphasized that the proportionality constant A P was defined by comparing the 
mismatch of two identical transistors (same nominal values of W and L). If one transistor is 
infinitely large, then the mismatch is reduced by V2. Hence, for two transistors of different 
WL, it becomes 


a{AP) = 


/ 1 1 

V2 V WiLi W 2 L 2 


(7.61) 


Now, except for very large dimensions, the mismatch of two transistors of different sizes 
is increased by side effects. Hence, a ratio M/N of /> cx W/L is best obtained by a series 
and/or parallel combination of M and N identical elementary transistors of same W and L. 
The resulting mismatch is then given by 


a(AP) = 


Ap rr 

■JlWL V M 


1 

N' 


(7.62) 


Using the variances defined above for the (uncorrelated) mismatches of the basic parameters, 
the variances of the three device parameters are obtained directly from (7.38), (7.39), and (7.40): 


cr 2 (Z\ Upo) 


[(2« 0 - 1)£/ t + (ho- 1)*Lo] 2 ^ 2 



+ 

+ 


Gfc 


2 


- 2(« 0 - l )% 



zACox\ 
Cox / 


a 2 {An) 



= (no ~ l ) 2 

= „T^) 





+ CT- 


A(WL) 

W/L 


ACoA 

Cox / 


(7.63) 

(7.64) 

(7.65) 


According to (7.52), the same equations are applicable if each <j(P ) is replaced by the 
corresponding area proportionality constant A P . 

Now, the mismatch of these three parameters is possibly correlated through AC ox and A A/. 
In order to evaluate the practical importance of this correlation, an example is illustrated in 
Figure 7.10. The mismatch of drain currents and gate voltages is calculated for three cases, 
with the same realistic values of cr(AVro) and cr(^). 
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(a) (b) 


Figure 7.10 Mismatch of (a) drain currents and (b) gate voltages of saturated transistors. Case 1: 
uncorrelated AV to, Aft, and An (hence An = 0). Case 2: Fully correlated AV to, Afl, and An, with 
er n = 0.2% and Vs = 0. Case 3: same as case 2, but with Vs =1V 

In the first case, we assume no correlation between the three device parameters, which is 
possible only if AC ox and ANb are negligible. Then An is also negligible and Vs has no effect 
on matching. We obtain from (7.44) and (7.45) [104] 


Tf) 

In the second case, we assume perfect correlation between the three parameters, and Vs = 0. 
This is possible only if the sole source of mismatch is AC 0X . Then, according to Table 7.3, the 
sign of A/3 is opposite to that of An and AV to- Mismatch is then calculated by replacing each 
variation by its variance in equations (7.44) and (7.45), taking into account this sign difference. 

The third case is the same, but with Vs = 1 V. 

Cases 1 and 2 are the two extreme cases for Vs = 0. Real cases will be in between, with only 
partial correlation between device parameters. As can be seen, the maximum ratio between 
these two extremes is about V2 when the effects of AV to and Aji are equal in moderate 
inversion. So the correlation can be compensated for by doubling the value of WL. The 
mismatch of slopes, An, has a negligible effect. 

As already pointed out, for Vs > 0, the effective threshold V T o + n Vs becomes dependent 
on n, and the mismatch in weak inversion is increased by An, as illustrated in Case 3. If AV ro 
and An are dominated by AC ox , then a(AV- to) is simply increased by o(An)V%. 

If ANb dominates, which is usually the case in deep submicron processes, then AV to and 
An are fully correlated, with no correlation with Af3. 

The random variation of ANb is essentially due to the limited total number N to t of ionized 
impurities in the depletion layer. Assuming a Poisson distribution, then 



(7.66) 

(7.67) 


WLt d N h ’ 


(7.68) 













































MATCHING 129 


where the factor 2 comes from the fact that we compare two transistors. The thickness to of 
the depletion layer given by 3.26 can be evaluated at <A S = q: 


resulting in 


td 


qN b 


AN b \ = 1 _ J 2q 

N b J 4WL Y •AoCsiA^b ' 


(7.69) 


(7.70) 


Now, if AN b dominates and if iAq Uj, then 7.63 can be approximated by 


cr(zWxo) = (no - li'Aocr 




(7.71) 


where n o has been replaced by its expression (3.73). By introducing c^^ 6 -) given by (7.70) 
and 7b given by (3.30), we obtain the area proportionality constant for threshold mismatch 


A vto = VWLa(AV T0 ) = -j-t j ^ e ^o ^ (7.72) 

Now, the comparison of (7.64) with (7.63) for <A () Uj shows that if mismatch is dominated 

by A/V|,, then 


A n = VWLa(An) = 


^VTO 


i J q^siNh 
2C 0X y 2^ 


(7.73) 


It should be pointed out that (7.72) and (7.73) are slightly pessimistic, since to in (7.69) 
is evaluated at *A S = </ / o, which is its minimum value. For Vs >0, ‘A > 'Ao + Vs and is 
increased, thereby decreasing AN b /N b according to (7.68) [107], However, this small effect 
can be neglected as compared to the global effect of increasing Vs. Indeed, since A Vro and 
An are fully correlated by their common origin AN b , the mismatch of effective gate threshold 
voltages Vto + n Vs is 


ff(V to + nV s ) = o'(Vro) (l + , (7.74) 

This expression describes explicitly, for the particular case of A Vro dominated by AN b , the 
effect of Vs illustrated by curve 3 in Figure 7.10. An important consequence of this increase of 
mismatch due to Vs > 0 appears in a differential pair: its input offset voltage is increased by 
the nonzero source voltage if the two paired transistors are not put in a separate well connected 
to their sources. 




Part II 

The Extended Charge-Based 

Model 


This second part models several nonideal effects that should be added to the core model 
developed in Part I, in order to best describe modern MOS transistors, in particular those 
realized in deep submicron processes. Chapter 8 focuses on effects that already affect long- 
channel devices, whereas Chapter 9 specifically adresses the short-channel effects. Finally, 
the passive devices that must be added to account for the extrinsic part of the transistor are 
modeled in Chapter 10. 
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8 Nonideal Effects Related 
to the Vertical Dimension 


All the nonideal effects discussed in this chapter remain compatible with expression (4.40) of 
the drain current. Hence, they do not affect the fundamental property of symmetry discussed 
in Section (4.5). Section 8.2 shows the impact of the mobility reduction resulting from a large 
gate voltage. Current and tranconductances are reduced, but their ratio is not much affected. 
Section 8.3 investigates the case of nonuniform vertical doping, with a detailed analysis of 
two particular profiles. The following sections examine the consequences of the very high 
substrate doping and very thin gate oxide introduced in aggressively scaled-down processes. 
Polysilicon gate depletion discussed in Section 8.4 can be accounted for by a reduction of 
specific charge and current, by an increase of the slope factor for voltages, and by an increased 
threshold voltage. Band gap widening due to quantum effects is examined in Section 8.5. It 
has the same qualitative effect on charge, current, and threshold voltage as polydepletion, with 
which it is usually combined. Gate leakage current due to tunneling through a very thin oxide 
is analyzed in Section 8.6. Negligible if the oxide is thicker than 3 nm, this current increases 
by more than a factor 10 for each 0.2 nm of thickness reduction. 

8.1 INTRODUCTION 

In this chapter we still consider a long and wide channel that is homogeneous in the x direction 
(along the channel). As demonstrated in Section 4.5, the fundamental property of symmetry is 
not affected; hence, the drain current can still be decomposed in a forward component Ip and a 
reverse component 7 r. We will separately discuss the main nonideal effects that are related to 
the vertical dimension, and show how they can be accounted for by modifying the basic model 
presented in Part I. 

8.2 MOBILITY REDUCTION DUE TO THE VERTICAL FIELD 

In a MOS transistor, the current flows very close to the silicon surface. As a consequence, the 
mobility of current carriers is lower than deep inside the substrate (typically two to three times 
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lower), due to various scattering mechanisms [67]. This mobility is further reduced if the 
vertical field E z becomes too large. This field dependent mobility can be approximated by [1] 


Mz 


Mo 

1 + £eff/£o 


( 8 . 1 ) 


where Mo is the low-field surface mobility, £q = 4x 10 7 V/m the electric field at which 
the mobility starts to decrease significantly, and E e g the average field in the inversion layer, 
approximated by 


E e ft = - [E zs + E z b], (8.2) 

where E /s and E zb are the values of the vertical electric field at the surface and just below the 
inversion layer respectively. 

According to the Gauss law illustrated by Figure 3.2, 


Hence 


E Z s — ~(Q i + Q b)/Gi 


and E zb — -Q b /e s; . 


E e ft = — 


1 

^si 



(8.3) 


(8.4) 


Introducing (8.4) in expression (8.1) of the field-dependent mobility yields 

_ Mo _ Mo 0 , 

i- <h±Mi ~ i + e (qb + qi / 2 y ^ 

^si^O 

In the second form, the charge is normalized to Q spcc defined by (3.42) and 6 depends on 
Eq according to 


Q spec 2/; C OX U T 

A, E b ^ si E() 


( 8 . 6 ) 


The mobility reduction is a function of the inverted charge density Q, and of the bulk 
depletion charge density Q b . The latter is given by (3.55) as a linearized function of Q,, where 
the slope factor n can be replaced by its value n w given by (3.68) resulting in 


<7b 


^ P ~ Vi 


(8.7) 


Introducing this result in (8.5) provides the variation of mobility with mobile charge qc. 


where 


Mz _ 1 

Mo k\qi + k 2 ' 


( 8 . 8 ) 



1 + 


A'i = 0 


and k 2 = 1 + 


(8.9) 
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0 10 20 30 40 50 60 70 

Normalized channel voltage v 

Figure 8.1 Effect of mobility reduction due to the vertical electric field 

Alternatively, i/r p may be replaced by the pinch-off voltage t> p by means of their relationship 
(3.47), their difference being very close to i/r 0 , according to (3.66). 

The correction for mobility reduction can be introduced by multiplying the q\(v) charac¬ 
teristics of Figure 3.11 by [i-J/ xq. Using q x as a parameter, q^ can be calculated by (8.8), 
whereas the channel voltage v is obtained from (3.48). Results for several realistic values of 
parameter 9 are plotted in Figure 8.1. 

For 0 = 0, there is no mobility reduction and the function is identical to that of Figure 3.11. 
For0 > 0, the function is reduced. As can be seen from (8.5), this reduction is more important 
in strong inversion where q x 1. However, due to the effect of depletion charge q^ given by 
(8.7), it is also present in weak inversion, especially if i fr v is large, corresponding to a large 
value of Vg- 

If the transfer parameter ft (4.8) is calculated for [x = /a o, then the forward and reverse 
components of the drain current are obtained after replacing q\ by ji-q f jU) in (4.16). Hence 
(4.18) becomes 


Jf,r 


r qsi 2<?j +1 

Jo ^YVi + ^2 


1 

ki 


2 ^ + (‘- 2 |) 


In 


k\ 

1 + Vs,d 

ki 


( 8 . 10 ) 


Using t/s d as a parameter and equation (3.48) to obtain v s ,a, this result is plotted as curve 
a in Figure 8.2 for a large value of 9. If 9 tends to zero, the coefficient k\ also tends to zero 



Source or drain voltage v s d 

Figure 8.2 Effect of mobility reduction on current: (a) exact result (8.10); (b) third-order series 
expansion (8.11); (c) second-order series expansion (8.12) 
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and expression (8.10) diverges numerically. It can be approximated by its third-order series 
expansion in which the term 2 q s d is canceled: 


1 



Vs.d + 



2 2k \ 2 
q ' d - ?b q ' d 


( 8 . 11 ) 


which is represented as curve b in Figure 8.2. 

Further simplification is possible by limiting the expansion to the second-order term and 
neglecting <<C 1: 

1 2 

( f,r = 7-(<?s,d + Vsd)' (8.12) 

ki 

Hence, in this approximation, the current is simply reduced by the factor A' 2 - As shown by 
curve c in the same figure this is an acceptable approximation if i; p — i> s ,d is not too large. The 
transfer characteristics in strong inversion remain close to a square law for a constant gate 
voltage v g corresponding to a constant value of ki. The gate-driven transfer characteristics 
depart more significantly from a square law since v p and i// p increase linearly with v„ , thus 
modulating the value of k\ and A '2 according to (8.9). This can be observed in the \//fCUp) plot 
illustrated in Figure 8.3. 

The source and drain transconductances at fixed voltages (depicted in Figure 5.1) are reduced 
proportionally to tx z / ixq. Hence from (8.8), 


_ Mz 

^ms.d — Vs.d 
MO 


1 

At + ko/qS'd 


(8.13) 


Their dependency on the forward and reverse currents can be obtained by first expressing 
Vs.dOf.r)- Since expression (8.10) cannot be inverted, this can be done by inverting its second- 
order approximation (8.12). This yields 


\/l + 4A’2tf,r — 1 

V s,d = --- 


(8.14) 



Figure 8.3 Transfer characteristics from the gate: (a) exact result (8.10); (b) third-order series ex¬ 
pansion (8.11); (c) second-order series expansion (8.12) 
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Normalized forward or reverse current/] r 

Figure 8.4 Effect of mobility reduction on the transconductance to current ratio: (a) using (8.15); 
(b) exact result 



which is identical to (4.24) for 0 = 0 (Aq = 0 and ki — 1). Introducing (8.14) in (8.13) results 
in 


1 

(?ms,d — T oTt ’ (8.15) 

k\ + . - 

which is identical to (5.11) for 6 — 0. Using this result, the variation of g ms ,d//f,r with if r is 
plotted as curve a in Figure 8.4 for a large value of 6. It departs only very slighly from the 
“exact” solution (curve b), obtained by using q s ,d as a parameter in equation (8.13) of g ms and 
in the full equation (8.10) of i f r . The gate transconductance g m is still related to g ms and g m(1 by 
(5.9) since this relationship was derived independent of the mobility. Therefore, all expressions 
of g m are affected by mobility reduction. 

It is worth noticing that the simple expression (5.17) of g m in linear mode is no longer valid. 
The reason for it can be understood by examining Figure 8.5 that shows li z qi/Ho(v) for various 
values of u p , calculated from (8.8) and (3.48) (using q, as a parameter). Indeed, changing v p 
(or v g ) not only moves the curve vertically [as it did to q,(v) in Figure 5.2] but also modifies 
its slope. The figure also shows g ms , g m d. and /d for v p = 80 and given values of v s and tq. 



Figure 8.5 Effect of increasing u p 
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8.3 NONUNIFORM VERTICAL DOPING 
8.3.1 Introduction and General Case 

In Part I, the doping concentration N b of the local substrate (or bulk) was assumed to be uniform. 
As a consequence, the depletion charge Q b, which is produced by repelling the holes before 
electrons can be attracted in the channel, was proportional to the square-root function (3.29) 
of the surface potential tA s . The threshold function defined by (3.33) was therefore nonlinear, 
since it can be expressed as 


-Ob(^s) 

V TB = Vfb + 9* + , (8.16) 

'-'OX 

The slope n of this function was slightly decreasing with increasing >A S , as shown by (3.34) 
and by Figure 3.7. 

If the doping concentration is a function of depth z into the substrate, Qb('Es) is modified, 
and so are VtbI^s) and «(<A S ). Let us consider the general case with the arbitrary profile /V h (z) 
illustrated in Figure 8.6. 

According to the classical depletion zone approximation, the density of holes is assumed to 
drop to a negligible value at depletion depth zj, leaving a space charge — qNb per unit volume 
for z < Z(j. Hence the total depletion charge density is given by 


Qb = -e sl E : (z = 0 ) = -q [ d N b dz, (8.17) 

Jo 

which is a function of depletion depth z b . Notice that the origin of the z-axis (z = 0) is 
positioned here just underneath the infinitely thin inverted charge sheet (see Section 3.4), so 
that E- is not affected by Q\. 

The vertical held is zero for z > zj. According to Poisson’s equation, this field increases 
with the integral of the depleted charge for z < z^: 

E z = — j d A b dz. (8.18) 

^si J z 



Figure 8.6 Calculation of <2b(^s) for an arbitrary doping profile A^b(^) 
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The surface potential is obtained by integrating the held (8.18) across the depletion region; 
hence, 

<A S = T- Jo " (/ d Nb dz ) dz ’ (8 ' 19) 

which is also a function of z&. 

Using z d as the parameter, Qbi'I's) can be calculated by means of parametric equations 
(8.17) and (8.19). Knowing QbOAs)* I'tb(V's) and its derivative «CA S ) can then be obtained 
from (8.16). 

This calculation will be carried out in the following subsections for two particular analytical 
profiles N\,(z) that can be used as approximations of real profiles. 


8.3.2 Constant Gradient Doping Profile 

Consider the doping profile described by 


— (V b0 (1 + 5- 

2c 


( 8 . 20 ) 


and illustrated in Figure 8.7. For 5=1, the doping concentration increases linearly from its 
surface value ATo and is doubled at characteristic depth z c . For 5 = —1, it decreases to reach 
zero at z c ; the model is then valid only for a depletion depth r d < z c . 

Introducing this profile into (8.17) and (8.19) yields the parametric equations of <A S (£?b): 


( 8 . 21 ) 

( 8 . 22 ) 


Qb = — qNbo ( Zd + 5 — ), 


V* = 


qNbo 




These equations can be simplified by introducing a parameter 


F = — 

2c ’ 


and by defining a normalized characteristic depth 

A ^c ^ox ~cU 0 

Sc — ~ — 

Sox +i £si 


(8.23) 


(8.24) 





Figure 8.7 Constant gradient doping profile fV b (z) 
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and the substrate modulation factor at the surface 

(8.25) 

(8.26) 

(8.27) 

Vtb- Vfb = ( p + -^~ P- + S&Y )■ (8-28) 

Now, (8.28) and (8.27) can be used as parametric equations of V'tb( 'Aj, with P as the 
independent parameter. This threshold function is plotted in Figure 8.8(a) for r£ a — 40t/j and 
for several values of the normalized characteristic depth £ c . Uniform doping corresponds to 

Cc = OO. 


They become 


„ a V2<?A , boe s i 
^bo=-p;-■ 

OX 


( P + S^~ ), 

Cox 2 V 2 


^ r _ML(ri + s P - 

2 1 2 3 


These two results can then be introduced in (8.16), giving 
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Figure 8.8 Effect of a constant gradient profile: (a) on threshold function VtbOAs); (b) on slope factor 
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The slope factor can also be expressed as a function of parameter P by differentiating (8.28) 
and (8.27) 


dVrB dVxB .cbA s 1 + P(C c + S) + i; c SP 2 

n — -=-/-=-. (8.29) 

d<F s dP ' dP $ c P(l+SP) 

This equation can be associated with (8.27) to obtain «(<A S ). This slope factor is plotted in 
Figure 8.8(b) with the same values of /],o and ( c . 

As could be expected, the slope factor for a given value of surface doping ATo is increased for 
an increasing doping profile. However, this effect is significant only for £ c < 5, corresponding 
to z c < 15f ox . 


8.3.3 Step Profile 

The step profile illustrated in Figure 8.9 is another approximation of real profiles that is tractable 
analytically. Introducing this profile into (8.17) and (8.19) yields, for zj > z c 


— Q [A^bO-c T Nbc(.^d Zc)] 


(8.30) 


and 


<?si 


A/bc 


(Zd 


21 


— Z c ) Z' 

— -F A/ bc z c (z d — z c ) + N h o^- 


(8.31) 


These equations can be simplified by introducing the parameter P defined by (8.23) and 
variables £ c and /To defined (8.24) and (8.25), and by defining the doping ratio 


_A ATc 


(8.32) 



Figure 8.9 Step approximation of doping profile (V b (z) 
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resulting in 


and 


~Qb Cert 


Co 


bO 


[1 + V(P — 1 )] 


ft = 




bO 


V -(P -\) 2 + v(P -\) + 


1 

2 


(8.33) 


(8.34) 


These equations could be used as parametric equations of ft((2b)- Instead, parameter P can 
be calculated from its second-order equation (8.34): 


P = 



4ft 

<C b 2 o’ 


(8.35) 


and introduced in equation (8.33) of (2b- According to (8.16), the threshold function then 
becomes 


Vtb — Vfb = ft + 




(8.36) 


This expression is plotted in Figure 8.10 for various values of normalized step depth ( c . Part 
(a) of the figure is for a 1 to 10 step up of doping concentration. The threshold is strongly 
increased if the step is shallow, since most of the depletion region extends within the region of 
higher doping concentration /V bc . This increase is attenuated when the step depth is increased. 



(a) (b) 

Figure 8.10 Threshold function for a step profile of normalized depth f c : (a) for a step up 1 to 10; 
(b) for a step down 10 to 1 
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Expression (8.36) is valid only when the depletion depth extends beyond the step, corresponding 
to P > 1, and hence from (8.35) for 


> 



qNbgzZ 

2e S i 


(8.37) 


For smaller values of surface potential, the situation is reduced to that of uniform doping /V h o 
(corresponding to £ c = oo). 

Figure 8.10(b) shows the case of a 10 to 1 step down of doping concentration for the same 
values of /bo and £ c . The threshold function is reduced if the step is shallow, since the depletion 
region extends mostly in the region of lower doping. 

Figure 8.11 is another plot of expression (8.36) of the threshold function, for a fixed value 
of step depth (£ c = 2) and various values of the doping ratio v. Below the limit given by (8.37), 
the depletion region does not reach the step depth z c . The doping is therefore uniform with 
substrate modulation factor /bo. Beyond this limit, the depletion region enters the region of 
different doping and the threshold function depends on the doping ratio v. 

When the gate voltage Vq starts exceeding the threshold function Vtb at some position along 
the channel, some inversion charge Q\ starts appearing. According to (3.5), the concentration 
of this inversion charge will dominate at the depth for which — cP F is maximum. If the 
doping concentration is uniform, then Fermi potential <£ F is constant and the inversion charge 
appears at the surface (z = 0), since P is always maximum at the surface. This is also true if 
the concentration increases with depth z, corresponding to an increase of 0 F given by (3.8). 

But if, on the contrary, the concentration decreases steeply with depth, the corresponding 
decrease of <t>p can possibly overcome the decrease of P. The inversion layer is then created 
below the surface, resulting in what is called a buried channel. 



Figure 8.11 Threshold function for various step profile doping ratios v 




































144 


NONIDEAL EFFECTS RELATED TO THE VERTICAL DIMENSION 



Figure 8.12 Charge densities and electrical field with a buried channel 

For the step profile discussed here, the channel will be buried as long as the difference of 
Fermi potentials for the two doping concentrations exceeds the drop of potential across depth z c : 

<£>fo — <Jfc > *^s — (8.38) 

or by introducing expression (3.8) of <t>\- 

V'.-V'c < Uj In (1 /v), (8.39) 


where ! P c = (z = z c ). 

The effect of this buried inverted charge Q \b on the electric field is illustrated in Figure 8.12. 
The total charge Q t underneath the surface can be split into three parts: 

Qt — Qb + Gib — QbO + Qbc + Qib ■ (8.40) 


The buried inverted charge (supposed to be a very thin layer according to the charge sheet 
model) produces a step of field. The total voltage drop across z c is easily obtained by inspection: 


tf's - = ~ 


Zc_ 

^si 


(Gib + Gbc + ^)- 


(8.41) 


Introducing (8.40) and the variables defined by (8.24) and (8.25) yields 

-Qt = 

Cox 4 Cc 


(8.42) 


This charge increases with the surface field. When the limit condition (8.39) for surface inver¬ 
sion is reached, it has a maximum value given by 


Gtmax = ^0 + Ct (8. 43 ) 

Cox 4 £ c 


that is independent of 
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Figure 8.13 Maximum surface potential for which the channel remains buried 


According to (8.16), the threshold for surface inversion can therefore be expressed as 


Vtbs — ^fb = *A S — 


(?tmax 


c 


ox 



Uj 

Sc 


In (1/v). 


(8.44) 


This limit is plotted in dotted line in Figure 8.10(b) for £ c = 0.15. Since the buried charge 
cannot be positive, this threshold is valid only when it is larger than the inversion threshold 
Vtb ■ This would not be the case for the deeper steps (larger £ c ) shown in the same figure (except 
for very low values of >A S ). 

To obtain a buried channel for a deeper step, the lower doping concentration should be 
further reduced, in order to increase the difference of Fermi potentials. 

The maximum value of surface potential for which the channel remains buried can be 
obtained by introducing the value of <A S — <A C into condition (8.39). It can easily be verified 
that this value is given by the last two terms in (8.34), since the first term correponds to 1F C . 
Flence, for this maximum value. 




b0 


v(P- l)+- 


= U T ln(l/f c ). 


(8.45) 


Introducing expression (8.35) of parameter P and solving for <P S yield 


'A 


sin 


b0 




+ 1-V 


(8.46) 


This limit is plotted in Figure 8.13 as a function of the doping ratio v. It can be seen that, for a 
given value of parameter Si^bO [ l ^ at ' s proportional to /V h ozJ according to (8.37)], the channel 
may remain buried up to large values of the surface potential if v = /V ht /A h o is sufficiently 
small. Such a situation is shown in Figure 8.14, with Si^io/Uj — 0.2 and v = 0.1. As can 
be seen, Vtbs > Vtb in the whole range represented in the diagram. If the surface potential 
is close to its pinch-off value <A P , then all the inverted charge is buried. This will be true all 
along the channel if the transistor is in weak inversion ( Q\ negligible). If the surface potential 
is lower than the value <Fp s defined in the figure (surface pinch-off potential), then only a part 
Q ib of the total inverted charge Q , buried. 
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The slope factor is easily calculated from (8.36) as 


n _ dV TB _j I v 


(8.47) 


It is plotted in Figure 8.15 for various values of normalized step depth £ c , with the same 
parameters as in Figure 8.10. 

Figure 8.15(a) shows the case of a 1 to 10 step up in doping concentration. Compared to 
uniform doping (0 = oo), the slope is strongly increased if the step is very shallow, as can be 
expected from the fact that the depletion occurs mainly in the highly doped region. It remains 
higher when the depth is increased, but is more constant with the variation of the surface poten¬ 
tial. Indeed, if the doping ratio v tends to infinity, (8.47) shows that the slope factor n remains 
constant at the value 1 + l/£ c as soonas the surface potential exceeds the limit given by(8.37) to 
have the depletion region reaching the step. For the example of the figure with £ c = 2, this limit 
is reached for fA s = AOUj. Below this value, the slope factor is that of uniform doping (£ c = oo). 




Surface potential i/r s = 'P s IUj 

(a) 


Surface potential yr s = 'F s IUj 

(b) 


Figure 8.15 Slope factor for various values of normalized step depth f c : (a) for a step up 1 to 10; (b) 
for a step down 10 to 1 
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Figure 8.16 Slope factor for various step profile doping ratios v 


Figure 8.15(b) shows the case of a 10 to 1 step down of doping concentration. The slope 
factor is lowered by a shallow step (most of the depletion occurring in the lightly doped region). 
However, it increases very steeply when the surface potential is reduced and approaches the 
limit given by (8.37). 

In Figure 8.16, the slope factor is plotted for £ c = 2 and various values of the doping ratio. It 
shows again that when the depletion region reaches the step, the way n varies with the surface 
potential strongly depends on the doping ratio. 

8.3.4 Effect on the Basic Model 

The nonuniformity of vertical doping affects only the shape of the threshold function, and 
hence the slope factor and the threshold voltage. Therefore, the whole model derived in Part 
I is still applicable with new values of these parameters. The threshold voltage at equilibrium 
Vto was defined by (3.58) as the value of the threshold function Vtb for V — 0 (channel at 
equilibrium). Hence, from (3.56), 


Vto = Vtb^s = ^o)> 


(8.48) 


where V'o is given by (3.66) with <P\- calculated from (3.8) with N\, — Nbo- 

The effect of the constant gradient profile as illustrated in Figure 8.8 can be approximated 
by fitting the substrate modulation factor 7], of a uniform profile. Both the threshold voltage 
and the slope factor are increased (decreased) if the doping is increasing (decreasing) with 
depth. 


For the step profile approximation, the threshold voltage can be expressed explicitly from 
(8.36): 



(8.49) 


The pinch-off potential V'p was defined in Section 3.5 as the value of surface potential for 
which the inverted charge is zero; that is, 


= Wg = Vtb), 


( 8 . 50 ) 
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and is related to the pinch-off voltage by Vp = 'I'p — V'o according to (3.66). But no simple 
relation exists here to replace expression (3.37) of <A P . instead, Vp can be approximated by 
(3.63). 

For a given value of surface doping (and hence of /bo), the effect of a step profile depends on 
the step depth z c and the step doping ratio v = Nbc/Nbo- Astepup(v > 1) can only increase Vto 
and n, but it improves the linearity of threshold function Vtb and hence reduces the variation 
of n with the surface potential, as shown by Figure 8.11 and Figure 8.16. 

A step down (v < 1) can only reduce Vpo and n, but it may result in an abrupt change of 
slope at the limit given by (8.37), as illustrated in Figure 8.16. Therefore, a dual slope threshold 
model might be needed as illustrated by the example of Figure 8.17. 

Threshold Vtoi and slope n i correspond to the region of uniform doping. They are thus 
given by (3.58) and (3.34) with 71, = 7],o [or by (8.49) and (8.47) with v = 1]. According 
to Figure 8.16, the evaluation of n 2 should be made by (8.47) with a value of \P S sufficiently 
larger than QF^q/2. Inspection of Figure 8.17 shows that the second threshold voltage can be 
calculated by 


F t0 2 = Vtoi + (n 1 - n 2 ) [(? c Ao/2) 2 - <A 0 ] ■ (8.51) 


8.4 POLYSILICON DEPLETION 
8.4.1 Definition of the Effect 

In the basic model discussed in Part I, we have assumed a constant potential Vg throughout the 
thickness of the gate electrode, which would always be true if the gate material was a metal. 
It is still true for a (poly(silicon gate, as long as the thickness of the layer of positive charge 
Q g (that is concentrated at the lower face of the gate electrode) is so small that the voltage 
g across it is negligible. If the gate is N-type, we can assume that a positive gate charge Qc, 
is entirely produced by the depletion layer created at the lower face of the gate. If the gate is 
P-type, this depletion layer can possibly create a negative gate charge Qq. 
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To calculate A>P g , we can further assume that the model of equations (3.29) and (3.30) 
giving 


V* = 


Qb 


r ,c 0 


with 7b = 


V2<?(Vbfs: 

c 

ox 


(8.52) 


for the monocrystalline bulk with doping concentration /V h remains valid for the polysilicon 
gate with concentration N g . Then by analogy [45] 


A<i>„ = ± 


<2g 


r B c o 


for ± Q g > 0, 


(8.53) 


where 


r s = 


\/2qN g 

Cox 


(8.54) 


is the gate modulation factor. The positive sign in (8.53) corresponds to the positive voltage 
drop created through the depletion layer of an N-type gate (for Q g > 0), whereas the negative 
sign corresponds to the negative voltage drop that might eventually be created in the depletion 
layer of a P-type gate (for Q„ < 0). 

Comparing (8.52) with (8.53) and (8.54) shows that A*P g remains negligible as long as 

NJN h » (0 g /0b) 2 . 

Now, while scaling-down process dimensions, N\, must be increased whereas /V„ cannot 
be increased proportionally. Hence A>P g may become nonnegligible, especially if Q g is made 
much larger than — Qb by a large value of inverted charge — Q\ (very strong inversion). 

Although the original definition of the fixed interface charge Q f c in Section 2.2 included 
the equivalent effect of the charge distributed throughout the oxide thickness, let us assume 
here that all this charge is physically located at the silicon-oxide interface. Hence, because of 
the overall charge neutrality 


Qg — ~(Qb + Q i + Q &)■ 

The depletion voltage at the gate then becomes 


AW„ = ± 


Qb + Qi + Q t 

HgCox 


(8.55) 


(8.56) 


8.4.2 Effect on the Mobile Inverted Charge 

This voltage drop Z\<^ g given by (8.56) must be subtracted from Vq in the voltage to charge 
relation (3.19). This yields 


i 1 ( Qi + Qb + Q fc 

rj V 


Qi + Qb + Qic 

C nx 


(V G - <P ms - <^ s ) = 0. 


(8.57) 


The mobile charge density Q\ is then obtained by first solving this second-order equation 
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in (Q i + Qb + Qfc)/C ox , giving 


Gi + Qb + Gfc — C 0 




(8.58) 


Then, by introducing expression (3.29) of Q b, 

Qi = c, 


r b V¥ s ± §- ( 1 - t/l ± ^2 WG - - <2>ms) 


Gfc (8.59) 


8.4.3 Slope Factors and Pinch-Off Surface Potential 


We can now compare (8.59) with (3.32), to which it reduces for r g very large. As a first remark, 
<P ms and Gf c cannot be lumped anymore into a flat-band voltage V FB . But most important is 
the fact that Gi is no longer proportional to the difference between the gate voltage V’o and a 
threshold function Vtb(^s)- The diagram of Figure 3.7 is therefore no longer applicable. As 
a consequence, the slope of is no longer identical to that of V'gCAp)- Therefore, the 

^ox 

single slope factor n introduced in Part I must be replaced by two distinct slope factors: 


dV G _ dV G 

dtAp dVp 


and n q 


d6i/C ox 

dtPs 


(8.60) 


In order to obtain an expression for « v , we have to first calculate VgC^p) that replaces (3.33) 
plotted in Figure 3.7. Introducing Gi = 0 and *A S = P p in (8.59) results in 


1 G — T, lls 


^ + p p + r bV /^p ± 

^ ox 


1 



(8.61) 


which reduces to expression (3.33) of Vtb(*^s) for /T very large. 

It must be reminded that, according to (3.66), <Ap is related to the pinch-off voltage Vp by 


= Vp + 'p o = Vp + 2 (Pf + v sh . 


(8.62) 


Equation (8.61) is plotted in Figure 8.18 for particular values of y b = /],/f/ T and y„ = 
r g /U T , and for five different values of fixed charge Gfc/Cox ranging from —40 to 40. 

Now, poly depletion is possible only if the charge Q q on the gate is positive for an N-type 
gate or negative for a P-type gate. At pinch-off Gi = 0, hence from (8.55) polydepletion at 
pinch-off occurs only for 


±(Gb + Gfc) < o. 


(8.63) 


By introducing expression (3.29) of Gb with i P s — <A P , this condition becomes 


±(r b Vv P -^) >o. 

\ ^ OX J 


(8.64) 
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Figure 8.18 Effect of polydepletion on Vol^p) 


Introduced in (8.61), condition (8.64) becomes 


±(Vb - <P ms - 9 p) > 0. (8.65) 

This limit is also represented in Figure 8.18. No polydepletion occurs at pinch-off if condition 
(8.65) is not fulfilled; the Vq( 9 p ) function is then that for y g very large. The valid curve for a 
given value of (9ft is shown in thick line. Its slope n v is always increased by polydepletion. 
Notice that polydepletion can occur below the limit given by (8.65) if 9 S < 9 P (Q \ no longer 
negligible in (8.63)). 

We see that, for the N-channel transistor considered here, a large positive value of fixed 
charge Q f C may prevent polydepletion for an N-type gate, and make it possible for an P-type 
gate. 

The flat-band voltage Vfb was defined as the value of gate voltage Vg for which 9 S — 0; 
hence, Qsi = Q\, + Q\ = 0. Using (8.57), we obtain 

U FB = $ ms - ^ ± (for ± Q g = TQfc > 0. (8.66) 

^OX \ ' g'-'OX / 

The flat-band voltage is increased by polydepletion in an N-type gate for a positive fixed 
charge; it is decreased by a negative fixed charge for a P-type gate. However, we have seen 
before in (8.59) that the fixed charge does not simply contribute to a shift Vfb of gate voltage, 
as is the case without polydepletion. 

The pinch-off surface potential can be calculated from the gate voltage by inverting (8.61), 
with the result of a very complicated expression for the general case. This expression is 
simplified if Q f C = 0 hence Vfb = ^ms- As can be seen in Figure 8.18, there is then no 
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polydepletion for a P-type gate; l 7'p( Vo) is therefore given by (3.37). Lor a N-type gate, inverting 
(8.61) yields 


<P P = 


n 


2(/T 2 + r?) L 


4(r b 2 + r g 2 xv G 


v FB ) + r?r? 




(for Qf C = 0), 


(8.67) 


which also provides Vp(Vo) by introducing (8.62). It can be verified that this expression is also 
reduced to (3.37) for r g /],. 


8.4.4 Voltage Slope Factor n v 

According to definition (8.60), n w is the slope of l / (,( 1 7 / p) plotted in Figure 8.18. Differentiation 
of (8.61) gives 


dVo = i + n ± /M 2 /i_e^\ 

d^ P \rj \ r^w v ) 


( 8 . 68 ) 


which reduces to n given by (3.68) for /' h r g . This slope factor is plotted in Figure 8.19 for 
numerical values identical to those of Figure 8.18. 

Condition (8.64) is used to identify the valid part of the curve (shown in thick line) for 
each value of Qf C . Notice that « v cannot be lower than its value for very large y„/y h , that is 
independent of Q f C as shown by (8.68). This confirms that the voltage slope factor n v is always 
increased by polydepletion. 



Figure 8.19 Variation of slope factor n v with pinch-off surface potential <A P 
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8.4.5 Charge Slope Factor a, 

Slope factor n q is obtained by differentiation of (8.59): 


d0i/C O x _ A 1 

2 yi±^(y G -tf/ s -0 ms )‘ 


(8.69) 


Unlike « (to which it reduces for /’„ very large) this slope is not only dependent on surface 
potential <^ s but also dependent on gate voltage Vg- This dependency on Vc may be replaced 
by that on <F P by introducing (8.61), giving 


A 

2\/*Ps 


i ± paVW - p) 


1 2 


(8.70) 


± - <F S ) 


Here again, <F P may be replaced by p + Vp. 

As done without polydepletion, this slope factor may be evaluated at the value of surface 
potential *P S that is best adapted to the mode of operation. 

In weak inversion, or close to it, it may be evaluated at s = <F P ; (8.70) then becomes 

A , 1 

" q ~~ " qW ~~ 2^p + 1 ± fj (AVP - QfcCox) ' (8 ' ?1) 

This variation of n qw with *F P is plotted in Figure 8.20 with the same numerical values as those 
of Figures 8.18 and 8.19. 

Condition (8.64) is used to identify the valid part of the curve (shown in thick line) for 
each value of Q tc . Notice that n q cannot be higher than its value for very large y„/y h , that is 
independent of Qf c as shown by (8.70). This shows that the charge slope factor n q is always 
decreased by polydepletion. 



Figure 8.20 Variation of slope factor » qw with pinch-off surface potential <Pp 
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For strong inversion, a better evaluation of n„ given by (8.70) may be at <A S = </ / 0 + Vp/2, 
resulting in 


ttq — 7tq S — 


r b 




1 ± ^(/bVWTVp - g) 


(8.72) 




8.4.6 Effect on Qj( VO, Currents, and Transconductances 

The continuous expression of V(Q i) (3.48) and its approximations (3.49) and (3.50) in weak 
and strong inversion remain valid if n is replaced by n q given by (8.70) in the normaliza¬ 
tion of Q[. Hence the specific charge (3.42) used for this normalization must be replaced 

b y 


Gspec = — 2n q UjC 0X , (8.73) 

The same remark applies to the normalized drain current and its forward and reverse com¬ 
ponents derived in Sections 4.4.1 and 4.4.6 provided that the specific current is redefined 
as 


/ spec = 2 n q pUl (8.74) 

In particular, results (4.25) and (4.39) and the corresponding characteristics in Figure 4.5 
remain unchanged. 

As explained in Chapter 5, the source transconductance G ms is proportional to the density 
Gis of mobile charge at the source (in normalized form, g ms = q s ). Symmetrically, the drain 
transconductance G m d is proportional to the density GiD of mobile charge at the drain (in nor¬ 
malized form, g m( j = q&). Therefore, all expressions of G ms ,d as functions of /f.r or Vp — Vs.d 
remain valid, provided n is replaced by n q . The specific conductance used for normalization 
becomes 


1/' spec — 2//q/)(/']'. 


(8.75) 


Now, since by definition (8.60) the slope of Vg(Vp) is n v . the gate transconductance is given 
by 


G 


m — 



(8.76) 


instead of (5.9). 

It can be pointed out that, since poly depletion reduces n q , it reduces G mSj d (except in 
weak inversion at a fixed current). Since it increases « v , G m is further reduced proportio¬ 
nally. 

The effect of polydepletion can be combined with that of mobility reduction by simply 
applying relations (8.73) to (8.76) in the analysis of Section 8.2. 
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8.4.7 Strong Inversion Approximation 

According to (3.50) and (8.73), the mobile charge in strong inversion can be approximated by 

-§ L = n q (V P -V). (8.77) 

^OX 

This approximation is illustrated in Figure 8.21. Assuming constant mobility (no mobility re¬ 
duction), the forward and reverse components of drain current as well as the various transcon¬ 
ductances are also shown on the curve. 

As discussed in Section 3.6.3, the surface potential can be assumed to be independent of the 
gate voltage and equal to </ / (l + V. The (equilibrium) threshold voltage Vto was defined as the 
value of the gate voltage for which the mobile charge density is zero at equilibrium (V = 0). 
Hence, according to (8.77), 

Vto = Vg(Vp = V = 0). (8.78) 

Now, since V P — if'p — tp 0 (3.66), then 

Vto = VqQPp = %) (8.79) 

or, from (8.61), 

^T0 = <Z>ms - 7^ + + r b y/Vo ± i ^ « (8.80) 

^ OX ■* g \ ^ ox J 

with the condition that the term in parentheses must be positive for an N-type gate and negative 
for a P-type gate. Otherwise no polydepletion occurs, corresponding to an infinite value of r g . 

The threshold Vto can also be found in Figure 8.18 as the value of Vq for <T P = TV As we 
can see, Vto is always increased by polydepletion in an N-type gate. For a P-type gate, it might 
be decreased, but only with very large positive values of fixed charge Qf c . 



Figure 8.21 Effect of polydepletion on strong inversion approximation 
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According to (8.60), « v is the slope of Vg(Fp). Furthermore, V’ r o = V G (Vp = 0) as expressed 
by (8.78). Therefore, the pinch-off voltage can be approximated by 


V P 


Vq — Vto 


(8.81) 


This approximation can be used to obtain Vp = iA P — <Ao, instead of (8.67), which was anyhow 
valid only for Q lc = 0. 

Introducing (8.81) into (8.77) provides a simple expression of Qi(Vc, V): 


Qi _ [V, g-Vto 

C ” q l n 

'-'OX \ n \ 



(8.82) 


Hence, a variation AVq of gate voltage results in a vertical shift —AVq< AVq of Q,/C\ tx ( V ) 
as depicted in Figure 8.21. This explains the value of gate transconductance in linear mode 

G m = '^P(V D - Vs)- (8.83) 

n v 


8.5 BAND GAP WIDENING 
8.5.1 Introduction 


In modern deep submicron processes, the oxide thickness is reduced to very small values, 
whereas the gate voltage is not reduced proportionally. The electric field at the silicon surface 
is therefore increased, and confined states originating from a quantum treatment can no longer 
be ignored. As a consequence, the highest allowed energy level for holes is slightly below the 
top of the valence band by an amount qA iA v , and the lowest allowed energy level for electrons 
is slightly above the bottom of the conduction band by an amount q A <A C . With this band gap 
widening effect, expression (3.5) of the concentration of electrons must be modified to [47,108] 


n p — n i 


exp 


<A - 0 F - V - A«A C 
Wv 


(8.84) 


In inversion, it can be assumed that A iA c is primarily a function of the effective vertical field 
at the silicon-oxide interface. Since this field is proportional to the charge in the silicon, A<A C 
can be expressed as [47] 


A4' c = A qm (-Q b -,,Q 1 ) 2 / 3 . 


(8.85) 


The physical constant A qm is given by 


A 


qm — 


1 ) 1/3 f 9 h ) 2/3 

2 m*qj V16e si y 


3.53 


Vm 4 / 3 

A2/3 s 2/3 ’ 


( 8 . 86 ) 


where h is the Planck’s constant and m* is the effective mass of the electron (equal to 98% of 
its free mass for <100> substrate orientation). 
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The constant i] accounts for the effective value of the surface field. Its value is typically 3/4, 
but it can be used as a fitting parameter. 

For a uniformly doped substrate, the depletion charge linearized around its value at </4 = <Ap 
is given by (3.54) and is not affected by possible polydepletion. It can further be related to the 
inverted charge by means of (3.39) (with n = n q to account for poly depletion), resulting in 

Q h = -nCoxV^ p - —-Qi, (8.87) 

n q 

where n is given by (3.34) and n q is given by (8.70). Introducing this expression of Qb(Qi) 
into (8.85) gives 


AV, = A 


qm 


nc ox ^ - 


1—77 


1 2/3 


+ r] (~Qi) 


( 8 . 88 ) 


or, with the normalized variables defined by (3.41), (3.43), and (8.73), 


A m C 2//3 r _ i 2 / 3 

He = q . m 1/ 3 X Kb\/v^+ (1 - n + 77«q)2<7i 


U- 


(8.89) 


which is plotted in Figure 8.22 for several values of the pinch-off potential, rj = 3/4, and 
77 q = n = /j w given by (3.68). 

As given by (8.88), is a nonlinear function of both and Q\. It can be linearized with 
respect to Q , around Q , = 0, giving 


AV c = A, 


qm 


(nc 0 


2/3 




2 / 
^^qm^ox (7/77q T 1 H) 


- 1/3 


■Qi 


, HqCo 


(8.90) 



Figure 8.22 Dependency of band gap widening Axj/ c on inverted charge q\, linear approximation in 
dotted line 
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or simply 

A*P C — A <A cP + 6 qm —■ (8.91) 

^qCox 

The comparison with (8.89) in Figure 8.22 shows that this linearization is an acceptable 
approximation. 


8.5.2 Extension of the General Charge-Voltage Expression 

According to (8.84), the effect of band gap widening on the electron concentration is corrected 
for by adding 6<A C to the channel voltage V. With the charge sheet approximation, the same 
correction can be introduced in expression (3.38) of 0i(<A s ), where the contribution of holes is 
neglected, and in equation (3.40) resulting from the linearization around <A S = <P P . Replacing 
n by « q to also account for polydepletion, the latter can hence be rewritten as 


-20 F -V = 2 -Q j(l + 5 qm ) ^ -6i(l + &qm) 

Ut 2n q UjC m 2n q UjC m 

+ ^+\n\ 2n ^ ( ~ Q ' +2 fe + —giZ) . 

U T [r b (l + b qm ) \C m r h VIh V Ut n q C m U T J 

(8.92) 

To obtain this form, (1 + 6 qm ) has been introduced in the numerator of the first logarithmic 
term and in the denominator of the second logarithmic term for compensation. 

The normalized charge q\ defined by (3.41) can then be introduced, with an extended 
definition of the specific charge 

Q spec = — 2« q f/TC ox /(l + 6qm), (8.93) 

which reduces to (8.73) if band gap widening is negligible [and to (3.42) if polydepletion is 
also negligible]. 

Equation (8.92) then becomes 


VT> — 2<p{ — v = 2q\ + In q\ + In 


2 n a 


( 2n q q, 


+ 2 \ / t/r p — 


2q\ 


(1 + h qm ) 


Yb(\ ^qm) “I” & qm) 

+ 


(8.94) 


It has been shown in Figure 3.10 that the second logarithmic term is practically independent 
of < 7 i. The terms in q\ can therefore be neglected, providing the simplified result 
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which is identical to (3.45) with an expression of voltage shift t; sh extended to include the effect 
of band gap broadening. 

The general charge-voltage expression (3.48) does therefore include quantum effects, pro¬ 
vided specific charge Q spcc (that is used to normalize mobile inverted charge Qf) is extended to 
(8.93), and u sh [that relates pinch-off voltage i; p to pinch-off potential f p according to (3.47)] 
is extended to 


t>sh = In - ln (l + Sqm)- (8.96) 

The correction term 5 qm is given by (8.90), and can be expressed by introducing definition 
(3.30) of the substrate modulation factor F h : 

Sqm = ^A qm C ox (?7fl q + 1 - «)(2(7€ si Af b ^ P ) _1/6 . (8.97) 

For a fixed doping concentration Nb, S qm is approximately proportional to C ox . Even though 
Nb is also increased while scaling-down the process features, the dependency on C ox dom¬ 
inates. Expression (8.97) is plotted in Figure 8.23 as a function of for n q — n — n„ (no 
polydepletion, evaluation of n at pinch-off) and for several combinations of values of /V h and 
C ox . 

As can be seen, 6 qm is a very weak function of ij/ p . It can therefore be considered constant and 
evaluated at a particular value of <Fp; for example, <Fp = 2<£p. It is also a very weak function 
of Nb- Indeed, for the whole set of values considered in Figure 8.23 and for <Fp > 0.7 V, 

^ = 10 to 20 m 2 /F = 10“ 2 to 2 x 10“ 2 |^m 2 /fF. (8.98) 

^ox 

For a given value of Vp — V, the inverted charge Q\ is reduced since Q spe c is reduced 
according to (8.93). 

Even for a very large value of C ox , 6 qm remains smaller than unity and can therefore be 
neglected in (8.96). Hence, the increase AV s h of V s [, due to band gap widening is reduced to 



Figure 8.23 Correction term 6 qm according to (8.97) 
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Figure 8.24 Contribution of band gap widening to voltage shift F s h 

/AV'cP defined in (8.90). Introducing definition (3.30) of /],. it can be expressed as 

Z\V sh = A<A cP = A qm (2qe si N b ^ P ) l/i , (8.99) 

which is independent ofC ox and depends only on the doping concentration N b and the pinch-off 
potential <Ap. It is represented in Figure 8.24 for various values of N b . It can be noticed that it 
still has a nonnegligible value even for the very low doping concentration N b =■ 10 15 cm -3 . 
Using nonnormalized variables, (8.96) then becomes 

V sh = U T In ^ + A V sh . (8.100) 

Although this increase of V' sh is proportional to (<Ap) 1 / 3 it may again be considered as a 
constant evaluated at some value of Pp, for example 2<2 >f- 

The effect of band gap widening is to increase the voltage shift V' s h, thereby increasing 
<A P — Vp and <Ao according to (3.66). Hence the threshold Vto defined by (3.58) is increased, 
and the pinch-off voltage Vp is decreased at constant 'Pp (or constant V’g). 


8.5.3 Extension of the General Current-Voltage Expression 


Due to quantum effects, the electric field experienced by the mobile carriers in the channel is 
no longer — d<A s /d.v but 


E x = 


d(V / s - AP C ) 

dx 


Expression (4.2) of the drain current must therefore be modified to 


/ 


/ D = p,W 


„ d^s-AVc) rj dQi 

— Ui--- r iVt —— 

ax dx 


\ 


V 


drift 


diffusion 


( 8 . 101 ) 


( 8 . 102 ) 


However, according to (8.84), the same correction must be included in the density of inverted 
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charge, so that (4.4) becomes 


d Qi = Qj. /d .(K-AVQ _ dV\ 
dv Uj \ dx d.r J' 


(8.103) 


which when introduced in (8.102) gives exactly (4.5). 

Hence, all the results derived in Chapter 4 remain valid , provided the value of V s h used in 
expression (3.66) of tf'o is increased by A V S h given by (8.99) [increasing thereby the value 
of Vto according to (3.58)], and the expression of the specific current defined by (4.14) is 
extended with that of the specific charge (8.93), giving 


I 


spec 


/x(/t 


W 

T 


( Q spec ) — 


2/Zq/xCox IV jji 
1 + 6 qm L T 


(8.104) 


which reduces to (8.74) if band gap widening is negligible [and to (4.14) if polydepletion is 
also negligible]. 

The same is true for all other results derived so far. 


8.6 GATE LEAKAGE CURRENT 

Silicon dioxide used to isolate the gate electrode from the channel is an excellent dielectric 
material. Due to its large band gap, its intrinsic leakage current is negligible as long as its 
thickness f ox is larger than 3 nm and the voltage V ox across it does not exceed a few volts. 

Increasing V ox may result in field-induced (Fowler-Nordheim) tunneling of carriers [109], 
even with larger values of r ox . This “high-voltage” leakage current is exploited to charge or 
discharge an isolated gate in EPROM [110] and E 2 PROM [111] nonvolatile memories. 

Now, when t ox is reduced below 3 nm in aggressively scaled-down processes, a gate leakage 
current starts to appear even at low V ox , as the result of direct tunneling of carriers through the 
oxide. 

For an N-channel transistor operated in inversion (<P S > 0), this intrinsic gate current consists 
of electrons tunneling from the inversion layer to the gate (holes for a P-channel transistor). 
The resulting current density can be expressed as [112,113] 

K g Vox 

Jg = — u„- (8.105) 

fox tox 

Practical values for constant Kq are [ 113] 3 x 10 5 A/V 2 for electrons and 4 x 10 5 A/V 2 for 
holes, and P tun is the tunneling probability. 

A suitable formulation of this probability, which covers both direct and Fowler-Nordheim 
tunneling, is given by [113] 


exp 


Ann — 


exp -- 


Eb tox 

’~Vo7 
E b^ox 


1 _ Vox 

Xb 


3/2' 


v o: 


for Vox < Xb (direct) 

(8.106) 

for Vo X > Xb (Fowler-Nordheim). 
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Oxide voltage V ox (V) 


Figure 8.25 Tunneling probability for t m = 2 nm 


where Xb is the oxide-channel voltage barrier and FJ B is a characteristic electric field. Their 
values for electrons and holes are given in Figure 8.25, which shows the corresponding plots of 
(8.106) for f ox = 2 nm. As can be seen, the probability of direct tunneling is a strong function 
of Vo X . Its dependency on f ox is even stronger, as illustrated in Figure 8.26 for two values of 
V ox . Indeed, for small values of V ox , P lun increases by about 12 orders of magnitude when t ox 
is reduced from 3 nm to 1 nm. 

Using normalized variables q\ — Q,/ <2spec, v ox = V ox /Uj, and § = x/L, the gate current 
is obtained by integrating (8.105) along the channel: 


Ig = / GO 



Vi *Tx TTinUox )d£. 


(8.107) 


with 


I go 


2n q K c U%WL 


(8.108) 


Since the very thin oxide is always associated with large substrate concentration, polysilicon 
depletion must be taken into account and n q is the charge slope factor given by (8.69) or (8.70). 
The voltage across the oxide can be obtained directly from (3.19) with (9si = Q b + Qi- 


Vn X — E„ x t nx — 


Q b + Q i + Qtc 

C nx 


(8.109) 



Oxide thickness f ox (nm) 


Figure 8.26 Probability of direct tunneling as a function of t ox 
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After normalization of Q, and Q tc to (? spec given by (8.73) and introduction of expression 
(3.29) of Qbi we obtain 


Vox = 2n q (qi + q fc ) + YbVWs, (8.110) 

where voltages are normalized according to (3.43). 

Now, with the charge-potential linearization introduced in Section 3.6, and using (3.66) 
and (3.48), 


lAs = iA P - 2<?i = ifro + f p - 2q { = f 0 + v + In*?;, (8.111) 

which when introduced in (8.110) finally yields 

Vox = 2n q ({/i + < 7 f c ) + Yb yVo + v + ln^j. (8.112) 

The argument of integral (8.107) is a complicated function of q\, which is itself a function 
of f in the general case, and no analytic solution can be found. For the particular case of 
v = v s = Va (equipotential channel), the situation is much simpler since all three terms inside 
the integral are constant and the integral is just their product: 


— = i 7 iU 0 x/ > tun (u 0X ) (for equipotential channel). (8.113) 

7go 

We shall assume that the gate current remains sufficiently small to have no effect on the 
potential. 

Using as a parameter, this product can be calculated to obtain lc,(qi), whereas (i; p — v jU/,) 
is given by (3.48). An example of the resulting plot of 7g(u p — v) is represented in Figure 8.27 



Control voltage v p - v = 



Figure 8.27 Gate leakage current for an equipotential channel (v = v s = Ud); the corresponding 
variation of forward current /p is also shown for comparison 
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Oxide thickness f ox (nm) 


Figure 8.28 Variation with oxide thickness of the relative gate current at IC = 1 (equipotential 
channel) 

for two values of (equipotential) channel voltage v. As can be seen, 7g(v p — v) is slightly 
dependent of the value of v, due to the presence of v in (8.112). 

For comparison, the forward current, 7p(v p — v), has been calculated from parameter (/,, 
using (4.19) and (8.74). It is also represented in Figure 8.27 after division by 10 7 to fit in 
the same scale. As can be seen, the gate current is approximately proportional to 7p in weak 
inversion, but it increases faster in strong inversion. 

Due to the very steep function P tun (tox), U:,/h is very strongly dependent on t m . In Fig¬ 
ure 8.28 the variation of this ratio is represented for 7p = 7 spec (inversion coefficient IC = 1), 
for which q ; = (V5 — l)/2 according to (4.24). The ratio 7q/7 f for a given value of inversion 
coefficient does not depend on the channel width, but it increases with the square of the channel 
length (since 7q oc L and 7p oc I / L). 

In weak inversion, < 7 i <$( 1 and i/r s = r/r p = + u p . Equation (8.110) then becomes 

fox = 2n q q ic + Yb \J ^o + V (8.114) 

Hence v ox and Aun are constant along the channel even ifv is not constant (v d ^ vj. In this case, 
the gate current is obtained by replacing q\ in (8.113) by its average value t/,- Since in weak inver¬ 
sion/d = —d< 7 ;/df according to (4.21), q, changes with a constant slope between its values q s at 
the source and q& at the drain (as long as the gate current remains a small perturbation, Iq <$C 7p), 
as illustrated in Figure 8.29. Thus, using (3.49), the average charge density can be expressed as 

«i= y(e-*+e- Wi ). (8.115) 


Qs 


Q\ 


T 

(i-9^K)d«<= 

=> 


0 Position along channel 1 


Figure 8.29 Weak inversion: profile of mobile charge and source-drain repartition of local gate 
current 
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The gate current in weak inversion is obtained by introducing (8.114), (8.115), and (8.106) 
into (8.113). The result for v d = v s = v is also plotted in Figure 8.27. In saturation (ii (1 i; s ), 

the gate current would be divided by 2. 

Since in weak inversion Vox is constant, the local density of gate current ,/c(f) injected in 
the channel is simply proportional to </;. Now, the two parts of the channel may be considered as 
separate transistors with normalized channel lengths f and 1 — According to the concept of 
pseudo-resistor introduced in Section 4.5.4, the elementary local contribution Jq(%) d£ of gate 
current splits proportionally to the inverse of the channel lengths (assuming constant width), 
as indicated in Figure 8.29. Hence the fraction of gate current flowing to the source is given by 


AjS _ Jot^sU — H) + <7d£](l — §)d§ _ 2q s + 
h (<?s + <7d)/2 3(q s + q d ) ’ 


or, by introducing (3.49) to express the charge densities from the corresponding voltages: 


/gs _ j _ /gd _ 1 + 2 exp (u d - v s ) 
I G /g 3[1 + exp(i>d — u s )] 


(8.117) 


This result is plotted in Figure 8.30. The gate current splits evenly to source and drain for 
i’ ( i = v s to reach ratios 2/3 and 1/3 in saturation. 

As was pointed out before, the calculation of the gate current in moderate and strong 
inversion is much more complicated for i’ d ^ v s because v m and P tun are then variable along 
the channel. No exact analytical solution can be found, but approximations show that the overall 
gate current !q does not change much with v d [113]. Its source-drain repartition saturates for 
!’d > Up to a value of las/fc, that increases with u p . 

Since the gate current depends on the pinch-off voltage, it creates a dc gate conductance 


G 


g — 


j_ d^c 

« v dV P ’ 


(8.118) 


which is split into a gate-to-source conductance G gs and a gate-to-drain conductance G g d 
proportionally to the splitting of current. We have seen that, in weak inversion, the gate current 
is approximately proportional to the drain current; hence, G g = la/(nU\ ). In strong inversion 
Gg/Ia decreases, but not as fast as the gate transconductance. 



Figure 8.30 


Source-drain repartition of gate current in weak inversion 
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The gate current also exhibits shot noise of spectral density 2c/Ic [114]. Its contribution 
may dominate at low frequencies, when the gate noise induced from the channel becomes 
negligible. 

In addition to the gate to channel current discussed above, tunneling also produces a current 
in the small areas where the gate overlaps the source and drain diffusions. This component of 
gate leakage may dominate for short channel lengths or for large drain voltages [112,113], 



9 Short-Channel Effects 


In the previous chapters, the channel was assumed to be long, allowing for a one-dimensional 
analysis using the gradual channel approximation. This chapter is devoted to the effects appear¬ 
ing when reducing the length of the transistor to dimensions that get close to the depletion width. 
In such a situation, the one-dimensional approach is no longer valid and a two-dimensional 
analysis is required. Furthermore, since the terminal voltages are not scaled-down proportion¬ 
ally to the device length reduction, the longitudinal electric field increases beyond a certain 
critical field above which the carrier velocity starts to saturate. This velocity saturation (VS) 
effect is presented in Section 9.1 using different velocity-field relations. Another short-channel 
effect that strongly limits the performance (particularly the voltage gain) of analog circuits is 
the channel length modulation (CLM) described in Section 9.2. When the device length gets 
small the surface potential in the channel region is no longer defined uniquely by the vertical 
field, but becomes influenced by the drain (or source) voltage. This effect is called the drain- 
induced barrier lowering (DIBL) and is presented in Section 9.3. A pseudo two-dimensional 
analysis is used for CLM and DIBL to derive analytical expressions for the channel length 
reduction and the surface potential. Short-channel effects such as VS and CLM not only impact 
the current, but also impact the thermal noise. A short-channel thermal noise model including 
the effects of VS, CLM, but also carrier heating and mobility reduction due to the vertical field 
is presented in Section 9.4. 


9.1 VELOCITY SATURATION 

An important effect that appears when the longitudinal electric field E x within the device starts 
to become large is the saturation of the drift velocity. The drift velocity i) c | n ft of electrons and 
holes in bulk silicon is plotted versus E x in Figure 9.1. At low longitudinal electric field, the 
velocity is proportional to the electric field with a proportionality factor equal to the mobility 
ji z at low longitudinal field. When E x approaches the critical field E c , the velocity starts to 
saturate towards a maximum value u sat . The shape of the velocity-field relation in silicon is 
slightly different for electrons and holes. Typical values for E c and i> sat at room temperature 
for electrons and holes are given in Table 9.1. The critical field E c is related to the saturated 


Charge-Based MOS Transistor Modeling: The EKV Model for Low-Power and RFIC Design C. Enz and E. Vittoz 
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Figure 9.1 Drift velocity in silicon for electrons and holes versus electric field 


drift velocity and the mobility at low longitudinal field by 

£ c = —. (9.1) 

AH 

As shown in Figure 9.2(a) and discussed in Section 8.2, the mobility at low longitudinal field 
H z actually depends on the vertical field E z . The larger the vertical field, the smaller fi z and 
the larger the critical field, since it sat is constant for a given type of silicon. More generally, any 
factor reducing the low longitudinal field mobility /x z , pushes the limit of velocity saturation 
to higher values of the longitudinal field. 

Two other mobilities can be defined as illustrated in Figure 9.2(b). The effective mobility 
/x e ff combining the effects of reduction due to the vertical field and VS and defined as 


A Adrift 


(9.2) 


/x e ff is also called the cord mobility, since it actually corresponds to the secant between the 
origin and the operating point v(E x ), as shown in Figure 9.2(b). Another mobility that will be 
used in Section 9.4 is the differential mobility defined as 


Hdiff 


A 


dUdrift 

~dE7' 


(9.3) 


Different velocity-field models will be considered below in order to analyze the effect of 
velocity saturation on the drain current and on the transconductances. 


Table 9.1 Typical values of the saturated drift velocity and 
the critical field for bulk silicon at room temperature [67] 



^sat 

E c 

Electrons 

Holes 

10 5 m/s 

8 x 10 4 m/s 

1 V/pm 
3 V/pm 
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Figure 9.2 (a) Dependence of the mobility /x ; at low longitudinal field with the vertical field E z . (b) 
Illustration of the different mobilities 
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The main advantage of this model is obviously its simplicity, allowing to get a first under¬ 
standing of the physical phenomenon. But on the other hand, it has discontinuous derivatives 
at e = 1 that may induce a bad behavior of the model. 

9.1.1.2 Model 2 

A continuous model also accounting for the difference between the velocity-field characteristics 
of electrons and holes as illustrated in Figure 9.1 is defined by 

a? \ _ I£*l/ £ c _ __ I E x I /n m 

^drift(-^x) — ^sat 1 — l^z 1 •> (9*9) 

[i+(%*)? [>+(%*)"]■' 

where a — 2 for electrons and a = 1 for holes. Equation (9.9) can be written in a normalized 
form as 


, , A Adrift e , n , n . 

v(e)= -=-T- (9.10) 

t^sat (1 + e“ ) “ 

Note that this continuous model has been used in many compact models with the approximation 
that a is equal to unity for both holes and electrons. For the sake of simplicity, we will also 
make the same assumption in the following development. 

The effective mobility is then given by 


, t? \ A Adrift 
Meff(E) r) — 777“r — 




\E X \ 1 + | E x \/E c ’ 
which can also be written in normalized form as 


, , A Fcff i 

u(e) = -= 


fiz 1 + e 


(9.11) 


(9.12) 


9.1.1.3 Model 3 


Although the continuous velocity-field model given by (9.9) and (9.10) insures the continuity 
of the current and the output conductance versus the drain voltage, it requires the electric field 
to become infinity at the drain for the velocity and hence the current to saturate, which is not 
physical. Another velocity-field model that will also be used subsequently in Section 9.2 for 
the derivation of the CLM model is given by 


l’drift(Ev) = 


^sat 


\E X \/E C 
l + \E x \/(2E c ) 


^sat 


for | E x | <2 E c 
for I E x | > 2 E c , 


or in normalized form 


v(e) = 


Adrift 

1+L 


1 +e/2 

1 


fore <2 
fore > 2. 


(9.13) 


(9.14) 
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e = I E x I / E c 

Figure 9.3 The different velocity-field models 


The corresponding effective mobility-field model is then given by 

- for | E r | < 2E C 


, T? A ^drift 

Meff {E x ) — . . — 

\E r \ 



for | E y | > 2 E c 


or in normalized form 


u(e) = 


Meff 

/A- 


1 

l + e/2 

1 

e 


fore < 2 
fore > 2. 


(9.15) 


(9.16) 


This last model does not require the field to become infinity for the velocity to saturate. 
Actually, the velocity saturates at £ sat = 2 E c . This allows to define a point in the channel where 
the field becomes equal to twice the critical field E c and where the carrier velocity saturates. 
The channel can then be split into a nonvelocity saturation region on the direction from that 
point toward the source and a VS region on the direction from that point toward the drain where 
the velocity is equal to i> sa t. The length of this VS region will then be used in the CLM model. 

The three velocity-field models presented above are plotted in Figure 9.3. Note that the 
approximation defined in (9.13) (corresponding to Model 3) is closer to the velocity-field 
model of electrons given by (9.9) with a — 2. Also note that the shape of the velocity-field 
curve will strongly affect the current and output conductance versus drain voltage. All three 
velocity-field models will be used hereafter to evaluate the effect of velocity saturation on the 
profile of the inversion charge, the drain current, and the transconductances. 


9.1.2 Effect of VS on the Drain Current 

In weak inversion the current is carried by diffusion only and the surface potential gradient 
along the channel is zero and therefore the longitudinal electric field is null. Velocity saturation 
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Table 9.2 Typical values of the VS parameter X c 


L 

1 pm 

0.5 pm 

0.17 pm 

0.1 pm 

K 

0.05 

0.1 

0.3 

0.5 


can therefore be neglected in weak inversion. Although a complete model including both the 
diffusion component and drift component including the effect of velocity saturation can be 
derived, in the following derivation, the diffusion current is neglected for the sake of simplicity. 
Note that this does not introduce a significant error in strong inversion. 

The drift component of the drain current is proportional to the velocity and can be written 
as 


Id = W(-Qi)v drift = W(-Qi)n eS \E x \ = W(-Q i)/x e ff 


d^s 

dx 


(9.17) 


or using the normalized variables defined above 

v ue diA'c 

*d = 2<7i— = 2qi— = uqi —, (9.18) 

k c A. c df 

where the normalized variables id, q \, lA, and f have their usual meaning. The parameter X c 
accounts for the VS effect and depends on the transistor length L according to 


_a 2/ij U r _ 2 Ur 

l 'sat i- E C L 


(9.19) 


Note that X c tends to zero for very long-channel devices. Setting it to zero corresponds to ignore 
the effect of VS. Typical values of /. c for different channel lengths are given in Table 9.2. 

As discussed in Section 3.6.1 and according to (3.39), the inversion charge can be linearized 
with respect to 'P s giving a relation between the surface potential gradient and the inversion 
charge gradient 


d^ s _ 1 dQj 

dx nC ox dr 


or in normalized form 


df s _ dcjj 

^ ~ dT 


Replacing (9.21) into (9.18) results in 


id = —2ucji 


dqi 

w 


(9.20) 


(9.21) 


(9.22) 


The main difference between (9.22) and the long-channel model (4.21) (in strong inversion) 
discussed in Section 4.4.1 is the field-dependent mobility term u which depends on the chosen 
velocity-field model. 
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The inversion charge density at the drain — Q ; D (or its normalized form q,\ ) plays a particular 
role in the presence of VS. When the drift velocity saturates right at the drain, v = 1 at £ = 1. 
The drain current cannot increase anymore and is then limited to the saturation value ; d sat given 
by (9.18) evaluated at £ = 1 with v — 1 and q x — gasad 

a 2 

Li sat — . q<i sat > (9.23) 

A c 

where (/dsat is the value of the inversion charge density at the drain which is required to sustain 
the drain current when carrier velocity is saturated at the drain. The main difference compared 
to the long-channel situation is that the charge density at the drain does not vanish to zero as 
it does at the onset of saturation for long-channel devices when v d — v p , but it has to be finite 
in order for the current to flow despite the saturated velocity. To account for this saturation 
of the drain charge, the normalized drain charge in strong inversion given by (3.50) has to be 
modified according to 


qd = 



qd sat 


for Vd < Vd sat 


for V d > V dsat , 


(9.24) 


where the drain saturation voltage v dS at is the value of the drain voltage at which the current 
and the drain charge saturate. It is obtained by replacing cjd and v d in qd — (v p — v d )/2 by ^dsat 
and Vdsat respectively, resulting in 


Wsat — u p 2<y d S at. (9.25) 

Note that, due to VS, v dS at is always smaller than the pinch-off voltage v p corresponding to 
the saturation voltage when velocity saturation is not present. 

9.1.2.1 Model 1 

In a hist step, the simple piecewise linear velocity-held model given by (9.5) will be used to 
derive the current. The latter is obtained by integrating (9.18) or (9.22) from source to drain, 
assuming that the drain voltage is sufficiently low for the longitudinal electric held to remain 
smaller than the critical held at any point along the channel. The carrier velocity is then not 
saturated along the channel and hence v — e and u = 1, resulting in 

id = ql ~ qj’ (9.26) 

where q s is the inversion charge density taken at the source, which in strong inversion and 
assuming there is no velocity saturation at the source is related to the source voltage according 
to 


q s 4 q x (H = 0) = 


Up v s 


2 


(9.27) 


and qd is the inversion charge density taken at the drain and given by (9.24). 
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To ensure current continuity, from (9.26), the drain current in saturation can also be written 
as 


_ 2 2 

hi sat d/s d/d sat* 


(9.28) 


If there was no VS, like in the long-channel case, the drain current would saturate as soon 
as qd — 0 which occurs when i'j = u p . When VS is present, the drain current saturates as soon 
as cjd reaches gdsat, which occurs when i>d becomes equal to i>d sa t- 

The saturation current r'd sat, saturation drain charge density ijdsat. and saturation voltage 
i>dsat are depending on the source charge density </ s . They can be expressed in terms of q s by 
solving equations (9.23), (9.28), and (9.25) for <?dsat> t’dsat, and Udsat. resulting in 


d/d sat 


? dsat 


d'd sat 


yfi + (Kq,) 2 ~ 1 

7 d/d sat = 777/" [" \J 1 ~F C^-cd/s) 2 1 


o _ 2 r 

-^Zdsat — . 


n/1 + (A-c^s) 2 - 1 


(9.29a) 

(9.29b) 

(9.29c) 


The drain saturation voltage is plotted versus the pinch-off voltage in Figure 9.4(a), which 
shows that t>d S at can be substantially smaller than u p . 

The drain current including VS is plotted versus t; ( | in Figure 9.4(b) together with the 
current which does not include the effect of VS. For i>d < fdsat- the drain current follows the 
current that does not include VS up to i>d S at, above which it saturates to the value /'d sa i given 
by (9.29b). The output conductance obtained with this model is clearly discontinuous due to 
the discontinuity of the derivative of the velocity-field relation given by (9.5). A continuous 
model will be derived below (Model 2). 

The profile of the inversion charge density can be obtained by integrating (9.18) or (9.22) 
with u = 1 from the source to a point x along the channel. This leads to 


= q; - q ; 2 . 


(9.30) 



Figure 9.4 (a) Drain saturation voltage versus pinch-off voltage for Model 1 with X c = 0, 0.01,0.1. 
(b) Drain current versus drain voltage for Model 1 with X c = 0.05 
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Figure 9.5 Inversion charge density versus position along the channel for Model 1; (a) for u p — v s = 
200 (q s = 100), Dp — Ud = 200, 160, 40, and X c = 0.01; (b) for u p — v s = 200, = u p and X c = 0, 

0 . 01 , 0.1 


which can be solved for q ^, resulting in 

qm =^/qi- id?, (9.31) 

where ;'d accounts for VS with q^ given by (9.24). 

As Figure 9.5 shows, the profile of the inversion charge along the channel is affected by the 
VS occurring right at the drain. Indeed, the inversion charge at the drain cannot decrease down 
to zero, but remains clamped at < 5 ^ sat when Ud gets larger than Ud sa t- The higher the product X c q s , 
the stronger the effect. Figure 9.5(a) shows the inversion charge profile for different values of 
Up — Ud and for X c = 0.01. When u p — Ud = u p — u s = 200(orua = u s ), the lateral field is zero 
and the profile is not affected by VS and hence remains uniform from source to drain. When 
Ud increases but remains smaller than Ud sa t (for example, the curve labeled u p — Ud = 160 
in Figure 9.5(a)), the profile decreases at the drain like in the long-channel case. As soon 
as Ud becomes larger then Udsat, th e charge at the drain cannot decrease anymore and remains 
clamped to <y ( | sll t- In saturation, i.e., for Ud > Ud sa t the actual charge at the drain is no longer set by 
Up — Ud, but by the current id sat which has to flow even though the carrier velocity is saturated 
close to the drain. Figure 9.5(b) shows the inversion charge profile in saturation (obtained by 
setting Ud = u p > Ud sa t) f° r different values of /. c and for a constant value of q s . Increasing 
X c increases q,\ sa t which tends to q s making the profile become almost uniform from source 
to drain, even though the transistor is in saturation. This situation is somehow similar to what 
happens when Ud = u s , but with the difference that the current is equal to the saturation current 
z'ds a t> which depends only on q s as stated by (9.29b). 

Knowing the inversion charge profile allows to also get the longitudinal electric field. Indeed, 
setting u = 1 in (9.18) and solving for e, we get 


eiM) = 


A. c /d 

2qi 


Xcid 


(9.32) 


In strong VS condition, i.e., for X c q s Xi> 1, the saturation current given by (9.29b) 
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reduces to 



Up Us 


(9.33) 


which after denormalization simplifies to 

Wt = WUsad-gis) = llWC ox V s at (Vp - V S ) 
= WC ox U sa t(V G - V T o - nV s ). 


(9.34) 


Equation (9.34) shows that when the channel is under strong VS conditions, the drain current 
in saturation does not depend on the channel length anymore and varies linearly instead of 
quadratically with respect to the overdrive voltage. This can be explained by the fact that in 
such condition on one hand the inversion charge becomes almost uniform along the channel 
from source to drain and equal to the value taken at the source and on the other hand that 
the carriers are moving at their maximum velocity which is constant along the channel. The 
charge moving from source to drain per unit time corresponding to the drain current is therefore 
constant and independent of the channel length L for a given W and Vp — Vs • 

9.1.2.2 Model 2 

The discontinuity problem inherent to the simple piecewise linear velocity-field model of (9.4) 
or (9.5) can be avoided by using the continuous velocity-field model given by (9.9) or (9.10) 
with a — 1. The longitudinal field E x can be expressed in terms of the inversion charge density 
gradient by using (9.20) 


I Erl = 


d«E s 


1 d<2; 


d.r «C ox d;t 


or in a normalized form 


A 

e = 


Ut di/f s _ 2 U T dcjj _ dcjj 
E q L d§ ~~ E C L df _ c df ' 


E c E C L d§ E C L df 
The normalized velocity and mobility can then be written as 


^ ^drift 
^sat 


A Meff 
U = - 




} d< ?i 

~ Ac df 

1 ) d< ?i ' 

1 A c df 


i_i * 

1 Ac d^ 


(9.35) 


(9.36) 


(9.37a) 

(9.37b) 


Replacing v in (9.18) by (9.37a) or equivalently u in (9.22) by (9.37b) results in 

-2qi dqi 


>d = 


l-icf d« 


(9.38) 
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Rearranging (9.38) leads to 

Aq\ 

id — (“Vi X c i d ) , ~7 ■ 

Integrating (9.39) from source (where § = 0 and q t = q s ) to drain (where £ = 
leads to 


id 



i i-cid ) d£/| 



ris 

Iqidqi - k c i d / dg; 

Jqa 


q ; - Vd - ^-c ; d(Vs - Vd)- 


(9.39) 


and = q d ) 


(9.40) 


Solving (9.40) for id results in the current expression accounting for VS using the continuous 
velocity-field model (Model 2): 


id = 


2 2 
97 ~ Vd 

1 + X c (q s - Vd) 


(9.41) 


The drain current given by (9.41) is plotted in Figure 9.6(b) and compared to the current with¬ 
out any VS effect. Note that the drain charge density q d in (9.41) should be taken equal to (9.24) 
to account for the saturation of q d to ^r d sat when t> d > t> dS at- If Vd is taken equal to (u p — i>d)/2 
instead (without accounting for the saturation), the current reaches a maximum at i> d = u ds at 
and then decreases as shown by the dashed line in Figure 9.6(b). Now, the current cannot actu¬ 
ally decrease, but must saturate to i dsat for i> d > t'd sa t- The charge at the drain must also saturate 
to < 7 d = Vdsat for fa > I'd sat- Also note that at the onset of saturation, the electric field right at 
the drain has to tend to infinity in order for the velocity to tend to the saturation velocity i) sat . 

The saturation current is obtained by replacing i d and q d in (9.41) by ?d sat and Vdsat, respec¬ 
tively, resulting in 


Ll sat 


q s 2 - viat 


1 + k c (^ s Vdsat) 


(9.42) 



(a) 



Figure 9.6 (a) Drain saturation voltage versus pinch-off voltage for Model 2 with k c = 0, 0.01, 0.1. 
(b) Drain current versus drain voltage for Model 2 with X c = 0.05 
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Equations (9.23), (9.42), and (9.25) can then be solved for <7dsat> id sat, and r’dsat, resulting in 


9dsat — — + X c q s — \J 1 + ~X c q s ^j , (9.43a) 

idsat — ~^/dsat — ^1 “F A. c t^ s \j 1 “F 2A c £/ S ^ , (9.43b) 

^dsat — 2(^dsat = ~ ^1 “F A c t^s \/1 ~F 2A C </ S ^. (9.43c) 


The drain saturation voltage given by (9.43c) is plotted versus the pinch-off voltage in 
Figure 9.6(a) for two different values of A c . It clearly shows the reduction of the saturation 
voltage with respect to the pinch-off voltage, due to VS. 

The profile of the inversion charge along the channel is obtained by integrating (9.39) from 
the source, where q\ = q s , to a point in the channel, resulting in 


Solving (9.44) for <y, results in 


*d£ — 


2 2 
9s - 9i 


1 + X c (q s - qi) 


9i(l) = 



(9.44) 


(9.45) 


where the current id is given by (9.41). Equation (9.45) is plotted in Figure 9.7(a) for different 
valuesofiip — i>d and in saturation (i.e., for Dd > i>d S at)fordifferentvaluesof,A. c inFigure9.7(b). 
The longitudinal electrical field is obtained by solving (9.18) and (9.12), resulting in 


«(£) = 


■Md 

2<?i(§) - A c i d 


(9.46) 




Figure 9.7 Inversion charge density versus position along the channel for Model 2: (a) for u p — v s = 
200 ( q s = 100), iip — Vd = 200, 160, 40, and X c = 0.01; (b) for v p — v s = 200, Vd = v p and X c = 
0 , 0 . 01 , 0.1 
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9.1.2.3 Model 3 


Finally, the effect on the drain current can also be evaluated for the velocity-field model given 
by (9.13) or its normalized form (9.14). The drain current can be derived in a similar way than 
for the Model 2 described above, resulting in 


for r>d < Ddsat, whereas 


(d = 


2 2 

Ts ~ Td 


1 + ~ Vd) 


— Msat : 




^dsat 


1 “I" j (#s ^dsat) 


(9.47) 


(9.48) 


for Vd > ^d sa t. 

Equations (9.23), (9.48), and (9.25) can then be solved for gdsat, *dsat and i>d S at> resulting in 


<7dsat — 


^ a 2 
2 

1 + ¥Vs 


*dsat — . ^dsat : 
An 


1 + 


tV sat — ttp 2^dsat — ttp 




1 + yVs 


(9.49a) 

(9.49b) 

(9.49c) 


The drain saturation voltage i>d sa t for Model 3 given by (9.49c) and the drain saturation 
current for Model 3 given by (9.49b) are plotted in Figures 9.8(a) and 9.8(b), respectively. 

The profile of the inversion charge for Model 3 is obtained in a similar way than for Model 
2, resulting in 


<7i(§) = 




(9.50) 



Figure9.8 (a) Drain saturation voltage versus pinch-off voltage for Model 3 with X c = 0, 0.01, 0.1. 
(b) Drain current versus drain voltage for Model 3 with X c = 0.05 
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Figure 9.9 Inversion charge density versus position along the channel for Model 3: (a) for i> p — v s = 
200 (q s = 100), v p — va = 200, 160, 40, and X c = 0.01; (b) for u p — v s = 200, u d = v p and X c = 0, 
0 . 01 , 0.1 


where i d is given by (9.47). The inversion charge profile for Model 3 given by (9.50) is plotted 
in Figure 9.9. 

The longitudinal electrical field is obtained by solving (9.18) and (9.16), resulting in 


«($) = 


2A. c / d 

4<?i(§) - Kid 


(9.51) 


9.1.2.4 Model comparison 

The drain saturation voltages for the three different velocity-field models are plotted versus 
the pinch-off voltage in Figure 9.10(a). The piecewise linear model (Model 1) predicts the 
smallest saturation voltage, the continuous model (Model 2) the highest, and the third model 
is in between. 

The drain currents using the three different velocity-field models are plotted in Fig¬ 
ure 9.10(b). The piecewise linear model (Model 1) gives the highest saturation current, the 
continuous model (Model 2) gives the smallest, whereas the third model again lies in between. 
Again note that the CLM effect has not been accounted for and hence the currents remain 
constant in saturation. The CLM effect will be analyzed in Section 9.2. 

The inversion charge profiles in saturation for the three different models are plotted in 
Figure 9.11(a). The three models look very similar, starting at q s = 100 on the source and 
decreasing to the value of g dsat at the drain. 

Finally, the longitudinal normalized electric field profiles in saturation are plotted for the 
three velocity-field models in Figure 9.11(b). For Model 1, the field reaches the critical field 
right at the drain. For Model 2, the field becomes infinity at the drain in order for the velocity 
to saturate. Finally, for Model 3, the field reaches twice the critical field at the drain, which for 
this model is the value at which the velocity saturates. 
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Figure 9.10 Comparison of the drain saturation voltages and of the drain saturation currents for the 
three velocity-field models for X c = 0.05 




Figure 9.11 Comparison of the inversion charge and longitudinal field profile in saturation for the 
three velocity-field models 


9.1.3 Effect of VS on the Transconductances 


The transconductances are defined by (5.2). The normalized transconductances can be written 
as 


&ms 


£md 


<?m 


_a ^ms _ 9i'd dq s 

^spec 0^/s 0U S 

A ^md 9i'd 9i"d 

^ spec 5i> d 3</ d 3t>d ’ 

A Cm 3i'd 3t'd 3Up 1 3t'd 

G spec 3l>g 3u p 3u g tZ 3Up 

_ ^ 3fd 3Vs _l_ 3*d 3gd \ 

3<? s 3 u p 3z/ d 9u p / 


(9.52a) 

(9.52b) 


n 


(9.52c) 
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where G spec is defined as 

G spec = (9.53) 

Uj 

From (9.27) and (9.24), below saturation the partial derivatives of q s and qa with respect to 
v s and uj respectively are given by 


9gs _ 1 

dv s 2’ 

dgd _ 1 

3r>d 2’ 


(9.54a) 

(9.54b) 


and therefore the normalized transconductances in strong inversion are simply given by 


gms 


gmd — 


1 did 

2 dq s ’ 

1 3;' d 


2 3 q A 


(9.55a) 

(9.55b) 


Note that the general relation (5.9) between G m , G ms , and G m d still holds, even though due 
to VS. the drain current cannot be split into a forward and reverse component that depend only 
on i> p — v s and i> p — i>d, respectively. But as long as the source and drain charges q s and q^ 
depend only on the differences u p — v s and i; p — i>d respectively, the derivatives of the charges 
with respect to the pinch-off voltage are then given by 


3 q s _ dq s _ l 

dv p dv s 2 

dqd _ _dqa _ [ 

3i> p 3i>d 2' 


(9.56a) 

(9.56b) 


where (9.54) has been used. It can then be shown from (9.52c), (9.55), and (9.56) that the gate 
transconductance is given by 


gms gmd 

gm — 

n 


even when VS occurs. In saturation, g m( j = 0 and hence (9.57) reduces to 


_ gms sat 

gmsat — 

n 


(9.57) 


(9.58) 


9.1.3.1 Model 1 

With the piecewise linear velocity-field model, (9.55a) and (9.55b), for rj < fdsat, are then 
simply given by the long-channel values 


gms — Qs>i 
gmd — <7d • 


(9.59a) 

(9.59b) 
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In saturation, i.e., for t> d > n dsat , neglecting the effect of CLM, the drain current is clamped 
and held constant with respect to i>d to the value i dsat . The drain transconductance G md is 
therefore zero in saturation. The normalized source transconductance in saturation g mssat is 
obtained by differentiation of (9.29b), resulting in 


ilms sat — 


9 Id sat 

dv s 


1 9 id sat 

2 dq s 


Vs 

\/l + C^-cVs) 2 


(9.60) 


Due to VS, the simple piecewise model shows that the source transconductance is lowered 
by \J 1 + {X c q s ) 2 compared to the value without VS. As mentioned above in the case of strong 
VS conditions, the saturation drain current becomes linear with q s and Vp — Vs, resulting in a 
constant value of the saturation transconductance g ms sat inversely proportional to X c 


1 

<?mssat — T 
A c 


^satC 

2/Z z £/t 


for A c ^s > 1, 


(9.61) 


or in denormalized form 


C ms sat — 6/ spec ’ <?mssat — 


• spec 


— • C 0 x ' W ' ^sat* 


(9.62) 


The transconductance-to-current ratio in saturation can be derived from (9.60) and (9.29b) 
as 


£ms sat 
*dsat 


K<is 


1 + (X c q s ) 2 — \J 1 + (X c q s ) 2 


For X c q s 1, (9.63) reduces to 

Him sal I 1 

id sat 2(/ s A c f’d sal 


(9.63) 


(9.64) 


which decreases inversely proportional to id sat instead of Vidsat as it would when VS is not 
present. 


9.1.3.2 Model 2 

The normalized source, drain, and gate transconductances for r>d < z^d sat in the case of the 
continuous velocity-field model (9.9) or (9.10) are given by 


Vs + T<Vs - Vd) _ 


+ ¥(Vd - v s y 


8ms [l + * c (Vs-Vd)] 2 + 

Vd - k(q s - Vd) 2 ^ - £(w d - v s ) 2 


8md — 


£m — 


[ 1 + X c (q s - q d )] 2 [1 + ±f(v d - v s )] 2 ’ 

Vs ~ Vd 1 V d - V s 1 


1 + X c (q s - q d ) 


2 n 1 + (f (v d - v s ) 


(9.65a) 

(9.65b) 

(9.65c) 
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Similar to Model 1, in saturation, the drain current i^sat is clamped to a constant value with 
respect to i>d corresponding to its maximum value taken at uj = sat and remains constant 
for v d > i’d sat- The drain transconductance G mc j is therefore zero and the normalized source 
transconductance in saturation g mssat becomes 


kins sat 


A 


^ id sat 

dv s 


1 9id sat 

2 dq s 


1 

X c 



1 

VI ~F 2 X c q s 


_ 2qs _^ 

1 + 2X c q s + -y/1 + 2X c q s X c 


for q s » 1, 


(9.66) 


which can be approximated by 


t?ms sat — 


1 + \X c q s 


(9.67) 


As mentioned above for X c q s ^> 1, g ms sat saturates to a constant value 1 //, c . The normalized 
gate transconductance is then simply given by (9.58). 

The transconductance-over-current ratio in saturation is then given from (9.43b) and (9.66) 
as 


,?ms sat 
Msat 


_kc_ _ J_ 

1 4“ 2X^q s \j 1 + 2X c q& 2q$ 


1 

^•c id sat 


for q s » 1, 


which has the same asymptote than for Model 1. 


(9.68) 


9.1.3.3 Model 3 


The normalized source and drain transconductances for the third velocity-field model (9.13) 
or (9.14) and for i>d < i>d S at are given by 


qs + ^f(<?s - q& ) 2 _ Vjl y 1 + te( v d — v s ) 2 

[l + ^fe-tZd)] 2 “ [l + ^(Ud-l>s)] 2 ’ 

gd - fr(gs - qd) 2 = ^ - fg(i J d - v*) 2 

[l + ^(q s -qd )] 2 [l + ^(u d -u s )] 2 ' 

qs - qd _1__ Vd - Vs _1_ 

n 1 + ^f(q s - q A ) 2« 1 + ^(u d - v s ) 


(9.69a) 

(9.69b) 

(9.69c) 


As for Models 1 and 2, in saturation, the drain current is constant with respect to t>d and 
hence the drain transconductance is zero. The source transconductance is then obtained by 
differentiating (9.49b), resulting in 


A ^idsat 1 9?'dsat *7s (l ~F 4 qs) ^ 1 

9v s 2 a q s (J + k ?s ) 2 ~~ Ac 


for q s » 1. 


(9.70) 
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The transconductance-over-current ratio in saturation is then given from (9.49b) and (9.70) 


1 + “fVs ~ 1 1 

Vs 0 + 2g s X c ;' ds 


for q s » 1. 


9.1.3.4 Model comparison 

The normalized source transconductances in saturation for the three models are plotted versus 
the normalized pinch-off voltage in Figure 9.12(a) for X c = 0.1. As mentioned at the end of 
Section 9.1.2.1, the drain current in saturation becomes linear instead of quadratic with respect 
to the overdrive voltage Vp — Vs (c.f. equation (9.34) and hence the source transconductance 
in saturation saturates to a constant value equal to 1/X C as soon as velocity saturates. 

The degradation of the source transconductance due to VS can be evaluated by defining the 
ratio of the source transconductance in saturation to the source transconductance in saturation 
without the effect of VS (which actually is simply equal to q s ) 

A Tins sal gmssat ... 

Xms sat = -;- = -• (9.72) 

t ?mssatU c= o Vs 

For the first piecewise linear model (Model 1), the degradation is given by 


Xms sat — 


'1-KA.c?,) 2 ’ 


whereas for the continuous model (Model 2), it is given by 


Xms sat — 


1 + 2 X c q s + ^/1 + 2 X c q s 


1 T ^X c q$ 1 T ^X c (Up Us) 



Figure 9.12 (a) Source transconductance and (b) source transconductance degradation versus the 
pinch-off voltage for the three velocity-field models 
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The transconductance degradation function for the third velocity-field model is given by 


Xmssat — 


1 + 

(! + y?s) 


(9.75) 


Figure 9.12(b) illustrates the degradation of the source transconductance in saturation due to 
VS with respect to the pinch-off voltage for the three velocity-field models. They all show quite 
a dramatic impact of VS on the transconductance. As an example, for a channel length L = 
0.1 pm, corresponding to a c = 0.5, the reduction can be larger than a factor 10 for a pinch-off 
voltage of about 1 V (corresponding to v p = 40 and q s = 20). This obviously has a significant 
impact on power consumption for a given cutoff frequency. As explained in Section 9.4, it also 
has an important impact on the thermal noise. 


9.2 CHANNEL LENGTH MODULATION 

The CLM effect was already introduced in Section 4.6 using a very simple model that ignored 
the effect of VS. But obviously CLM is tightly linked to the effect of VS since carriers enter 
into velocity in the high longitudinal field region close to the drain. As shown in Figure 9.13(a), 
this effect can be explained simply by splitting the source to drain region into a nonsaturated 
region (the channel region) and a velocity saturation region (VSR) close to the drain [115]. 
The length of the saturation region AL where the carrier travels at saturated velocity depends 
on the longitudinal field and hence on the drain and gate bias voltages. The effective length 
where the carrier velocity is not saturated is therefore smaller than the length L between the 
source and drain junctions. 

The first-order model introduced in Section 4.6 ignored VS and estimated the channel length 
reduction based on the length of the abrupt depletion regions on the source and drain sides of 
the channel. In this section we will derive a more accurate model that also accounts for the VS 
effect described in the previous section. To do this, we will use the third velocity-field model 
since the continuous model requires the field to become infinity for the carrier velocity to reach 
saturation, whereas the piecewise linear model is not accurate enough. 

A schematic diagram of the VS region is shown in Figure 9.13(b). The VS region length 
can be derived by applying the Gauss’ law to the ABCD box. Following the derivation made 


Ex - £sat 
v= V sa ( 




Figure 9.13 (a) VS region and channel region definition, (b) Schematic diagram of the VS region 
[115] 
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in [115], we will assume that (a) the carriers in the VS region are traveling with a saturated 
velocity; (b) the junction on the drain extension region is abrupt and the drain extension is 
heavily doped and hence is perfectly conducting; and (c) the current flows no deeper than 
the junction depth and is confined in the box. To simplify the derivation, we also change the 
coordinate system as indicated in Figure 9.13(b). To apply Gauss’ law, we will further assume 
that the field is independent of y and that the field lines crossing the BC boundary contribute 
very little. This results in 


—e si Vj WE sdt + e s iXjWE x (x') + 6 ox W f E m (x') Ax'= Q hox Wx\ 

Jo 


where E ox (x') is simply given by 


(9.76) 


E m (x’) 


V G ~ Vfb ~ tf'o ~ VUQ 

fox 


(9.77) 


and 2box — c I n p x t + qN^Xj corresponds to the charge per unit area in the VSR with n p being 
the electron concentration and Nb the fixed charge concentration. 

Since the current and velocity are constant in the VSR, n p is also constant in the VSR and 
hence differentiating (9.76) with respect to x' results in 

AE x (x') 

e si Xj ——-b e ox E ox (x ) = Gbox- (9.78) 

Ax 

Replacing E ox in (9.78) by (9.77) results in 
dE (x'} 

esiJCj ,, + C ox [ V G - Vfb ~ ~ V(x')] = Qbox- (9.79) 

Ax' 

On the left side of the VS region, the gradual channel approximation applies and the gradient 
of the longitudinal field can be ignored compared to the gradient of the vertical field. That is, in 
this region, all the silicon charges are controlled by the vertical field only. This approximation 
also applies to the boundary at x' — 0, where the channel voltage V(x r = 0) is equal to the 
saturation voltage Vosat- The gradient of the longitudinal field AE x (x')/Ax' in (9.79) can hence 
be neglected and (9.79) then simplifies to 


e m E ox (x' = 0) = C ox (V 0 - V FB V Dsat ) = 0 box . (9.80) 


The saturation voltage Vo sa t normalized to U\ is given by (9.49c). Replacing (7 h „ x in (9.79) 
by (9.80) results in 


dg.y(x') = V(x') - V Dsat 
Ax’ l 2 


(9.81) 


where 




(9.82) 



188 SHORT-CHANNEL EFFECTS 


Differential equation (9.81) can be solved by applying the boundary conditions E(x' = 0) = 
£sat = 2 E c and V(x' = 0) = Vosat, resulting in 


E x (x') = /Tat cosh 


xJ_ 

7 


and 


V(x') = Vd sat + tE s at sinh 



(9.83) 


(9.84) 


Equation (9.83) indicates that the field increases almost exponentially close to the drain 
where it becomes maximum at the end of the VS region and is given by 


, /AL\ 

/'v O — A L) — E m ax — E sa t COSh [ — 1 , 


(9.85) 


whereas 


V(x' = AL) = V D = V Dsat + l Esat sinh ^ ■ 


(9.86) 


Equations (9.85) and (9.86) can then be solved for AL and E n 


AL — l asinh(n) = i In (u + \Ju 2 + 1^, 


E m ax — E'sat 7 U 2 4 “ 1 , 


(9.87a) 

(9.87b) 


where 


A Vd — Ed sat 

u = -. 


(9.88) 


The channel length reduction normalized to i is plotted versus u in Figure 9.14. 



Figure 9.14 Channel length reduction AL/l versus u = (V D — VDsat)/(f Fsat) 
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9.3 DRAIN INDUCED BARRIER LOWERING 
9.3.1 Introduction 

With the gradual channel approximation used to develop the long-channel model in Part I, the 
second derivative of the channel potential (first derivative of the electric field) was assumed to 
be negligible along the channel. As a consequence, the charge density in silicon Q s \ depended 
only on the vertical surface field as illustrated in Figure 3.2. This approximation is no longer 
acceptable for short-channel transistors, and the variation of the horizontal field E x must 
be included in the calculation of <2 s i, as illustrated in Figure 9.15. This figure depicts an 
elementary volume of unit width and of length d.v. Its depth is t d , the depletion depth (or 
depletion thickness), beyond which the potential is assumed to be constant (= 0). 

The negative elementary charge Q sl d.r enclosed in this volume is increased in absolute value 
by the difference d E x < 0 of the horizontal field created by the drain voltage. Alternately, the 
value of E ox needed to obtain a given charge density is reduced, corresponding to an increase of 
surface potential. Hence the name drain induced barrier lowering (DIBL) given to this effect. 


9.3.2 Evaluation of the Surface Potential 


Following the analysis carried out in [116], the application of Gauss’ law to the elementary 
volume depicted in Figure 9.15 results in 

((2s. + Qfc)dx = -e ox E ox ix + e si t d dE x , (9.89) 


where dE x is assumed to be constant across the depletion depth t d , with 

d E x d 2 <P s 


dx 


dx 2 


< 0 . 


(9.90) 


By introducing expression (2.3) of E ox and definition (3.22) of Vfb , we obtain a second-order 
differential equation of & s : 


—L 


2 

c 


d 2 <P s 

dx 2 


+ <P S = Vq — Ffb + 


(2si 


(9.91) 






190 SHORT-CHANNEL EFFECTS 


where L c is a characteristic length defined by 


L c 


A 



(9.92) 


Now, td is itself slightly dependent on the surface potential >A S ; hence, equation (9.91) is 
nonlinear. This dependency is weak; therefore, we shall assume L c constant in order to integrate 
the equation. 

When the surface potential is constant along the channel, this equation has the particular 
solution, 


V s = Vd = Vo- Vfb + Qsi ^ s '\ (9.93) 

'--ox 

which is also the solution for a long channel corresponding to (3.19). Constant <A S is possible 
only in weak inversion, or in strong inversion with Vj) = Vs. 

The general solution of (9.91) is then 


sinh sinh j- 

«*.(*) = *d + [^s(O) - V d ] . u L l + [V s (L) - 0„] —£, (9.94) 

sinh j- sinh j- 


where ^(0) and 0 S (L) are the source and drain potentials. According to Figures 4.12 and 4.13, 
these can be expressed as 


VM = <P B + V s , 0 S (L) = 0 B + V D , 


(9.95) 


where <P K is the junction potential barrier given by (4.55). 
By introducing the normalized variables 


%—x/L and X — L/L c , 


(9.96) 


equation (9.94) becomes 


m ) = ** + (^b + Ts - * d ) 


sinh [A(l — f)] 
sinh A. 


+ (0b + Vd — 0 S /) 


sinh(A|) 
sinh A. 


(9.97) 


It can be pointed out that the particular solution (9.93) used to integrate (9.91) corresponds 
to an equipotential channel (Vs = Vd = V) with = 0 B + V. 

Now, for X larger than a few units, this result can be approximated by 


= Vd + (<Pb + Vs - <A s /)e-^ + (0 B + V D - V d )er^\ (9.98) 

'-V-' 

=^(£) 


where A<A s (f) is the increase of surface potential with respect to the long-channel approxima¬ 
tion. 

Although L c given by (9.92) has been assumed to be constant while integrating (9.91), it is 
slightly dependent on <A S through t (i . By introducing (9.92) in (9.96) with fa given by (3.26), 



DRAIN INDUCED BARRIER LOWERING 191 


we obtain 



(9.99) 


showing that X is only a weak function of { P S . 

At the onset of inversion for Vs = Vd = 0, = Wp = 'Ao, which corresponds to a particular 

value of X: 



For the general case, we shall assume that the depletion depth is essentially controlled by 
& s = and use the following approximation: 



(9.101) 


In reality, even in weak inversion, the surface potential with DIBL is not constant all along 
the channel. This could be accounted for by a fitting parameter in (9.101) [ 116] which we shall 
not introduce here. 

In weak inversion, the surface potential for a long channel is constant: >A S ; = <Lp. The 
variation of surface potential due to DIBL given by (9.97) is plotted in Figure 9.16 for two 
values of pinch-off voltage and two values of drain voltage. 

At both ends of the channel, the surface potential drops from ( P K + Vs,d to <A P = <P 0 + V P 
within a distance characterized by X. For a long channel (L L c ), this distance is negligible, 
and the surface potential is equal to <Ap over most of the channel length. On the contrary, for 
a short channel, the surface potential never reaches ^p\ the barrier for the current carriers is 
lowered and the current is increased. Furthermore, the amount of lowering depends on the drain 
voltage, as we can see in the figure. Therefore, even if the device is saturated (as is the case 
in the figure since Vd — Vs ~S> Uj), the drain current keeps increasing with the drain voltage. 
It should be noticed that, for the values of and C ox used in the example of Figure 9.16, a 
channel length L = 0.5 tun is already too short to avoid DIBL. 



Normalized distance from source £ = x/L 


Figure 9.16 Surface potential in weak inversion: short channel (L = 0.5 pm) compared with long 
channel (L = 10 pm). All voltages are normalized to Uj 
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The increase of surface potential, A ‘A,, has a minimum at a position £ () that can be calculated 
by differentiating (9.98). Neglecting again the variation of X , we obtain 


2 V A &B + Vs-V s ,) 

which introduced in (9.98) gives 


(9.102) 


zf^ smin = 2e- i 'V(4> B + Vs - VM&b + Vb - 9 d ). (9.103) 


In a long-channel transistor, when the pinch-off voltage V P = <A P — g is increased and 
approaches Vs, the inverted charge at the source end of the channel is no longer negligible 
and the device enters moderate inversion. The local surface potential stops the following <Ap 
to finally saturate at + Vs- As Vp keeps increasing, this saturation (to the local value of 
channel voltage V) extends progressively to the whole channel. Hence, an increasing part of the 
channel has a variable surface potential (except for Vd = Vs), and the validity of the previous 
analysis is progressively lost. 

Since (9.93) remains a solution of (9.91) as long as its second derivative is negligible, we 
shall extend (9.103) to moderate inversion by limiting to its value at the source 

^ s / = ^p+-^, (9.104) 

nC m 

or, with normalized variables 

fsi — ~ 2q s , (9.105) 

according to (3.39). The dependency of q s on v s is given by (3.48), the general relation between 
voltages and charge. Unfortunately, this relation cannot be inverted to provide the charge from 
the voltages, but we can use the following approximation: 

/ u D — v — 1 \ 

q\ = In fl + exp —— -J , (9.106) 

which is good in strong and moderate inversion, when the charge cannot be neglected, as shown 
in Figure 9.17. 



Figure 9.17 Normalized charge-voltage characteristics; (curve a) original relation (3.48); (curve b) 
approximation (9.106) 















DRAIN INDUCED BARRIER LOWERING 


193 



Figure 9.18 Increase of surface potential due to DIBL 


Introducing this approximation in (9.105) with t/r p = i/tq + v p gives 

Va/= 1 A 0 + v p - 2 In ^1 + exp ——^(9.107) 

As required, this expression tends to i [r v in weak inversion, and to tJ/q + u s in strong in¬ 
version. 

The increase of surface potential A t/r s can now be calculated by introducing (9.107) in 
the normalized form of (9.98). It is plotted in Figure 9.18(a) with the same parameters as in 
Figure 9.16, and for a fixed value of i>d and several values of v p ranging from weak inversion 
to moderate inversion. 

In Figure 9.18(b), u p is fixed in weak inversion and A\l/ s is plotted for various values 
of v d . 

The increase of surface potential goes through a minimum given by (9.103). This minimum 
is plotted in Figure 9.19 for the same numerical values. As can be expected, this minimum 
increases with the drain voltage. As the pinch-off voltage increases from very negative values 
(corresponding to very small currents), Z\t^ sm i n first increases until it reaches a maximum. It 
then decreases as moderate inversion is approached. 



Figure 9.19 Minimum of surface potential increase. Same numerical values as in Figure 9.18 
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9.3.3 Effect on the Drain Current 

In weak inversion, the surface potential for a long channel is constant and equal to <Ap. Before 
diffusing to the drain, the current carriers must pass a potential barrier of height + Vs — 'Ap. 

As shown in Figure 9.16, when the channel is shortened and L approaches the characteristic 
length L c q defined by (9.100), the surface potential cannot reach Vp and its minimum is 
higher. This corresponds to a lowering of the barrier by A<A sm ; n , which (in weak inversion) 
has an exponential effect on <2i, the density of mobile charge. The position of the barrier also 
moves away from the source, thereby reducing the effective channel length, but this linear 
effect can be neglected in a first approximation. 

Hence, the effect of DIBL on weak inversion current can be accounted for by adding A ^ m j n 
given by (9.103) to <Ap or Vp in the equation of the current for a long channel. 

In strong inversion, the surface field increases with the inversion coefficient; hence, the 
relative importance of the lateral electric flux in Figure 9.15 is progressively reduced. Hence, 
although the previous analysis loses its validity, we shall also apply it to strong inversion for 
the calculation of current, as a very first approximation. The general current-voltages rela¬ 
tion (4.25) and the alternative continuous voltages-current approximation (4.39) then become 
respectively: 

fp — f s ,d + ^V'smin = \J 1 + 4/f, r + In (y 7 1 + 4/f r — !) — (!+ In2), (9.108) 


ifj — In 2 1 + exp 


ttp tt s d + At]/ & 


(9.109) 


Using this last equation, the gate-to-drain characteristics in saturation (i& — if since i> p < 
i>d) are plotted in Figure 9.20(a) for several values of /, (l . The relative increase of current 
is plotted in Figure 9.20(b). It is large in weak inversion and decreases at the approach of 
moderate inversion. As mentioned before, the results lose their validity for Vp > 0, although 
the qualitative tendency is certainly correct. Furthermore, other short-channel effects (for 
example, VS) are then combined with DIBL. 



Figure 9.20 Effect of DIBL on the gate transfer characteristics: (a) drain current for several values 
of k 0 ; (b) relative increase of current 
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(a) 


Normalized drain voltage 


(b) 


Figure 9.21 Effect of D1BL on the output characteristics: (a) in weak inversion; (b) in moderate 
inversion 


As can be seen, the current increases very abruptly with the reduction of length: 1 to 1000 
for a 0 reduced from 8 to 4. It would be almost negligible (less than 10%) for Ao > 12. 

It must be pointed out that, since is a function of all the bias voltages (Vs, Vd, and 

Vg), /f becomes dependent on Vd, and 7 r becomes dependent on Vs. As predicted in Section 
4.5.3, the fundamental property is degraded. As a result, the output conductance in saturation 
is drastically increased, as we can see in the output characteristics plotted in Figures 9.21(a) 
and 9.21(b) for two different values of v v . Again, this increase is maximum in weak inversion. 
As a matter of fact, since increases approximately linearly with the drain voltage (see 

Figure 9.19(b)), the drain current in weak inversion increases exponentially with the drain 
voltage, as was already pointed out in 1973 [ 10], 

The characteristics of Figure 9.21 have been obtained by i<j = if — , although the super¬ 
position property is no longer valid here. However, it affects only the low-voltage part of the 
characteristics (i>d — v s < 5) for which i r is not negligible. 

Figure 9.22 shows the source-to-drain transfer characteristics also plotted from (9.109) 
(the curves correspond to saturation: id = if except for v s > Vd — 5). As for the gate-to-drain 




(a) (b) 


Figure 9.22 Effect of DIBL on source transfer characteristics: (a) drain current for several values of 
k 0 : (b) relative increase of current 
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characteristics of Figure 9.20, the current is significantly increased in weak inversion for 
A.q < 8. 


9.3.4 Effect on Small-Signal Parameters in Weak Inversion 

As already pointed out, the previous analysis of DIBL is valid only in weak inversion, where 
its effect is maximum. Therefore, the discussion of the related small-signal parameters will 
be limited to weak inversion. In addition, we shall consider only the saturated transistor with 
i'd = if. This forward component of current given by (9.109) can be approximated by 


if = exp (u p - u s + At/r smin ), 


(9.110) 


where A i/'s min is given by (9.103) with i/f s ; = i/r p = i/r 0 + u p . 

The differentiation of (9.110) with respect to u s provides the source transconductance in 
weak inversion (normalized to G spec given by (5.6)): 


£ms — ( 1 


d A i/^ 


du. 


= if 1 


V2 . 


/ 0 b ~ jfQ ~ Vp + Vd 
<Pb ~ V'O - V p + V s 


(9.111) 


Due to DIBL, Ip also depends on the drain voltage. The drain current therefore keeps 
increasing in saturation, as shown in Figure 9.21. The corresponding output conductance 
(which is actually a component of the drain transconductance that is proportional to Ip) is 
obtained by differentiating (9.110) with respect to u d : 


kind sat : 


dAl jf f 

lt di>d 


smm = . f e - V 2 


I <k - fo - V p + Vs 
0b - V'O - Vp + I'd 


(9.112) 


Finally, the gate transconductance in weak inversion is obtained by differentiating (9.110) 
with respect to u p . Knowing that di) p /du g = n and that X also depends on v v according to 
(9.101), we obtain 


ng m — it 1 


d A 0s 


du n 




(XR(v p , u s , u d ) 

2(0b -fo~ Vp) + v s + v d V 

V 4(i/f 0 + Up) 

tf(v p , V s , Ud) )_ 


(9.113) 


where 


R(v p , u s , u d ) = sj (0 b - 0o - v P + t'sX'/'b - V'o - v p + u d ). (9.114) 


The three transconductance to current ratios given by (9.111), (9.112), and (9.113) are 
plotted in Figure 9.23 as functions of the drain voltage for two values of Xq. Their variation 
with the source voltage (at constant u p — u s ) is shown in Figure 9.24. 
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Figure 9.23 Effect of DIBL on transconductance in weak inversion: dependency on drain voltage 



Figure 9.24 Effect of DIBL on transconductance in weak inversion: dependency on source voltage 
(with constant t> p — v s ) 



Figure 9.25 Effect of DIBL on maximum voltage gain 


Although DIBL may increase the current in weak inversion by several orders of magnitude, 
gm/if and g ms /if are reduced only by less than 40%, even with Xq as low as 4. The reduction 
is negligible for Xq > 8. Hence, if the device is biased at a constant current (as should always 
be the case in weak inversion), the effect of DIBL on source and gate transconductance is not 
very significant. 

As could be expected from the output characteristics of Figure 9.21, the main problem lies 
in gmdsat, the residual conductance in saturation. For a long channel, the conductance g<is due 
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to CLM is much smaller than g ms ; therefore, the small-signal voltage gain given by (5.24) can 
be very large. With the DIBL occurring in a short channel, the voltage gain is limited to 

Alymax = • (9.115) 

C^mdsat 11 Mid sal 


As shown by Figure 9.25, this maximum gain becomes very small for Ao — 4. It increases 
rapidly for larger values of Ao to be limited by CLM for Ao larger than 10-12. 


9.4 SHORT-CHANNEL THERMAL NOISE MODEL 

The long-channel thermal noise model derived in Section 6.2 assumed that the mobility was 
constant along the channel and that the channel length was sufficiently long so that VS and 
CLM could be neglected. These assumptions are obviously not valid anymore for short-channel 
devices where VS and CLM effects have to be accounted for. Mobility reduction due to the 
vertical field also greatly influences the thermal noise and has also to be included. This will be 
done in the next sections. 


9.4.1 Thermal Noise Drain Conductance 

In order to account for the CLM, the region between the source and the drain is split into the 
channel region of length L c n on the source side, where the carrier velocity is not saturated, and 
the VS region on the drain side, where the carrier velocity saturates to i> sat (Figure 9.26). Since 
in the VS region the carrier travel at their maximum saturated velocity, they will not respond 
to the local change of the electric field caused by the noise voltage fluctuations. Therefore, 
the noise fluctuations generated in the VS region do not propagate to the drain since the 
conductance on the drain side is zero [117]. Therefore, the dominant contribution to the drain 
noise mainly comes from the channel region between x = 0 and x = L e ff- 

Since the effects of VS, mobility reduction due to the vertical field, and CLM are pre¬ 
dominant in strong inversion, we will derive the PSD (power spectral density) of the drain 


Ax 


-*H*- 


x^L e { , - x ' 
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» ^-1 

'-az.V- 

► 
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L 
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Figure 9.26 Cross section of the MOS channel with a thermal noise source at position x and with 
the VS region to account for the effect of CLM 
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current fluctuations assuming that the transistor is biased in strong inversion. The model can 
be extended to cover all regions of operation as described in [55]. 

We will reuse the general approach presented in Section 6.1. The PSD of the drain current 
fluctuations due to the single elementary noise source <5/ n is given by (6.3), which is repeated 
here for convenience: 


S si 2 = G 2 ch AR 2 S 8Ii , 


where AR is the resistance across the channel slice and G c h is the channel conductance at 
point x along the channel and given by (6.2) 


1 


_A _ 

G ch “ G 


1 

G~d 


(9.116) 


Conductances G s and Gd are the channel conductances seen by the local thermal noise current 
source <5/ n on the source and drain sides respectively. They can be derived by splitting the total 
transistor into transistor M\ and M 2 on the source and drain side, respectively, as shown in 
Figures 6.2 and 6.3. Conductance G s actually corresponds to the drain transconductance of 
transistor M\ after having isolated it from transistor Mi\ 


r - r A d/ ° 

tJs — tj m di — , , 

dV 


where current I D is redefined as the current entering the drain of transistor M \: 

[ (-Ci)Meff dV'. 

it's 


w 

Id — — 

x 


(9.117) 


(9.118) 


Notice that for clarity, V' is used as dummy variable for integration in (9.118) to distinguish 
it from variable V. In order to differentiate (9.118) for calculating conductance G s , we must 
remember that fi e g is a function of the electric field E x which depends on the position x along 
the channel or equivalently on the channel voltage V at that position. In the most general case, 
we do not know /x e g as a function of the channel voltage. Even though we would know it, it is 
not sure we could integrate (9.118). A work around is to notice that the current I D given by 


Id = -W[-Qi(y)]na[(E x )E x 


(9.119) 


is constant along the channel and (9.119) can be solved for E x , which now becomes a function 
of V and In. Replacing E x — E X (V, / D ) in the expression of /x e ff makes /i c n become a function 
of V and I D and (9.119) becomes 


I D = - W[-Qi(V)]fi eS (y, I d )E x 

= Wl-Qi(V)]n e ff (V,/ D )^. 

dx 


(9.120) 


The current I D is then given by a function TiV, / D ) of variables V and I D defined by 

W rV 


I D = ?{V, In) = — 

x J v i 


f [-Qi{V)]^{V',In)dV, (9.121) 

JV Q 
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The total differential of current / D is then given by 


dJ- df 

d/ D = AT — —— dV + -— d/ D , 
dV 9/ d 


and the total derivative corresponding to G s writes 

d/o dJ- dj- d/o 
s ~~ dV ~ 0F + 0/d dV’ 

which can be solved for G s — d/ D /dV as 

d/o 


G s = 


d£ 

dV 


dV 1 “If' 

3/ d 


The partial derivatives of T can be evaluated from (9.121) as 


dT W „ 

T77 — ( — 2i)/^eff> 

OV X 

dT W f V 0U e ff 

^ = -/ ^{§ dv - 


I Vs 


9/d x 

Replacing (9.125a) and (9.125b) in (9.124) results in [54] 


G s = 


x-Wf^-QO 9 ^ dV> 
In order to evaluate 3/x e ff/9/D, we notice that 

9//cff 9/r-eff 9 f' V / 0 /Tt 


0/d 


0£ , 0/ D 


Meff 


0/d 


where 


/ 3/x C ff 

as;- 

From (9.120), we have 
0 / 

= -W(-Gi) (/ieff + = -W(-0i)/X diff , 

where /x d iff is the differential mobility defined by (9.3) and which can be written as 

0Z/drift d( fl cff/' v ) 


Mdiff — 


d E x 


d E x 


— //-eft + 


(9.122) 

(9.123) 

(9.124) 

(9.125a) 

(9.125b) 

(9.126) 

(9.127) 

(9.128) 

(9.129) 

(9.130) 
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Hence 




A-eff 


S/d — W(— 2i)Mdiff 

Replacing (9.131) in (9.126) finally results in [54] 

W(-Gi)MefF 


G s — 


X + fv — dV ' 
•J Vs iff 


(9.131) 


(9.132) 


Conductance Gd corresponds to the source transconductance of transistor /VC and is defined 


as 


a d /i) 

S~ I 

V 7 d — V 7 ms2 — T7T • 

dy 


(9.133) 


with the current /d defined as 

/d 


U 


f Vbeff 


(-Gi)Meff dV'. 


^eff JV 

where saturation at the drain and CLM were accounted for by defining L e g and Voeff as 

(L for V D < Vbsat 

Ceff = < 

[L-AL fory D >y Dsat 
where AL is the channel reduction due CLM, and 


(9.134) 


(9.135) 


'Vn 


for y n < Vi 


^Deff = 


D <• 'Dsat 


. Losat for Vd > y Dsat . 


(9.136) 


Conductance Gd is then obtained in a similar way than G s leading to 


G d 


W(-Gi)Meff 


(L e ff ~ X) + fy Dctl 


Lkdy'’ 

/J-diS 


(9.137) 


The channel conductance G c h at a position x is then easily obtained from (9.116), (9.132), 
and (9.137) as [54] 


G c h = 


W(-Q dues 

u s + 

en JV S Mdiff 


(9.138) 


The channel slice resistance AR can be calculated in a similar way than Gd, but integrating 
from x to x + Ax instead of L (or L e ff in saturation). After noticing that the voltage drop 
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between x and x + Ax is simply equal to AV = —E x Ax, we get [54] 

_L = AG = Wj-QOfies = Wi-Qdfiqs 

AR Ax-^-E x Ax Ax 

Here, we would like to point out that in case of a long-channel MOS transistor, fi e g is 
independent of the electric field E x and hence fi' eS — 0. Conductance G c h and resistance AR 
then reduce to 


„ , Wi-QdHen 

t J ch — Meffv Ui) T — T > 

EeS A'eff 

Ax 

AR = -, 

W/Ueff(-Gi) 


(9.140a) 

(9.140b) 


which correspond to the expressions (6.9) and (6.10), respectively, which were derived in 
Section 6.1 for the thermal noise of a long-channel device. 

Calculation of the current noise source between x and x + Ax is a difficult task. This 
is because, in presence of an electric field, the segment is no longer in equilibrium and in 
nonequilibrium, the Einstein relation is no longer valid. The method to model device noise in 
nonequilibrium is to assume that even in nonequilibrium an Einstein-like relation holds between 
the mobility and the diffusivity D n (of electrons). One needs to be careful with definitions 
when making this transition because it often acts as a source of error. The procedure is to 
define [118-121] 


D 


n 


k Tn/idiir 

q 


(9.141) 


where T n is defined as the noise temperature. Since D n is unknown in nonequilibrium, this 
relationship in general provides nothing new but a definition of T n . Note that in most of the 
cases the noise temperature T n is different from the carrier temperature Tq [118]. 

It is shown in [118] that T„ becomes equal to Tq when the velocity distribution is heated 
Maxwellian. It is to be noted that we are considering the inversion layer of the MOS transistor 
where the carrier density is in the order of 10 18 cm -3 and that kind of carrier concentration 
thermalize the distribution function and enforces it to be heated Maxwellian (we are assuming 
the channel to be nondegenerate) [122-124]. This observation provides a great simplification 
by expressing diffusivity D n in terms of known quantities. It allows to write the expression of 
S bl i as [54,119] 


D n W (—QitPdifi 

Sn 2 = 4 qWi-Qi)-^ = 4kT c ^ = 4kT c AG, (9.142) 

/—A A Z_1 A 

where the expression of AG given by (9.139) has been used. 

It is important to point out that many publications about numerical noise simulation [125— 
127] as well as [128] use the cord mobility p e g instead of the differential mobility iff when 
replacing the diffusivity. Ref. [128] has also made an additional assumption that the decrease in 
cord mobility is exactly balanced by the increase in temperature leaving the diffusivity about 
constant. Device simulations made for a typical 0.18 pm N-channel MOS transistor show 
that the product of the cord mobility times the carrier temperature is actually not constant 
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but increases monotonically from source to drain [54], This indicates that the increase in 
temperature is not fully compensated by the decrease in cord mobility. 

In order to define a noise conductance, (9.142) can be written as 

S bI 2=4kT L ^AG, (9.143) 

where Tf is the lattice temperature. The PSD of the drain current fluctuations due to SI n is then 
given by 


S K =4kT^G\ h AR. 


(9.144) 


Replacing G c h by (9.138) and A R by the inverse of (9.139) results in [54] 


S &1 2 = 4kT L M^-^^(-Q i )Ax, 

D L~ ff T l fx aff 


(9.145) 


where [54] 


M4 


(1 + -±- fJ DeB ** dy") 

y L e ff J V s Mdiff J 


2 ' 


(9.146) 


The PSD of the total noise current fluctuation at the drain S AI 2 can be derived by integrating 
the PSD due to an elementary contribution S at position x over the channel assuming that 
the contribution of each slice at different positions along the channel remains uncorrelated. 
This leads to [54] 


S ^'l 


W 

4kT h M^- 
] 2 

^eff 



(-Qi)dx, 

Mdiff 


(9.147) 


which can be written as 


S A i> = 4kT L G oD , (9.148) 

and where G n d is the thermal noise conductance at the drain given by 

G nD = M^- f e “ ^^(-2i)dx. (9.149) 

^eff do I Rdiff 

Equation (9.149) is very general and does not depend on a particular velocity-field (or 
mobility-field) model. Nevertheless, the relation between the carrier temperature 7 ( and the 
lattice temperature 7 l has to be consistent with the field-dependent mobility model. It can be 
shown that the third velocity-field model (Model 3), which is also used for deriving the channel 
length reduction AL in Section 9.2, actually arises as an approximation of [ 122,123,129] 



Meff — 


(9.150) 
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which gives the relation between carrier temperature and mobility as 

jc = / = K 1 + 'Mf 

r L "»>/ l(^) lor |t, | » 2 t, 


(9.151) 


Using that same mobility-field relation (9.15), we can deduce the following relations: 


Meff _ Meff __ 

/Llilf McfT + l^cO'E x 2E C 


and 


Meff 

Mdiff 


^ = Hz- 

Meff + Meff 


(9.152) 


(9.153) 


Note that relations (9.152) and (9.153) are valid only for |£’ v | < 2 E c and can be applied only 
in the nonsaturation region comprised between x and L e ff where | E x | reaches 2 E c and Udnft 
becomes equal to i> sat . Anyway, as was pointed out earlier, the contribution of the VS region 
to the total drain noise is null since in the third velocity-field model, the differential mobility 
is null and therefore, according to (9.139), no noise is produced. 

Introducing (9.152) into (9.146), the M factor then simply reduces to 


M 


1 



Vpeff~ Vs ) 

2Z. e ff-£ c J 


(9.154) 


whereas using (9.153) in (9.149), G„d becomes 

W f L<s T c 

G n D = M —y / [X z — {-Qi{x))dx (9.155) 

E~ eS Jo T l 

again valid for \E X \ < 2 E c , i.e. in the non-saturation region. The effect of mobility reduction 
due to the vertical field has been discussed in Section 8.2 and is modelled by (8.5). Although 
the mobility given by (8.5) is a local mobility and includes <:/, which depends on the position 
x along the channel, an effective mobility can be approximated by replacing q\ in (8.5) by an 
average charge (q s + qd)/2. The mobility /i z can then be taken out of the integral in (9.155), 
leading to 


W T c 

GnD = 4T/X Z —2“ / — (-giM)d* 

Lift Jo T l 

W f LcS / u \ 2 

= / — ) (~Qi(x))dx (9.156) 

L z eS Jo \/W 

W [ L ‘ s ( |£ v |\ 2 

= Muz-^r / 1 + ^ (-Qi(x))dx, 

L eff JO \ J 


where (9.151) has been used. 
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Notice that for a long-channel MOS transistor, // cll is independent of the electric field E x and 
equal to the mobility at low longitudinal field fj , e ff = //. and hence /T, n = 0 and the differential 
mobility is equal to the cord mobility /xdiff = Meff = /•(-• The carrier temperature Tq is then 
equal to the lattice temperature Tf and the effective length L e g- is approximately equal to the 
source-to-drain length L. Factor M is then simply equal to unity and (9.149) and (9.155) then 
simplify to 


CnD =l*zjlj t-GiW] dJt, (9-157) 

which corresponds to the long-channel expression (6.15) obtained earlier in Section 6.2. 

As shown in (9.150), the effect of VS cannot be considered without the effect of carrier 
heating. On the other hand, the effect of mobility reduction due to the vertical field and CLM 
can be considered separately. This will be done in the next sections. 


9.4.2 Effect of VS and Carrier Heating on Thermal Noise 


In this section we will assume that the effects of mobility reduction due to the vertical field 
and CLM can be neglected and we will concentrate on the combined effect of VS and carrier 
heating. This means that /i z — /xo and L e g = L. To this purpose we will again use the third 
velocity-field model (Model 3) defined in (9.15) or its normalized form (9.16). 

The drain thermal noise conductance accounting for VS and carrier heating only is given 
by (9.155) with L e g = L and ji z — /xo 1 


GnD(VS+CH) = [—2i(x)] d.v. 


or in normalized form 


A GnD(VS+CHj 

gnD(VS+CH) = --- = M 


Lspcc 




qm d$. 


where e is the normalized longitudinal field defined by (9.6) and 

1 

M = 


. 2 ' 


( l _ VW-Vs V 

V 2 LE C J 

gnD(vs+CH) can be split into two components g n D(VS) and g nD( CH,: 

gnD(VS+CH) = gnD(VS) + gnD(CH), 

where g n D(VS) accounts for the effects of VS only and is given by 


gnD(vs) = M q[d^ — Mqi, 


(9.158) 


(9.159) 


(9.160) 


(9.161) 


(9.162) 


1 The fact that only the VS and carrier heating effects are accounted for is indicated by the sign (VS + CH) at the end 
of the subscript. 
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whereas g n o(CH) accounts for the additional effect of carrier heating and is given by 


gnD(CH) = M 


<*£)- 


(f 


qm d?. 


(9.163) 


Note that even though the integral in (9.162) is the same expression as obtained for the 
long-channel case, the inversion charge distribution along the channel when VS occurs can 
be quite different from that without VS as in the long-channel case. Therefore g n D(vs> is not 
simply equal to M times the long-channel value of g n o as (9.161) might wrongly suggest. 

For Ud < i>d S at. the normalized noise conductances g n D(VS) an d g n D(CH) can be found by 
operating a change of variable from £ to q, using (9.22) and (9.36) with the definitions of the 
normalized velocity v and mobility u given by (9.14) and (9.16) respectively. This results in 
expressions for dt/j/df and e given by 


d g\ _ —id 
d£ ~~ 2<y, - fi d ’ 
A. c id 

<? = -t-, 

2<?i . M 

where id is given by (9.47). g nD(V s) then becomes 


(9.164a) 

(9.164b) 


M r qs 


gnD(VS) = ~ qi 2^ + — i d dq { 


id 

M 

id 






(9.165) 


Similarly, g n D(CH) is obtained by replacing in (9.163) e by (9.164b) and d( by Aq\ given by 
(9.164a), resulting in 


gnD(CH) = 




A. c id 

~T~ 


(q s - q a) 


/ YidY |n / qs - fc/4id \ 
V 4 / n \qd-Y/4id) 


(9.166) 


For v d > Ud sat. gnD(vS) = gnDsat(VS), and g n D(CH) = gnDsat(CH) which can be obtained by 
replacing id and qa in (9.165) and (9.166) by (9.49b) and (9.49a) respectively. 

The corresponding thermal noise parameter can also be split into two components according 
to 


<5nD(VS+CH) = ^nD(VS) + ^nDfCH). 


(9.167) 


where <5 n D(VS) — gnD(VS)/<?s and 5 n D(CH) — gnD(CH)/qs- 
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Similarly, the thermal noise excess factor including both VS and carrier heating in saturation 
is given by 

KnDsat(VS+CH) = TnDsat(VS) + KnDsat(CH), (9.168) 

where FnDsatfVS) : $nD salfVS)/llmsat and ynDsat(CH) — gnD sat(CH)/gmsat with gmsat given by 

(9.70). 

The thermal noise parameter <5 n D(vS) is plotted versus the normalized drain voltage 
i>d = Vd/Uj and for v s = 0 in Figure 9.27(a). It clearly shows that for /, c > 0, the thermal 
noise conductance and therefore the thermal noise parameter is lower than the long-channel 



(a) 



(b) 


Figure 9.27 (a) Thermal noise parameter <5 „d(vs> accounting for VS only versus normalized drain 
voltage Ud- (b) Thermal noise parameter <S nD S at(vs> an d noise excess factor y nD sat (vs) i n saturation versus 
normalized pinch-off voltage u p and accounting for VS only 
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value. At first glance, this might be surprising, since there are more inversion charges in the 
channel due to VS at the drain. It can be explained by the fact that the noise at the drain is 
transferred from the local noise sources in the channel to the drain through the square of the 
magnitude of the (trans)conductance, which is proportional to the mobility. Therefore even 
though there are more charges in the channel, they produce less noise at the drain compared 
to the situation where the transistor is biased at Vbs = 0, which is taken as the reference for 
the definition of the thermal noise parameter <5 nD . 

Because the transconductance degrades faster than the noise conductance, the situation is 
different for the noise excess factor accounting for VS y n Dsat(vs)- As opposed to <5 n Dsat(VS)> 
XnDsat(vs) deteriorates as the product X c q s increases when VS is present. This is illustrated 
in Figure 9.27(b), where <5 n Dsat(VS) and KnDsat(VS) are plotted versus v p for v s = 0 and for 
different X c . For v p — 20 (Vq — V T0 = 400mV) and X c = 0.50 (L =0.1 pm), y n Dsat(VS) 
reaches about 4. 

^nDsat(VS) and <5 n Dsat(CH) are plotted in Figure 9.28(a) versus u p and for v s = 0. As already 
mentioned above, the ViDsativS) noise parameter in saturation is smaller than the long-channel 
value 2/3 obtained when VS is not present. On the other hand, the term due to carrier heating 
(5 n Dsat(CH) is increasing from zero, compensating the reduction of <5 nDsat( vs) so that the sum 
(5 nD sat(vs+CH) finally remains slightly above the long-channel value 2/3. 

TnDsat(VS), TnDsat(CH). and y n D sat(VS+CH) are plotted versus u p and for v s = 0 in Figure 9.28(b). 
On the contrary to <5 n Dsat(VS+CH), the effect of carrier heating does not compensate the effect 
of VS, but it deteriorates y n Dsat(vs) even further by increasing it significantly from the value 
without carrier heating. 


9.4.3 Effects of Vertical Field Mobility Reduction and 
Channel Length Modulation 

In addition to VS and carrier heating, the reduction of mobility due to the vertical field and the 
effect of CLM have also to be accounted for. Mobility reduction due to the vertical field will 
affect both y n o and //id only through parameter X c because they are expressed as the ratio of 
conductances. 

The CLM effect is discussed in Section 9.2. The effective channel length used in (9.149) 
can be approximated by 


L eS = L-AL, (9.169) 

where AL is given by (9.87a). CLM will affect y n o and <5 n o in different ways. It will affect 
y nD only through parameter X c , but for <5 nD , in addition to effecting through X c , it will increase 
it by a factor of x _\ L j L ■ 

Some results from the above model are presented in Figures 9.29 and 9.30 for a typical 
0.18 pm MOSFET (with E c = 2 V/pm, 6 — 0.3, and 1 — 30 nm) with different levels of 
approximation. The noise parameter <5 ni) is plotted versus tp in Figure 9.29(a). When CLM is 
absent, 5 nD gets saturated for i>d > i>d sa t- CLM causes the noise conductance to increase with 
respect to the drain voltage because the channel length decreases with the drain voltage. Since 
Gdso is defined at Vds = 0, it is not affected by CLM. As a result r5 n i:> increases with the drain 
voltage. Note that this increase is much less when the effect of mobility reduction due to the 
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v p =V P /Uj 

(b) 


Figure 9.28 (a) Thermal noise excess factors in saturation versus normalized pinch-off voltage u p . 
<5 nD (vs) accounts for VS only, <5 nD(CH ) accounts for carrier heating only, and ^aotvs+CH) accounts for both 
VS and carrier heating, (b) Thermal noise excess factors in saturation versus normalized pinch-off 
voltage n p . y n0 Sat (vs) accounts for VS only. y nD sa t(CH) accounts for carrier heating only, and y nD Sat (vs+CH) 
accounts for both VS and carrier heating 


vertical field is also considered. Mobility reduction due to vertical field results in a higher value 
of E c , hence a smaller value of u in (9.87a) which considerably attenuates the effect of CLM. 

^nDsat is plotted versus i> p in Figure 9.29(b) with the same levels of approximation than 
those used in Figure 9.29(a). When both CLM and mobility reduction due to the vertical field 
are absent, <5 nDsat slightly increases with v„ as already shown in Figure 9.27(b). Even when 
CLM or mobility reduction due to the vertical field is taken into account separately, <5 nD sat still 
increases with v v . It is the combination of both effects which causes <5 n o sat to decrease with 
Up. This behavior and the values obtained in Figure 9.27(b) are in agreement with the earlier 
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Figure 9.29 (aj Thermal noise parameter <S nD versus normalized drain voltage i> d . (b) Thermal noise 
parameter <5„Dsat in saturation versus normalized pinch-off voltage u p . The square and circle symbols 
represent measurements taken from [130] and LI 17] respectively. Curve labeled no VMR, no CLM 
accounts for VS and carrier heating only. Curve labeled with VMR, no CLM accounts for VS, carrier 
heating, and mobility reduction due to the vertical field. Curve labeled no VMR, with CLM accounts 
for VS, carrier heating, and CLM. Curve labeled with VMR, with CLM accounts for all four effects, 
namely VS, carrier heating, mobility reduction due to the vertical field, and CLM 


results obtained by Scholten [130] and Chen [117] which are represented by the symbols in 
Figure 9.27(b). 

Finally, )/ nDsat is plotted versus i; p in Figure 9.30 again with the same approximations as 
above. The plots indicate that the effect of vertical field greatly modifies y n Dsat- From the high 
values obtained earlier when including VS and carrier heating, the effect of mobility reduction 
due to the vertical field brings y n Dsat back to values close to 2. This can be explained by 
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Figure 9.30 Thermal noise excess factor y nDsat in saturation versus normalized pinch-off voltage 
Up. Curve labeled no VMR, no CLM accounts for VS and carrier heating only. Curve labeled with 
VMR, no CLM accounts for VS, carrier heating, and mobility reduction due to the vertical held. 
Curve labeled no VMR, with CLM accounts for VS, carrier heating, and CLM. Curve labeled with 
VMR, with CLM accounts for all four effects, namely VS, carrier heating, mobility reduction due to 
the vertical held, and CLM 

considering that y n Dsat decreases as the product X c q s decreases and vertical mobility reduction 
directly reduces X c . CLM only slightly increases y n Dsat to a value of about 2.5. 


9.4.4 Summary 

If only the VS effect is considered, then the noise conductance G„d becomes smaller compared 
to the long-channel value. The reason is that the higher noise due to the increase of the inversion 
charge in the channel required to sustain the drain current with a reduced or even limited velocity 
is strongly attenuated by the reduction of the transfer function from the local noise source in 
the channel to the drain terminal caused by the mobility degradation due to VS. Since Gd S o is 
not affected by this mobility reduction, the noise parameter <5 n D also gets reduced. However, 
the gate transconductance is strongly affected by VS and hence the resulting y n Dsat increases 
above unity. 

VS cannot be considered without carrier heating. The latter has an opposite effect than VS 
on both 5 nD and y nD , overcompensating the reduction observed in <5 nDsat and further increasing 
KnDsat- For channel length of the order of 0.1 qm, 5 n D S at approximately goes back to values 
slightly larger than the long-channel value 2/3, whereas y n Dsat can become larger than 1, 
typically equal to about 8-10 for an overdrive voltage Vq — Vfo of about 0.5 V. 

Mobility degradation due to the vertical field causes both G n o and <5 n o to decrease slightly 
because it affects them only through the X c parameter. But it affects y nD sat very strongly because 
of the increase in X c q s , bringing it back to values close to 2. CLM tends to increase all the noise 
parameters, especially at higher drain (or lower gate) voltages. In summary, the effect of VS 
and carrier heating try to partly balance each other and also the effect of mobility degradation 
due to the vertical field and CLM show opposite trends. 
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We can conclude from the above discussion that because of the presence of counteracting 
effects, it was possible in the past to present compact thermal noise models without accounting 
for all the effects simultaneously and accurately. As the above factors affect y n d and (5 n o 
differently, it is therefore very important to distinguish between the thermal noise parameter 
(5 „d and the thermal noise excess factor y n o- This careful definition of (5 „d and y n d might 
eventually explain the discrepancies observed between values measured by Scholten [130] and 
Abidi [131]. 



10 The Extrinsic Model 


The previous chapters were exclusively devoted to the analysis of the intrinsic part of the 
transistor, defined as the region comprised between the oxide and substrate on top and bottom, 
and the source and drain junctions on each side. Although the fundamental behavior is indeed 
dictated by the intrinsic part, the extrinsic part also plays an increasingly important role when 
either reducing the dimensions and/or increasing the operating frequency. This chapter looks at 
the different components that constitute this extrinsic part. It starts with the access resistances, 
which include the source and drain resistances as well as the gate and bulk resistances. They 
are all presented in Section 10.2. The regions beyond each end of the intrinsic channel include 
the important overlap capacitances and part of the source and drain access resistances. They 
are discussed in Section 10.3 with a particular emphasis on their bias dependence. The source 
and drain junctions are presented in Section 10.4. Finally, Section 10.5 presents the additional 
noise due to the extrinsic components. 


10.1 EXTRINSIC PART OF THE DEVICE 

Most of the previous chapters were focused on the so-called intrinsic part of the MOS transistor. 
It is defined by the inside part of the dashed rectangle shown in Figure 10.1 delimited by the 
source and drain junctions on each side, by the gate oxide and gate electrode on the top 
and by the substrate on the bottom. This is obviously the most important part of the MOS 
transistor, since it represents the active part of the device offering the transconductance and 
enabling amplification. To access the source and drain intrinsic terminals (nodes si and di in 
Figure 10.1(a)) requires the source and drain extensions (SDE), as well as the source and drain 
diffusions which are covered with a silicide and contacted by a via. All these parts add some 
parasitic access resistances which are modeled by the source and drain resistances R$ and R D . 
The latter are made of several parts that will be further discussed in Section 10.2.1. The gate is 
made of polysilicon which is usually covered by silicide in order to lower the gate resistance. 
Although this resistance is small (in the order of a few fi/D), it might be important to account 
for it particularly for RF IC design, where even small series resistances can count. The access 
to the gate can also be modeled by a simple gate resistance Rq. The modeling of the substrate 
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G 




(a) (b) 

Figure 10.1 (a) Definition of the extrinsic part of the MOS transistor and the extrinsic components 
including the series access resistances, the overlap parasitic capacitances, and the junction parasitic 
capacitances, (b) Simple equivalent circuit of the extrinsic part corresponding to (a) 

access is a bit more difficult since it strongly depends on the device layout. Modeling it by a 
simple substrate series resistance Rq is usually sufficient in most cases. More accurate models 
used for RF IC design will be discussed in more details in Section 11.4.2. 

In addition to the four series access resistances R$, /\j), Rq, and R%, there are also additional 
parasitic capacitances. The overlap capacitances between gate and source Cqso and between 
gate and drain Cgdo are due to the overlap of the gate and gate oxide over the SDE. These 
overlap arise after forming the SDE, by lateral diffusion of the SDE dopants under the gate. 
These overlap capacitances are made of several parts some of which are bias dependent and 
will be discussed further in Section 10.3.1. There is also a gate-to-bulk overlap capacitance 
Cgbo which is due to the extension of the gate electrode above the field oxide and on top of 
the substrate. 

In addition, the source and drain junctions and their extensions are modeled by the diodes 
D s between the bulk and the source and Dn between the bulk and the drain. As explained in 
Section 10.4, in dynamic operation they are modeled by two junction capacitances Cfisj and 
C*BDj• The latter are obviously bias dependent and are also made of several parts. 

Although it is always possible to model the device in great detail taking into account every 
little series resistances and capacitances, this results in an accurate but usually very complex 
equivalent circuit. Furthermore, all the components of this equivalent circuit can most of the 
time not be extracted from experiments in an accurate way, or some not at all. It is therefore 
important to find the right trade-off between the accuracy required by the circuit designers, 
which always depends on the circuit application, and the complexity of the equivalent circuit 
used for the design and the simulations. Also note that most of the parasitic components are 
distributed resistances and capacitances, which are then modeled by lumped elements. The 
equivalent circuit shown in Figure 10.1(b) modeling the extrinsic part of the MOS transistor 
is usually accurate enough for most of the circuit design applications. One exception might be 
RF circuits, where an even more elaborate equivalent circuit might be required, particularly 
for the substrate network. This will be discussed further in Chapter 11. 

The next sections will discuss each extrinsic component in more detail, particularly its 
scaling and eventual bias dependence. 
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Figure 10.2 (a) Components of the source and drain access resistances (on the right) and approxima¬ 
tive current flow (on the left), (b) Contact resistance per unit width versus the diffusion width showing 
that above a certain value // dif , the resistance does not scale as 1/L sa i because most of the current 
flows within the salicide instead of going from the bottom of the salicide to the diffusion 


10.2 ACCESS RESISTANCES 
10.2.1 Source and Drain Resistances 

As shown in Figure 10.2(a), the source and drain access resistances are made of several parts 
including the resistance due to the via R v ; a , the resistance of the salicide R sd i, the contact resis¬ 
tance between the salicide and the junction diffusion R am , and the resistance of the SDE f? sde . 
The source (drain) resistance is then given by the series connection of all these components: 

As 1 1) — Ade + A pr. ;i Ai a — Ade A Rc on- (10.1) 

The SDE and salicide resistances are scaling as 


Ade = Aden. (10.2a) 

Vv 

Aal = 7J7 Aain, (10.2b) 

Vv 

where L^f is the length of the SDE and L sa i is the half width of the salicide region as shown 
in Figure 10.2(a). Ad e n arl( l Aain are the sheet resistances of the SDE and the salicide, 
respectively, which have typical values in the k£2 range for Asden and in the £2 range for Aain- 
The total via resistance A , a depends on the number of via per source or drain diffusion with 

a typical resistance of a few per via. As can be seen from the above numbers, the total 

resistance is usually dominated by the contact and the SDE resistances. 

Note that the contact resistance R con per unit of finger width does not scale with the salicide 
length L sa | above a certain minimum value defined as as shown in Figure 10.2(b). This is 
due to the fact that most of the current flows within the salicide instead of going to the diffusion 
because of the latter higher resistivity as illustrated in Figure 10.2(a). Therefore, increasing 
the salicide length above does not reduce the contact resistance even though the bottom 
contact area between salicide and silicon is increased. 

As shown in Figure 10.3, the SDE resistance A de is made of two parts: Ade-ov. which is in 
the overlap region below the gate and Ade-sp which is outside the gate overlap region below 
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Figure 10.3 SDE resistance splits into the bias-independent part /? s de-sp situated below the spacer 
and the bias-dependent part R s de-ov(Vo, Vs<d)) located in the overlap region 


the spacer: 


^sde = ^sde-sp + ^sde-ov(VG, Vs(D))- (10.3) 

As Figure 10.3 illustrates, the resistance R s de-ov depends on the inversion state of this gate 
overlap region and hence depends on Vq — Vs on the source side and on Vq — V n on the 
drain side. On the other hand, resistance R s d e . sp can be considered as bias independent. Since 
the gate-to-bulk and drain-to-bulk voltages are usually positive and the source-to-bulk is zero 
or positive, the overlap regions on the source and drain sides are most of the time biased 
in accumulation. Increasing the gate-to-bulk voltage will attract even more electrons on the 
surface and hence reduce the overlap resistances. Note that it is important to account for this 
bias dependence in order to accurately predict the harmonic distortion [132]. 

Since the SDE region length Lda is almost constant, the total source and drain resistances 
Rs and Rp scale only with the finger width and the number of fingers according to 


*S(D) = Aeon + *sde(V« G , Vs ( D)> = °' 5 ^ ds "' ( ^ G ’ Vs(D)) , (10.4) 

w 

where Rd sw is the total source and drain resistance per unit width. Rd &w is typically in the 
kL2 um range. 

The bias dependence of the source and drain access resistances is illustrated in Figure 10.4, 
where the total source and drain access resistance is plotted versus the gate-to-source voltage 
for two different oxide thicknesses [133]. 

Because of the voltage drop across the source and drain series resistances, the voltages at the 
intrinsic nodes are smaller than the applied external voltages. Since the current is determined 
by the intrinsic voltages, the transconductances from the external terminals are smaller than 
the intrinsic transconductances. This can be easily verified using the small-signal equivalent 
circuit shown in Figure 10.5. The effective transconductances are given by 


A dip 

Dmeff — „ .. 

0 Vq 


Vs. Vi, 


Gm 

D 


r A 9/ d 

OV S 

A d_h_ 

^mdeff — OT/ 
OV D 


G ds 


V g ,Vd 


D 


(10.5a) 

(10.5b) 


Vg.Vs 


D 


(10.5c) 
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Figure 10.4 Bias dependence of the source and drain resistance (Reproduced by permission of IEEE 
from [133]) 



Figure 10.5 Small-signal schematic for calculating the degradation of transconductance due to the 
source and drain resistances 


where 


D — 1 + (G ms + Gd s )/?s + (G m d + Gd s )R D (10.6) 

= 1 + G ms Rs (in saturation). 

As indicated by (10.5), the intrinsic transconductances are reduced by this factor D which is 
approximately equal to 1 + G ms Rs in saturation. 

Similar considerations can be drawn for the drain current which is lowered by the presence 
of the source and drain series resistances. 


10.2.2 The Gate Resistance 

The gate resistance starts to play a role typically when it gets equal or larger than the inverse of 
the gate transconductance. It will not only affect the transistor operation at high frequency, but 
can also have an effect at low frequency. Indeed, Rc, becoming larger than 1 / G m will contribute 
to noise at both low and high frequency, and will also change the frequency behavior at high 
frequency. It is therefore important to account for it when designing very low-noise circuits 
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Figure 10.6 Layout of a typical large multifinger device 


operating at low frequency, for example sensors front-ends, and at high frequency when 
designing for example low-noise amplifiers. The transistors used in such circuits are usually 
made very large and are laid out as multifinger devices as shown in Figure 10.6 for a number of 
fingers Nf = 4. The gate resistance is made of several parts: the resistance /?ctop corresponding 
to the part that is on top of the channel (in darker gray in Figure 10.6), resistance 7?cext corre¬ 
sponding to the part that is outside the channel region (in lighter gray in Figure 10.6), resistance 
^Gvia corresponding to the vias between metal 1 and the silicided polysilicon and resistance 
^Gcon corresponding to the contact resistance between the silicide and the poly silicon [134]: 

Rg — R&op + RGext + ^Gvia + ^Gcon- (10.7) 

The part of the gate resistance that is on top and across of the channel /?Gtop is modeled by 

1 Wf 

tfctop = - (10.8) 

j /Vf L f 

where Rq[j is the gate silicide sheet resistance, Wf is the finger length (corresponding 
to the channel width of a single finger) and Lf is the finger width corresponding to the 
drawn gate length. The factor 1/3 appearing in (10.8) accounts for the distributed nature 
of /?Gtop as illustrated in Figure 10.7 in order to correctly predict the maximum oscillation 
frequency [135]. Note that the distributed gate resistance along the channel can be neglected 
since the finger is usually much longer than wide (Wf Lf). 



Figure 10.7 Distributed gate and channel resistances 
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The resistance of the part outside the channel region /?Gext depends very much on the geom¬ 
etry and where the gate contacts are placed. In case the gate is contacted along the vertical metal 
line as shown in Figure 10.6, Rc,c>a is simply given by 

Wext 

*Gext = Rea. (10.9) 

NfL t 

The via resistance /?Gvia depends on the number of via N ym according to 

^Gvia — ~Z7~ ’ (10.10) 

Nvia 


where R VVd is the resistance of a single via. 

The silicide-to-polysilicon contact resistance is defined by 


R{ Icon — 


Peon 

NfWfLf ’ 


( 10 . 11 ) 


where 1 / p CO n is the silicide-to-polysilicon specific conductance (in A/V m 2 ). 

Note that the total gate resistance given by (10.7) can be significantly decreased by connect¬ 
ing the gate on both sides. As shown in Figure 10.8, if the gate resistance is contacted only on 
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Figure 10.8 (a) Different parts of the gate resistance; (b) contacting the gate at both ends decreases 
the gate resistance by approximately a factor 4 
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one side, the total gate resistance is given by (10.7). On the other hand, if the gate is contacted 
on both sides and the metal is assumed to have a negligible resistance compared to the other 
components, we have 


Rg ^ flGtop + + tfc™ + (10.12) 

which is about four times smaller than the one side contact case corresponding to (10.7). If the 
layout constraints allow, it is therefore recommended to contact the gate on both sides in order 
to minimize the gate resistance for the given geometry. 

In technologies typically older than 0.18 pm, the gate current could be completely neglected. 
Hence, the dc voltage drop across the gate resistance could also be neglected and therefore 
the gate resistance had no effect on the dc transistor operation. This is no longer the case for 
ultradeep submicron technologies, where the gate oxide is so thin that a dc tunneling current 
starts to flow through this oxide. In this case, there is also a small voltage drop across the gate 
resistance that can also affect the dc operation of the transistor. 


10.3 OVERLAP REGIONS 
10.3.1 Overlap Capacitances 

The different capacitances forming the extrinsic gate-to-source and gate-to-drain parasitic 
capacitances are shown in Figure 10.9. They are made mainly of three capacitances: the overlap 
capacitance C ov , the inner fringing-field capacitance C\ f, and the outer fringing-field capaci¬ 
tance C Q f 


Cgs(d)o = C ov (Vg, Vs,(D)) + Cjf(Vo’ Vs,(D)) + Cot- (10.13) 

Note that C ov (Vg, Vs,(D)) and Cif(Vo> Vs,(D)) are strongly bias dependent, whereas C 0 f can 
be considered as bias independent. 

A simple way to model the bias-dependent overlap capacitance C ov is to define an effective 
overlap length T ov - e ff corresponding to the part of the total overlap length L ov that is constituting 


Salicide 



Figure 10.9 Different parts of the total overlap capacitances: the inner fringing-field capacitance 
C;f, the overlap capacitance C ov - and the outer fringing-field capacitance C 0 f. Note that there is also a 
fringing-field capacitance Cf r between the gate electrode and the via 
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V G « V FB (sde) 
SDE in inversion 
t-ov-eff « i-ov 
C ov « C ov -max 
Cjf« Cjf_ max 

(a) 

Figure 10.10 Bias dependence 
(c) in accumulation 


V G < ^FB(SDE) 

SDE in depletion 

t-ov-eff < i-ov 
C ov < Cov-max 
Cif ~ Cjf- max 

(b) 

Cjf and C ov when the SDE is (a) 


> ^FB(SDE) 

SDE in accumulation 
i-ov-eff “ i-ov 
Cov ~ Cov-max 
Cjf « Cjf. max 

(C) 

inversion, (b) in depletion, and 


the bottom plate of C ov as shown in Figure 10.10 [56]: 

Cov(Vg) = W L ov . eff (V G )Cox. (10-14) 

Depending on the gate voltage, the overlap region can be either in accumulation when the 
gate voltage is larger than the flat-band voltage of the SDE region Vfbcsde) (which is close 
to zero volt [56]) (Figure. 10.10(c)), or in depletion when Vg<Ffb(Sde) (Figure. 10.10(b)), or 
even in inversion when Vg <ZC Vfb(Sde) (Figure. 10.10(a)). 

As shown in Figure 10.10(c)), the overlap capacitance is maximum in accumulation (Vq > 
Vfb(sde)) for which the effective overlap length L ov _ e ff is about equal to the total overlap length 
Lq v - 


C ov (Vg > Vfb(Sde)) = C ov-max 


A 


W L ov C ox . 


(10.15) 


For Vq < Vfb(Sde), the overlap capacitance is smaller than C ov -max and can be modeled 
empirically by 


C 


ov 


Cov -max for Vq > Vfb(Sde) 


^UV-Xll£lA r T r IT 

- \y G \ for < VfB(SDE). 
1 + V G „ v 


(10.16) 


where C ov _ max is given by (10.15) and Vgov is a fitting parameter that can be extracted from 
measurement as explained in [56]. 

The inner fringing-field capacitance is also bias dependent. When the gate voltage is lower 
than the channel flat-band voltage, the device is in accumulation and the layer of free holes in 
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the channel region is electrically disconnected from the n + SDE regions and shields the fringing 
capacitances reducing them to zero. When Vq increases, the device enters the depletion regime 
where C,t reaches its maximum. As Vq increases further, the device enters in strong inversion 
and an inversion layer is formed. The inner fringing-field capacitance is again shielded by the 
inversion layer and decreases down to zero. This behavior is modeled by [56] 


Cif — Cjf-max CXp 


/ Vg — Vfb — &f/2\ 
V 3<?f/2 ) 


where Cif. max is given by 


C if . max = W In 
37r 


1 Xj . / H ^ox 

1 + , sin I t — 

'ox \ ^ ^si 


(10.17) 


(10.18) 


where Xj is the depth of the SDE (not the junction). 

Finally, the outer fringing-field capacitance can be considered as bias independent and is 
approximated by [56] 


C of = W— lnfl + ^V (10.19) 

Jt \ tox ) 

The above model for Cgs(D)o is plotted in Figure 10.11(a) versus Vg for V D = Vs = 0 and 
for two different values of the SDE region doping /V si j c . It shows that the overlap capacitance 
C ov dominates the extrinsic capacitance Cgs(D)o- Also note the effect of the inner fringing-field 
component which introduces a little bump in the characteristic. Figure 10.11 (b) shows the total 
gate-to-source (gate-to-drain) capacitance including both the intrinsic and extrinsic parts. It 
shows that the extrinsic component dominates in the weak and depletion regions, whereas the 
intrinsic dominates in the moderate and strong inversion regions. 




Fg(V) 

(b) 


Figure 10.11 (a) Effect of the inner fringing-field capacitance given by (10.17) on the total overlap 
capacitance gate voltage bias dependence, (b) Bias dependence of the total gate-to-source (gate-to- 
drain) capacitance for different channel lengths (Reproduced by permission of Elsevier Ltd. from [56]) 
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There is also an overlap capacitance Cqbo between the gate and the substrate. It is due to 
the gate extending outside the channel, Since it is along the channel, it is proportional to the 
gate length 


Cgbo = CGBO Lq , 


( 10 . 20 ) 


where CGBO is a capacitance per unit length and Lq is the gate drawn length. 


10.3.2 Overlap Gate Leakage Current 

In addition to the gate leakage current between the gate and the channel region as discussed 
in Section 8.6, the source and drain overlap regions also contribute to the gate leakage current 
and may dominate in some bias conditions [112]. 


10.4 SOURCE AND DRAIN JUNCTIONS 


10.4.1 Source and Drain Diodes Large-Signal Model 


As shown in Figure 10.1, the source and drain junctions are simply modeled by two diodes 
Ds and Z>d connected between bulk and source and bulk and drain, respectively. They are 
characterized by the classical current-voltage relation 


h = 



( 10 . 21 ) 


where Vr is the reverse voltage applied across the junction, i.e., Vr = Vsb on the source side 
and Vr = Vdb on the drain side and I s is given by 


h = qA D n i 


D„ 


D n 


TpA^diff A n Nfo 


( 10 . 22 ) 


where D a , D p and L n , L p are the diffusion coefficients and diffusion length of electrons and 
holes, respectively. Ny, and A/diff are the doping concentrations in the P-type substrate and 
in the N-type source and drain junctions, respectively. The ideality factor i] is ideally equal 
to unity when the current is dominated by the diffusion current and gets larger than 1 when 
accounting for recombination and high injection. In reverse mode, equation (10.21) indicates 
that the current saturates to 7 S as soon as Vr > 5r)Ui. But this is without accounting for the 
generation current due to generation of electron-hole pairs in the depletion region. Actually, 
in reverse bias, the current is dominated by this generation current which is given by 


^gen — 


qA D riid 


(10.23) 


where Ad is the diode cross-sectional diode area, r g is the generation time constant of the 
carrier in the depletion region, and d is the depletion width which depends on the reverse 
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voltage V R according to 


d — 


12e s i N\y T A^dift 

q N b N d i f f 


\J Vr + ‘t’B, 


(10.24) 


where <J B is the built-in potential 


= Uj In 


Nb A^diff 


(10.25) 


In most cases the junctions are N + -P type with A^is Aj, and (10.24) simplifies to 


d = 



\J Vr + ■ 


(10.26) 


The current flowing in the reverse-biased source (drain) junction is then given by 


fs(D)B = h + 4en 


(10.27) 


and depends on the bias voltages mainly through the generation current 7 gen . 

If the reverse bias voltage is increased further, so does the electric field in the depletion 
region until it reaches a critical value £j C corresponding to the avalanche breakdown voltage 

Vbr 


Vbr = 


f F 2 
e si C jc 

2 q 




(10.28) 


Equation (10.28) shows that the breakdown voltage decreases when increasing the doping on 
either side of the junction. As shown in Figure 10.12(a), as soon as Er gets slightly larger than 
Vbr, the reverse current starts to increase sharply. 

The small-signal equivalent circuit of the diodes is shown in Figure 10.12(c), where the 
junction capacitances are described in Section 10.4.2 and the differential conductances in 
Section 10.4.3. 


10.4.2 Source and Drain Junction Capacitances 

The source and drain junction capacitances Cesj and C B Dj of Figure 10.12(c) model the vari¬ 
ations of the depletion charge due to a change of the depletion width. A junction capacitance 
can be simply modeled as a parallel plate capacitor with silicon as dielectric and separated by 
a distance d 
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(a) (b) (c) 

Figure 10.12 Modeling of the source and drain junctions: (a) current-voltage characteristic; (b) 
large-signal model; (c) small-signal equivalent circuit 


where Cj is actually a capacitance per unit area. Note that even though (10.29) is usually derived 
assuming an abrupt junction (or step profile), it is actually valid for any doping profile. On the 
other hand, the voltage dependence given in (10.24) assumes abrupt junctions. The junction 
capacitance can be rewritten as 


Cj = 


Q 


jo 


1 + ^ 


(10.30) 


where Cjo is the value of the capacitance (per unit area) at equilibrium (i.e., for Vr = 0) 



(10.31) 


Note that the above equation holds only for Vr > — which is usually the case since 
the junction have to be reverse biased in order to maintain the diode leakage current small 
compared to the drain current. 

In real diodes, the doping profile is not abrupt as assumed in the derivation of (10.30). 
For practical diodes the one-half exponent in (10.30) is replaced by the grading coefficient m, 
resulting in the following expression for Cj 


Cj = 



(10.32) 


where m typically ranges between 0.2 and 0.5. 

Since the doping levels are very different on top and on bottom of the junctions and in the 
SDE regions, the junction capacitances have to be split into several parts: 


CBS(D)j = As(D) Cjbw + (F*S(D) — Weff) Cjsw + W Cj swg , 


(10.33) 
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where Cjb w refers to the bottom-wall capacitance per unit area, Cj SW to the side-wall capacitance 
per unit length of the perimeter that is on the isolated sides, and Cj swg to the side-wall capacitance 
per unit length of the part of the perimeter that is along the gate and the SDE region. As (Ad) 
is the total source (drain) diffusion area, P$ (Pn ) is the total source (drain) diffusion perimeter, 
and W is the total transistor width. 

Note that for devices that are inside a well, an additional junction capacitance CfiB'j between 
the well and the substrate has to be considered. The latter is decomposed into 


CbB'j — Cjbww T T\y Cj sww , (10.34) 

where Cjbww refers to the bottom-wall capacitance per unit area and Cj SW w to the side-wall 
capacitance per unit length of the well. A w corresponds to the total well area, whereas ,P W is 
the total well perimeter. 


10.4.3 Source and Drain Junction Conductances 


The source and drain junctions small-signal schematic should be completed with two differen¬ 
tial conductances Gb sj and GsDj that are connected in parallel with the junction capacitances 
as shown in Figure 10.12(c). The conductances are obtained by differentiating the expression 
of the leakage current (10.27) resulting in 


GbS(D)j — 


A D /r; N b + iVdiff 
Tg Nb Muff j 


Apin 
r g N b J 


(10.35) 


These conductances can often be neglected since they are usually much smaller than the 
intrinsic (trans)conductances and output conductance Gd s - However, they may become non- 
negligible at very low channel current, for which the intrinsic (trans)conductances become 
very small, or if the effect of Gd s has been canceled as is the case in a cascode configuration. 


10.5 EXTRINSIC NOISE SOURCES 

The different noise sources appearing at low frequency in a MOS transistor are represented 
in the small-signal schematic of Figure 10.13. 1 The overall noise is usually dominated by the 
intrinsic part of the device representing the active part and corresponding in Figure 10.13 to the 
noise source 7 n o [ 114,134], It comprises both the flicker and thermal noise due to the channel, 
which were already presented in Sections 6.2 and 6.3. In addition, all the access resistances, 
namely the source and drain resistances R$ and R D but also the gate and the substrate resistances 
Rg and R b are also noisy and contribute to the thermal and to some extend also to the flicker 
noise (see Section 6.3.3). They are represented in Figure 10.13 by the noise current sources 
/ n Rs, I n rd, AiRG, and /„rb respectively. If their contributions to the flicker noise is neglected, 


1 This small-signal equivalent circuit does not include the noise appearing at high frequency. The latter are discussed 
in Chapter 13. 



EXTRINSIC NOISE SOURCES 


227 



Figure 10.13 Low-frequency small-signal equivalent circuit with the main noise sources, including 
the sources coming from the extrinsic part of the transistor 


they show only thermal noise and have power spectral densities (PSD) given by 


4 kT 

Sr- = -, 

Lrs 

4 kT 

Sr - —, 

'nKD r y) 

AkT 

Sr = —, 

'oro 

AkT 


Sr = 


Rb 


(10.36a) 

(10.36b) 

(10.36c) 

(10.36d) 


The leakage currents 7 sb and 7 db of the source-to-bulk and drain-to-bulk junctions also con¬ 
tribute as shot noise. They are represented in Figure 10.13 by the noise current sources / n ns 
and 7„bd which have PSD given by 


Sr HS = 2q Isb - (10.37a) 

S, 2 rd = 2qI DB , (10.37b) 


where q is the elementary charge. 

As discussed in Section 8.6, in deep submicron technologies the gate oxide is so thin that a 
tunneling current is flowing in the gate. This current is split between the source and the drain, 
giving rise to a current 7 gs flowing from the intrinsic gate (gi) to the intrinsic source (si) and 
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another current / Gd flowing from the intrinsic gate (gi) to the intrinsic drain (di). Both of these 
currents show shot noise. They are represented in Figure 10.13 by the noise current sources 
/ nG s and /„ GD having PSD 

S,^ = 2qI GS , (10.38a) 

S, 2 = 2 qI GD . (10.38b) 

1 nGD 

The conductances G G s and G G d in Figure 10.13 represent the small-signal differential con¬ 
ductances corresponding to these leakage currents. 



Part III 

The High-Frequency Model 


The aggressive scaling of CMOS technologies which is going on since more than 25 years has 
allowed to increase the number of transistors per chips and hence extend the functionality and 
in the same time dramatically push the speed performance. Although these tremendous speed 
improvements have been mainly driven by the requirements of VLSI digital chips, they can 
also be exploited for analog RF circuits. Today, ultradeep submicron (UDSM) technologies 
have catched-up or even surpassed the transit frequencies achieved by bipolar transistors. This 
clearly opens the door to full CMOS highly integrated solutions for wireless applications. 
After several years of intensive research that has demonstrated the feasibility of using CMOS 
technologies for RF applications, real products using CMOS also for the RF portion of a chip 
are now emerging. Several examples of single-chip systems, including the radio transceiver 
together with the baseband digital processor and fully integrated in CMOS, are on the market 
today. Nevertheless, the design of RF IC s for real products remains a challenge due to the strong 
constraints on power consumption and noise that leave little margins for the RF IC designer. It is 
therefore crucial to be able to accurately predict the performance of CMOS RF circuits in order 
to improve design efficiency and reduce time-to-market. This requires MOS transistor models 
that are accurate over a wide range of bias, from dc to RF and for a large set of geometries. 
Part III presents an overview of the high-frequency aspects of MOS transistor modeling for 
RF IC design. Chapter 11 presents the equivalent circuit at RF, whereas Chapter 12 focuses 
on the small-signal circuit. RF thermal noise is finally presented in Chapter 13. 
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11 Equivalent Circuit at RF 


This chapter first presents the structure and layout of a typical RF MOS transistor. It then 
briefly looks at what is really changing when moving to higher frequency. Several figures 
of merit widely used to evaluate and compare different devices and technologies are defined 
in Section 11.3. They include the transit frequency, the maximum frequency of oscillation, 
and the minimum noise figure. Section 11.3.4 points out that the moderate inversion offers a 
good trade-off between the power consumption, the low-voltage operation, the noise, and the 
linearity, all being of major importance for designing RF circuits. Section 11.4 then presents 
the equivalent large-signal circuit valid at RF. It highlights the importance of a correct modeling 
of the substrate. 


11.1 RF MOS TRANSISTOR STRUCTURE AND LAYOUT 

RF MOS transistors are usually designed as large devices in order to achieve the desired 
transconductance required to meet the RF requirements. As shown in Figure 11.1, they are 
usually laid out as multifinger devices, because in deep submicron CMOS processes, the 
maximum finger length (corresponding to the unit transistor width Wf) is limited. This is 
due to the so-called “narrow-line effect” increasing the silicided polysilicon sheet resistance 
as the finger width (corresponding to the transistor gate length Lf) decreases due to grain 
boundary problems [136], Typical devices have up to 10 or more fingers. The total transistor 
effective width is then simply W — /V|W'f- 


11.2 WHAT CHANGES AT RF? 

When increasing the operating frequency for a given transistor, the characteristics such as the 
gain or the transconductance (or more precisely the transadmittance) start to degrade. The 
sources of this degradation must be distinguished between those coming from the intrinsic part 
of the device (the channel region) and those related to the extrinsic part of the transistor (i.e., 
all the parasitic components discussed in Chapter 10). The frequency limit of the intrinsic part 
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EQUIVALENT CIRCUIT AT RF 
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D T 1 

® N t : Number of fingers 
-j=j M/ f : Width of a single finger 
—I L f : Length of a single finger 
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Figure 11.1 Layout of a typical RF MOS transistor 


is set by the frequency &> qs delimiting QS and NQS operation given by (5.32) which is repeated 
here for convenience 


tUqs — f'Lpcc ^2q S (r/s. t/ ( j), 


( 11 . 1 ) 


where &> spec is defined in (5.33) as co spec = fiUj/Lj and £2 qs (q s , q&) is the normalized QS 
frequency, which is bias dependent according to (5.32). In strong inversion and saturation, 
(5.32) reduces to (5.34) which is repeated below 




^ 15 _ 15 

qs =Y Ch ~Y 



15 V P - V s 
~4 U T 


( 11 . 2 ) 


In order not to have any degradations due to NQS operation, the QS frequency <y qs has to 
be higher than the operating frequency (typically by a factor 5-7). This condition is achieved 
by increasing 12 qs either by choosing a sufficiently high bias for a given channel length or by 
increasing <y spec by reducing the channel length at a given bias or both. Note that, as stated by 
(5.33), the QS frequency at a given operating point is inversely proportional to the square of 
the channel length, as long as there is no velocity saturation. 

The limitations due to the extrinsic part are strongly related to the layout, but in general 
the frequency limitations are mainly due to the extrinsic capacitances and particularly the 
capacitance at the drain, namely the drain-to-bulk junction capacitance Cbdj and the gate-to- 
drain overlap capacitance Cgdo- The latter also affects the signal coupling between the gate 
and the drain. 

Some of the limitations described above are characterized by several figures of merit which 
evaluate the ability of a device to operate at RF. They are discussed in Section 11.3. 


11.3 TRANSISTOR FIGURES OF MERIT 
11.3.1 Transit Frequency 


A very common way to characterize the high-frequency performance of an active device 
is to look at the frequency at which the extrapolated current gain /721 of a small-signal 
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/i - k 



Figure 11.2 Small-signal common-source amplifier as a two-port network 


common-source amplifier stage falls to unity. The current gain /? 2 i of such a two-port shown 
in Figure 11.2 is given by 


hn 


A 


h 

h 


v 2 =o 


Yn 

Yu 


G m jco(C m + Cod) ^ G m 

j a>c a j coC G 


C0t 

ju 


(11.3) 


where I\ corresponds to the small-signal current entering the gate terminal (Port 1) and I 2 
corresponding to the small-signal current entering the drain terminal (Port 2). 

Frequency o> t is the unity gain transit frequency given by 


co t 


tUsi 


Cg c Gi + C Go r CGi + Cgo 
where Cq, is the total intrinsic capacitance at the gate defined by 

CGi = Cox CGi = Cosi + CGDi + CoBi, 


(11.4) 


(11.5) 


where Cox — IT' L |C (IX . According to (5.51a) and (5.52), the total gate capacitance Coi sim¬ 
plifies to 


CGi = - (n — 1 + CGSi + CGDi). (11-6) 

n 

where Cosi and cgdi are the normalized intrinsic gate-to-source and gate-to-drain capacitances 

givenby (5.50). In strong inversion and saturation, according to (5.53) Ccsi = 2/3andcoDi = 0, 

resulting in 


C G i = C ox (l-^. (11.7) 

C Go is the total overlap capacitance at the gate (see Figure 10.1): 

C Go — Cox Cqo = CgSo + CgDo + CgBo- (11 -8) 

Neglecting the fringing-field components of the gate-to-source and gate-to-drain overlap 
capacitances, they can be approximated by 


Cgso — Cqdo — VK C 0V C 0X . 


( 11 - 9 ) 
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Usually Cqbo < Cgso + Cgdo and Cg 0 can be roughly approximated by 


C Go = 2WL ov C m . (11.10) 

The transit frequency in strong inversion and saturation is then approximately 

^spec n(Vp Us) 


COt — 


1 _ 1 + =U»v JJ 
3n Li 


( 11 . 11 ) 


Equation (11.11) shows that co t is actually a fraction of the QS frequency &> qs given by 


cot ^ 4 

CO. 


v qs 


15 1 - d- + ^ ' 

3 n L f 


( 11 . 12 ) 


For a minimum length device, the overlap length can be a significant fraction of the gate length. 
Assuming for example that L ow /Lf = 0.2, n — 1.2, co, is about 3.5 times smaller than o> qs . 

This transit frequency can be fairly high (typically above 100 GHz) and sometimes cannot 
be measured directly. It can nevertheless be extracted from a lower frequency measurement of 
/t 2 i according to 


co t = S{/t 2 i}&> sp ot, (11.13) 

where &> spot is a sufficiently low frequency (typically 1 GHz) at which the current gain /; 21 shows 
a —20 dB/dec slope. An example of measured current gain hi\ calculated from the de-embedded 
Y-parameters of an RF N-channel MOS transistor is plotted in Figure 11.3(a) for a specific 
bias. The curve labeled “analytic (full)” corresponds to the gain I 121 calculated from (11.3) 
directly with the Y-parameters, whereas curve labeled “analytic (simple)” is obtained from the 
approximation given in (11.3). It shows that the analytic expressions and the simulations are 
very close to the measured results. 

Since G m and Cg are both bias dependent, f t is also. This is illustrated in Figure 11.4 which 
plots the transit frequency versus the inversion factor for two devices in saturation having 
two different channel lengths and for three different drain bias voltages. Figure 11.4(a) has a 
lin-log scale and clearly indicates that f\ reaches a maximum called the peak f t / t . pea k. This 
maximum corresponds to the situation where the gate voltage starts to become large enough for 
the transistor to leave saturation and enter in the linear region. When entering the linear region, 
the drain transconductance G m( j starts to increase and hence the gate transconductance G m = 
(G ms — G m d)/« starts to decrease since the source transconductance G ms remains constant. 
Also, the intrinsic gate-to-drain capacitance starts to increase from nearly zero to a value 
close to that of the gate-to-source capacitance. The combined effect of G m decrease and Cgd, 
increase results in a sharp f\ drop. Note that it is very important to correctly model the bias 
dependence also of the overlap capacitances and particularly Cgdo to accurately model / t in 
this region. 

Figure 11.5 shows how the peak /, scales with the transistor length. From (11.4), &>, is 
proportional to &> spec which is inversely proportional to L\. a\ should therefore scale as 1/Ljr 
which is about the case in the regions above 0.25 pm. Below that, / t . pea k tends to increase slower 
than at the 1 /Lq rate. This is due to the effect of velocity saturation. Indeed, at high bias and 
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(a) 



Figure 11.3 Measured, simulated, and analytic results for the current gain h 2 1 : (a) for the extraction 
of the transit frequency / t and the unilateral power gain U ; (b) for the extraction of the maximum 
frequency of oscillation 


for short-channel devices, the carriers enter velocity saturation. As explained in Section 9.1.3, 
when the carrier velocity is saturated, the transconductance in saturation does not depend on 
the channel length anymore as stated by (9.62). The gate transconductance is then given by 


G 


m sat 


WCqx ^sat? 


(11.14) 


resulting in a transit frequency given by 




r ! sat 


^(1 - £ + ) 


(11.15) 


which scales only as 1/Z.f. This explains the —1 slope followed by the points that are below 
0.25 pm in Figure 11.5. 
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Figure 11.4 Transit frequency versus inversion factor for two channel lengths and three drain bias 
voltages: (a) lin-log scale [49]; (b) log-log scale [52] (Reproduced by permission of IEEE from [49] 
and [52]) 


Figure 11.5 also shows that sub 0.1 pm devices can reach transit frequencies higher than 
100 GHz. 


11.3.2 Maximum Frequency of Oscillation f max 

The transit frequency is only a very simple and partial way to characterize the ability of a 
device to operate at RF. Another figure of merit that also accounts for the gate resistance 
Rg and the drain-to-bulk capacitance Cod can be defined from the unilateral power gain U 
corresponding to the maximum available gain of a two-port (corresponding to the transducer 
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Figure 11.5 Peak transit frequency versus gate length (Reproduced by permission of IEEE from 
[137]) 


gain with matched source and load impedances, i.e., Y c = Y *\ and Y L — Y* 2 ) with its feedback 
transadmittance neutralized (i.e., Y \2 = 0) [138]. The advantage of using the unilateral power 
gain is that it can be defined even if the two-port is unstable in matched condition. The unilateral 
power gain can be expressed from the Y-parameters as [138] 


U = 


l^tl 2 

4 (GnG22 — G 12 G 21 ) 


(11.16) 


where Gu — SH{ Yu ] with k,l e [1, 2}. Deriving the Y-parameters from the simple QS small- 
signal model presented in Figure 5.14 leads to 


U = 


4/?gGg(GdsGg + G m C gd)w 2 ^RgCgCqdoY 1 



(11.17) 


where co max is the frequency at which the extrapolated unilateral gain reaches unity. It is given 
by 


^max — 


2V ^gCg(GdsGg + GhiCgd) 



RgCgCgd 


1 / Oh 

2 V RgCgd 


(11.18) 


Equation (11.18) shows that the smaller the RgCgd product the higher oj Ilm . Therefore, the 
RgCgd product is sometimes also used as a figure of merit. 

The unilateral power gain is plotted in Figure 11.3(b) versus frequency for the same device 
and bias point used for calculating the current gain and the transit frequency. Unlike the current 
gain, the unilateral power gain shows some resonance after which it decreases faster than 
—20 dB/dec. This higher slope region is not shown in Figure 11.3(b) because the measurements 
were performed only up to 10 GHz. The value of &> max extrapolated from the —20 dB/dec slope 




238 EQUIVALENT CIRCUIT AT RF 


can therefore be significantly higher than the actual value of co at which U becomes unity. It 
is therefore important to specify how / max has been obtained from the measured data, either 
by the point at which U is equal to unity if the measurements go at sufficiently high frequency 
or by extrapolation with a —20 dB/dec slope in case / max cannot be measured directly. Note 
that the latter method is more advantageous and usually preferred since it gives higher (but 
erroneous!) values of / max . 

11.3.3 Minimum Noise Figure 

Having a sufficiently high / t and / max and hence a high gain is not the only requirement for 
RF active devices. They should also have as little noise as possible. This feature is measured 
by the noise factor F or noise figure NF = 10 log F. The noise factor is defined as the ratio 
of the total noise power measured at some point along the amplification chain (usually at the 
output) to the noise produced by the input generator only and measured at that same point. We 
will come back to these definitions in more details in Section 13.1. The noise factor depends 
on the generator admittance and becomes minimum for a particular value of this generator 
admittance. This situation corresponds to noise matching. The minimum value of the noise 
factor F mm (or minimum noise figure NF mm ) represents what the device can ultimately achieve 
in terms of minimum thermal noise contribution and is therefore often used as a figure of merit. 
It is not that easy to find a simple analytical expression for the minimum noise factor of an RF 
MOS transistor that is accurate. Nevertheless, some approximations discussed in more details 
in Section 13.3.2 lead to the following very simple expression 

F mm = 1 + -, (11.19) 

co t 

which accounts for all the dominant noise contributions. Equation (11.19) shows that the noise 
factor is a function of frequency and is directly linked to the transit frequency. It actually starts 
to degrade proportionally to frequency when the operating frequency gets higher than the 
transit frequency. This is illustrated in Figure 11.6(a) which plots the available power gain and 



(a) 


(b) 


Figure 11.6 (a) Minimum noise figure NF min and available power gain G a versus frequency at a 
given operating point; (b) minimum noise figure N F min versus drain bias current density for three 
different operating frequencies (Reproduced by permission of IEEE from [137]) 
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the minimum noise figure verus frequency for a given operating point. This plot also illustrates 
the fact that the minimum noise figure is obviously minimum when the gain is maximum. 

Since the minimum noise figure depends on the transit frequency, it also depends on the 
bias. Figure 11.6(b) shows the minimum noise figure versus the drain bias current density 
(current per transistor width) for three different operating frequencies. It clearly shows that 
there is an optimum bias point where NF m i n is minimum. Note that this optimum bias occurs 
about at the same current density for the three different frequencies. 


11.3.4 Moderate and Weak Inversion for RF Circuits 

The high transit frequency of ultradeep submicron (UDSM) CMOS processes can be traded 
with power consumption to implement RF circuits operating in the gigahertz frequency range. 
This can be done by moving the operating point from strong inversion to moderate or even 
weak inversion, in order to spend just the required power to achieve the desired performance. 
There are several advantages to bias the transistor in moderate or weak inversion. The first 
advantage is the increase of the current efficiency (measured by the G m /I d ratio) which results 
in a further reduction of the power consumption. Secondly, the decrease of the bias voltages 
results in lower electrical fields within the device. This avoids velocity saturation and hot 
electron effects. Having no velocity saturation results in f t scaling as I / L( compared to only 
1 /Lf when velocity saturation is present. This means that scaling is more effective for devices 
biased in the weak and moderate inversion region than in strong inversion. Thirdly, having no 
hot electron effects avoids the increase of the noise excess factor. 

Finally, the reduction of the bias voltages better accommodates the use of low supply 
voltages that are imposed by the scaling of UDSM technologies. 

On the other hand, moving toward weak inversion changes the — Vq characteristic from 
a quasi-quadratic to an exponential function, which clearly degrades the device linearity. Mod¬ 
erate inversion therefore represents a good trade-off between power consumption, noise, and 
linearity. 

Part of the power is just used to fight against the extrinsic components such as the overlap 
and junction capacitances. There might be a concern that the time constants in moderate and 
weak inversion might be completely dominated by these extrinsic components and therefore 
counterbalance the advantage of the current efficiency increase. A way to investigate this issue 
is by looking at the total transit time r t defined as r t = 1 /(In / t ), which can be decomposed 
into r t = tj + r e , where r, = Cci/G m corresponds to the transit time of the intrinsic part with 
C Gi being the total gate intrinsic capacitance C oi = Cosi + Cgdi + Cgbu The time constant 
t; ultimately represents the lowest time constant the device can achieve for a given operating 
point. The time constant r e corresponds to the additional delay introduced by the extrinsic part 
of the device due to the overlap capacitances and the series resistances: 


f e = — -F Rd Cgd + nRs (Ccb + Cgd H-Cgs ), (11.20) 

G m V « ) 

where Cg 0 = Cgso + Cgdo + Cgbo is the total gate overlap capacitance. Usually the con¬ 
tributions of the source and drain series resistances can be neglected and hence r e = Cq 0 / 
G m- 
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(a) 



Figure 11.7 Transit frequency versus inversion factor in saturation for two channel lengths and three 
drain bias voltages (Reproduced by permission of Springer from [48]) 


The transit times r,, r e , and r t are plotted together with the transit frequency / t in Fig¬ 
ure 11.7(a) versus the inversion factor. The ratio between the extrinsic and the intrinsic transit 
times is plotted in Figure 11.7(b), which shows that extrinsic parasitics account for about 40% 
of the total transit time in strong inversion and about 50% in moderate inversion. This means 
that the ratio of parasitic to intrinsic time constants does not degrade dramatically when mov¬ 
ing the operating point from strong to moderate inversion. This is another good reason for 
moderate inversion to be considered for RF operation with deep submicron devices in order to 
meet the low-voltage and low-power requirements. 


11.4 EQUIVALENT CIRCUIT AT RF 
11.4.1 Equivalent Circuit at RF 


A cross section of a single-finger MOS transistor is presented in Figure 11.8(a). Although it is 
always possible to have a detailed equivalent circuit that accounts for all the physical elements 
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Figure 11.8 (a) Single finger RF MOS transistor cross section with box representing the substrate 
network connecting the intrinsic bulk node hi and nodes sb and db to the actual bulk terminal B. (b) 
Equivalent RF circuit with substrate network box 


that are part of the RF MOS transistor, it is often too complex to be implemented as a compact 
model or a subcircuit for circuit simulation purpose. Moreover, many of the component values 
would be difficult or even impossible to extract and the subcircuit would contain too many 
internal nodes which would significantly reduce the simulation efficiency. Like it is often 
the case in modeling, a trade-off has to be found between accuracy and efficiency. A good 
compromise is obtained when simplifying the complete detailed equivalent circuit to the one 
presented in Figure 11.8(b). This equivalent circuit is made of the intrinsic part of the MOS 
transistor, corresponding to the active part of the device and represented in Figure 11.8(b) by the 
MOS transistor symbol. All the other elements are only parasitic components corresponding to 
the extrinsic part of the device. They are made essentially of capacitances and resistances that 
play an increasingly important role as the operating frequency rises. Both the intrinsic model 
and the extrinsic components have already been described in details in previous chapters. The 
substrate network box represents the part of the substrate that connects the intrinsic substrate 

























































242 


EQUIVALENT CIRCUIT AT RF 


terminal hi, the bottom terminals of the Z) B s and D bd diodes as well as the bottom terminal 
of the gate-to-bulk overlap capacitance C'gbo to the actual substrate terminal B. The latter will 
be discussed in more details in the next section. 

Note that the equivalent circuit of Figure 11.8(b) does not include the parasitic components 
related to the test structure, such as the pad capacitances, the lead series resistances, and 
inductances. The latter will have to be carefully de-embedded from the measurements to bring 
the reference planes close to the useful device. For example, all the measurements presented 
afterward have been cautiously de-embedded using a two-step procedure [139,140]. 


11.4.2 Intradevice Substrate Coupling and Substrate 
Resistive Networks 

At high frequency, the impedances of the junction capacitances become small enough for the 
RF signal at the drains to couple to the nearby source diffusions and to the bulk contact through 
the junction capacitances and the substrate as illustrated in Figure 11.9(a). The doping levels of 
UDSM CMOS processes are sufficiently high so that the substrate can be considered as purely 


B S G D B 



(a) 


G G 



Figure 11.9 (a) Intradevice substrate coupling and equivalent substrate network, (b) Equivalent 
circuit with resistive substrate network [136.141]. (c) Equivalent circuit with simplified 17 equivalent 
resistive substrate network [48,49,52] 
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resistive and hence this coupling can be modeled by a simple resistive network. Depending on 
the technology and on the frequency range to be covered, this network can reduce to a simple 
resistance or may need to be more complex. Many different substrate resistive networks have 
been proposed in the literature. A good compromise is to use the 77 resistive circuit made of 
resistances 7?sdb, Rdsb. Rbs, and 7?bd as shown in Figure 11.9(b) [141], Resistances /7s dh 
and 77dsb represent all the coupling occurring from drains to sources, whereas 77bs and 7?bd 
correspond to the coupling from source and drain to bulk. The partitioning of the total resistance 
Rsdb + Rdsb between 77sdb and 77dsb by choosing the location of the intrinsic substrate node 
bi is not straightforward. On the other hand, the total resistance 77sdb + Rdsb is usually small 
compared to 7?bs and 77bd and simulations have shown that connecting the intrinsic node bi 
either to the left or to the right of these resistances has very little influence on the Y-parameters. 
Therefore, the intrinsic substrate node bi can be connected to the source side, and series 
resistances Rsdb and Rdsb can be replaced by a single resistance [48,49,52]. This is done in 
Figure 11.9(c) where only resistance Rdsb has been kept while Rsdb has been set to zero. This 
is advantageous for circuit simulation since it simplifies the circuit by saving one component 
and one node, but it makes the circuit slightly unsymmetrical. It is however a good trade-off 
which from experience has shown to be sufficient for most RF circuit simulations [48,49,52]. 

Figure 11.10 shows the cross sections of multifinger RF MOS transistors where only the 
most important substrate resistances have been drawn. In order to match the equivalent circuit 
shown in Figure 11.9(c), the equivalent capacitances and resistances have to be calculated from 
the individual capacitances and resistances shown in Figurell.10. Since all the source (drain) 
diffusions are connected together via metal layers (assumed to have negligible resistances 
compared to the substrate resistances), the junction capacitances Cssj and C'bdj can reason¬ 
ably be approximated as the parallel connection of all individual source and drain junction 
capacitances: 


CfiSj 

CfiDj 


N s 

E CBs J k ’ 

(11.21a) 

k=i 


N d 


y> BDJ k, 

k=l 

(11.21b) 


where N s and /V ( | are the number of source and drain diffusions, respectively and Nf — N s + N,\ 
is the total number of fingers. The same applies for the substrate drain-to-source, source-to- 
bulk, and respectively drain-to-bulk resistances: 


1 

Rdsb 

1 

Rbs 

1 

Rbd 


N t 

E 

k=i 

N s 

E 

k =l 
N d 

E 


i 

RDSBk 

1 

RBSk 

1 

RBDk 


(11.22a) 

(11.22b) 

(11.22c) 


By symmetry, all the individual source (drain) junction capacitances are equal to the one 
of a single source (drain) diffusion Cssjk = CflSjf (CBDjk = CBDjf)- The same is valid for the 
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B S D 



Figure 11.10 Substrate resistances for (a) even and (b) odd number of fingers 
individual drain-to-source substrate resistances, leading to 


Cssj = N s Cesjf, (11.23a) 

CBDj = C BDjf. (11.23b) 

^DSB = ^DSB-sh, (11.23c) 

Nf Wf 


where C^sji and CsDjf are the junction capacitances of a single source and drain diffusion and 
7?DSB-sh is the drain-to-source substrate sheet resistance. 
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The calculation of the source-to-bulk and drain-to-bulk substrate resistances needs to dis¬ 
tinguish between even and odd number of bngers as shown in Figure 11.10. For the even 
number of fingers transistor (c.f. Figure 11.10(a)), Rbs\ Rbs 2 and Rbs 4 Rbs 3 since the 
outer source diffusions are closer to the bulk contact than the inner source diffusions and by 
symmetry R B si = Rbs 4 and R B di = /<W, resulting in 


1 _ I I _ 2 

^BS ^BSl ^BS4 ^BSl 

1 _ 1 1 _ 2 

^BD ^BDl ^BD2 ^BDl 


(11.24a) 

(11.24b) 


for Nf even. 

For an odd number of fingers (c.f. Figure 11.10(b)), A’hs i Rbsi, ^bdi Rbd 2 and 
R b s! = /?bdi> which results in 


^bs = ^bd = Rbsi- 


(11.25) 


From (11.24) and (11.25), resistances R B $ and Rbd are basically dominated by the source 
(drain) diffusions which are the closest to the substrate contact. Their scaling strongly depends 
on the geometry of the bulk contact. For example, if there are only bulk contacts at each end 
of the device as shown in Figure 11.11(a), Rbs and Rbd are determined mainly by the source 
and drain diffusions that are the closest to the substrate contact, resulting in a scaling with the 
finger width 


1 

2Wf 

^BS 

1 BS-end 

1 

2W t 

^BD 

'BD-end 


(11.26a) 

(11.26b) 



Figure 11.11 (a) Intradevice substrate coupling and equivalent substrate network; (b) equivalent 
circuit with resistive substrate network 
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for Nf even and 


1 _ w f 

RbS 'BS-end 

1 ~ 1 
^BD RbS 


(11.27a) 

(11.27b) 


for Nf odd, where res-end and 'BD-end are the source-to-bulk and drain-to-bulk substrate resis¬ 
tances for a unit width. 

The scaling law becomes much more complex in the more realistic case where the substrate 
contact partly surrounds the diffusions (“horseshoe” substrate contact of Figure 11.11 (b)). In 
this case, part scales with the finger width and part depends on the length of the lateral substrate 
contact which is proportional to the number of fingers 


for A7f even and 
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Rbs 

1 

^BD 


2Wf t N s 

rBS-end Hat 

(11.28a) 

2W f ! N d 

^BD-end ^ lat 

(11.28b) 


1 

Wf 

Rbs 

1 BS-end 

1 

1 

Rbd 

Rbs 


(Nf+ l)/2 

flat 


(11.29a) 

(11.29b) 


for Nf odd. n at is the lateral source-to-bulk and drain-to-bulk substrate resistances per source 
and drain diffusion. 

The substrate resistances Rbs, Rbd, and 7 ?dsb are in principle also bias dependent due to 
changes of the depletion width around the diffusions which affect the length of the resistive 
path. As stated by (11.23c), for a large number of fingers, 7 ?dsb becomes much smaller than 
Rbs and Rbd so that it can be ignored. Resistances Rbs and Rbd can then be considered as 
being connected in parallel and can be replaced by a single substrate resistance Rb as shown 
in Figure 11.12(d). This substrate resistance shows only a weak bias dependence [142]. 

Other substrate networks have been published in the literature [143,144], Some of them are 
reproduced in Figure 11.12. Those presented in Figures 11.12(a) and 11.12(b) have already 
been discussed above. The one presented in Figure 11.12(c) [143] was derived for an epitaxial 
process. The two top horizontal resistances model the coupling within the epitaxial layer, 
whereas the three vertical ones model the coupling to the substrate. The last one presented 
in Figure 11.12(d) [144] is valid for RF transistors having many fingers. Indeed, since Rdsb 
scales as 1 /TVf, for a large number of fingers Rdsb becomes much smaller than Rbs and Rbd 
and can therefore be neglected. The 77 network reduces to a simple resistance corresponding 
to parallel connection of Rbs and Rbd- 
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(a) From [141] 


(b) From [49] 



(c) From [143] 


sb=bd=bi 



(d) From [144] 


Figure 11.12 Several resistive substrate networks: (a) from [141], (b) from [49], (c) from [143], and 
(d) from [144] 


11.4.3 Practical Implementation Issues 

The MOS compact models available in circuit simulators such as Spice have four terminals 
but usually do not include the gate resistance and the substrate network. In order to have 
access to the internal nodes of the RF MOS transistor and implement the equivalent circuit of 
Figure 11.9(c) in a Spice simulator, most of the time a subcircuit approach is used. Note that 
not all the extrinsic components that are already available in the compact model (i.e., source 
and drain resistances, overlap capacitances, and junction diodes) can be used. For example, the 
source and drain series resistors in most compact models are only “soft” resistances embedded 
in the expression used to calculate the drain current. They account for the dc voltage drop 
across the source and drain resistances and its effect on the static drain current, but they do 
not add any poles. They have therefore to be added outside of the compact model as “real” 
resistors. Also, the source-to-bulk and drain-to-bulk diodes of the compact model have their 
anodes connected to the same node. Depending on the substrate network, their anodes have to 
be connected to two separate nodes (as shown in Figure 11.9(c)). In this case, the diodes internal 
to the compact model have to be turned off (by setting some appropriate values of the diode 
parameters) and two external diodes /J BS and Z) BD have to be added in the subcircuit as shown 
in Figure 11.9(c). The overlap capacitances C'gso, Cqdo, and Cqbo are usually also part of most 
compact models, but not all provide good bias-dependent models. This bias-dependence has 
imperatively to be accounted for in order to obtain a RF MOST model that is valid over a large 
bias range. Note that before even looking at the RF operation it is important to have a good dc 
model, since all the small-signal parameters are derived from it. 












12 The Small-Signal 
Model at RF 


After deriving the large-signal equivalent circuit in the previous chapter, this chapter focuses on 
the small-signal equivalent circuit at RF. The Y-parameters are derived in Section 12.2 directly 
from the quasi-static (QS) RF small-signal circuit. They are then compared with measurements 
highlighting the effect of the substrate network on the output admittance Y 2 2 - The extension 
of the quasi-static model to include non-quasi-static (NQS) effects is also presented. Finally, 
the large-signal operation is briefly discussed and it is concluded that distortion mainly arises 
from the static I — V characteristic, the contributions coming from the nonlinearity of the 
bias-dependent capacitances, and access resistances being negligible. 


12.1 THE EQUIVALENT SMALL-SIGNAL CIRCUIT AT RF 

The QS small-signal equivalent circuit including the substrate network corresponding to 
Figure 11.9(c) is shown in Figure 12.1(a) for operation in the linear region and in Fig¬ 
ure 12.1(b) for saturation. Note that the capacitances include both the intrinsic and extrinsic 
capacitances: 


Cgs — CGSi + Cgso, (12 .1a) 

CgD = CGDi + CgDo, (12.1b) 

CgB = CGBi + CgBo, (12.1c) 

Cbs = CBSi + Cfisj- (12.Id) 

Cbd = CBDi + CBDj. (12.le) 


where the intrinsic capacitances are given by (5.50a) and (5.51a), the overlap capacitances by 
(10.13), and (10.20), and the junction capacitances by (10.33). 


Charge-Based MOS Transistor Modeling: The EKV Model for Low-Power and RF IC Design C. Enz and E. Vittoz 
© 2006 John Wiley & Sons, Ltd. 
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Figure 12.1 Equivalent RF small-signal circuit: (a) in the linear region; (b) in saturation 


The voltage-controlled current sources (VCCS) are defined by 


Y m [V(gi) - V(bi)], 

(12.2a) 

Yms [V(si) - V(bi)], 

(12.2b) 

bmd [V(di)~ V(bi)], 

(12.2c) 


where V(k ) with k e { gi, si, di, bi } stands for the potential at node k. The transadmittances Y m , 
y ms and K miJ are given by (5.58), (5.56), and (5.57), which are repeated here for convenience: 

Y m = G m (1 - j (ur qs ) = G m - j co C m , (12.3a) 

f)ns — G ms (1 j CUTq s ) = G ms j CO C m s, (12.3b) 

l^rnd = G m d (1 j (DTq S ) = G m d j CO C m d- (12.3c) 

Remember that the gate transadmittance, transconductance, and transcapacitance are related 
to the source and drain transadmittances, transconductances, and transcapacitances according 
to (5.37), (5.9), and (5.59): 


T m = 


bill s b |n d 


Gm = 


^ms ' C md 


r — 
— 


Cms C mc j 


(12.4a) 

(12.4b) 
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(12.4c) 
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12.2 Y-PARAMETERS ANALYSIS 

The small-signal behavior of RF MOS transistors at high frequency is validated by measuring 
the S-parameters versus frequency at several operating points of a single transistor connected 
in common source as shown in Figure 12.1 by the dashed line. The S-parameters are usually 
measured directly on wafer using probes connecting the pads. Most often the input and output 
ports are connected by ground-signal-ground or GSG probes. The measured S-parameters 
therefore also include the effect of the RF pads used to connect the device. The effects of 
the pads have then to be de-embedded from the measured S-parameters using either a one-, 
two- or even a three-step procedure [139,140] in order to move the reference planes from the 
end of the tips to the gate and drain nodes. The measurements shown below used a two-step 
de-embedding procedure which is usually sufficient for measurements up to 10 GHz. The two- 
step de-embedding procedure requires the measurement of the open and short structures. The 
open structure is simply the same as the RF MOS transistor except that the RF MOS transistor 
is taken out leaving the gate and drain open. The short structure is the same but now the RF 
MOS transistor is replaced by a short circuit between the gate and the drain. 

For convenience, the de-embedded S-parameters can then be transformed into Y-parameters 
which are often easier to analyze [138,145, 146]. The measured Y-parameters can then be 
compared either to the analytical or eventually the simulated Y-parameters corresponding to 
the equivalent circuit shown in Figure 11.9(c). 

The equivalent small-signal circuit in saturation of Figure 12.1(b) will be validated by first 
deriving the corresponding analytical Y-parameters and comparing them to the de-embedded 
measurements. Since the capacitances are all approximately proportional to the total gate width 
W = Nf Wf and since the source and drain terminal resistances are inversely proportional to W 
(see (10.4)), the time constants due to the terminal resistances depend only on the gate length 
Lf, the overlap length L ov , or the diffusion width // ( |,| . The latter dimensions are usually taken 
as minimum to achieve the highest cutoff frequency. Therefore the poles due to the terminal 
resistances are at a much higher frequency than typically the transit frequency, so that they can 
be basically neglected when calculating the Y-parameters and the related quantities. Neglecting 


the substrate resistances also in the small-signal circuit of Figure 12.1(b) (i.e., assuming that 
they are zero) allows to derive the following analytical expressions for the Y-parameters in 
saturation: 

Tn = 

ja>C c 

(12.5a) 

1 + j cdRcCq 

Yu = 

—j &>Cgd 

(12.5b) 

1 + 7 o)RqCq 

Gm j CO(Cqd + C m ) 

Yu = 

(12.5c) 

1 + j ojRgCg 

Y 22 = 

Gds + or/^ gCgd C m + j &>(Cgd + Cbd) 

(12.5d) 

1+7 coRgCg 


where it has been assumed that G m Ro <$C 1 and Gd s G m . Capacitance C’g is the total ca¬ 
pacitance at the gate 


C’g — Cgs + Cgd + Cgb, 


( 12 . 6 ) 
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which includes both the intrinsic and extrinsic capacitances. Equation (12.5) can be further 


simplified assuming that cdRgCq <<C 1: 

En = RqCq + j ®Cg, (12.7a) 

y 12 = — RgCgdCg — j &>Cgd, (12.7b) 

I 21 = G m — a) 2 RgCg(Cgd + C m ) — j co(Cgd + C m ), (12.7c) 

Y 22 = Gds + Rg(CgCbd + CgCgd + CgdCiii) (12.7d) 

+j ®(Cbd + Cgd)- 


One of the advantage of having the simple analytical expressions for the Y-parameters 
given by (12.7) is that they can be used for a direct extraction of the RF model parameters 
from measurements as presented in [147,148]. For example, Cg can be extracted as is (K| ]} /a> 
and Cgd as |S{Fi 2 }|/®. Cgs can then be extracted as 


Cgs = Cg — Cgd — Cgb = Cg — Cgd, 


( 12 . 8 ) 


since in strong inversion and in saturation, Cgb is usually much smaller than Cqs- The gate 
resistance can be extracted from (12.7) as 


Rg = 


ill{En) 

3{E n } 2 ' 


(12.9) 


The extraction of the capacitances in saturation and of the gate resistance in the linear region 
are illustrated in Figures 12.2(a) and 12.2(b) respectively. The fact that the extracted values 
of the components are constant over frequency indicates that the equivalent circuit and the 
simplified analytical expressions are correct in the frequency range considered. 

The Y-parameters given by (12.7) are plotted in Figure 12.3 (dashed line) and compared 
to the measured values (symbols) obtained from a two-step de-embedding process. As can be 
seen from Figure 12.3, the analytical expressions match the measurements very well even up to 
10 GHz except for IT 2 . This discrepancy is due to the substrate coupling effect which has been 
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Figure 12.2 Direct extraction of some of the components of the small-signal circuit of Figure 12.1(b): 
(a) gate capacitances Cq, Cgd, and Cgb + Cgs; (b) gate resistance R g (Reproduced by permission of 
IEEE from [147]) 
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Figure 12.3 Comparison between the measured, simulated, and analytical Y-parameters versus fre¬ 
quency [48,49,52]. The simulated results are obtained from an ac simulation corresponding to the QS 
small-signal circuit presented in Figure 12.1(b), whereas the analytical results are obtained directly 
from (12.7) (Reproduced by permission of IEEE and Springer) 


ignored in the derivation of (12.7). Including the substrate network leads to very complex ex¬ 
pressions of the Y-parameters that are not easy to use. The substrate network has been included 
in the model used for simulation as described by the complete QS circuit of Figure 11.9(c) 
using the EKV v2.6 compact model for the intrinsic part. Most parameters specific to the RF 
part have been extracted using the methodology presented in [147,148]. The simulations with 
the complete QS model of Figure 12.1(b) are also presented in Figure 12.3 (straight lines). 
They show a very good match with measurements including the output admittance 122- Note 
that the discrepancies in 91 [T^] are not critical since F 12 is dominated by its imaginary part 
corresponding approximately to ojCgd which is about 10 times larger than 9({ K 12 } ■ Similar 
results have been obtained for other operating points and other device geometries using the 
same scalable model [48,49,52]. 

Figure 12.3 also shows that there may be a big discrepancy in Js{ Y 2 \} if the transcapacitance 
C m is neglected in the expression of Y 2 \ given by (12.7). 

Note that the results of 91 [Fi 1 } are particularly sensitive to the de-embedding procedure. Also 
note that accurately modeling the bias dependence of Cqdo is crucial to fit SfFn! at high bias. 

The extraction of the substrate resistances requires a more complicated procedure. After 
having extracted Rq and R D , they are de-embedded from the Y-parameters, resulting in the 
prime Y-parameters corresponding to the circuit of Figure 12.4(a). The Y 22 parameter of Fig¬ 
ure 12.4(a) is obtained by grounding the intrinsic gate node gi. The resulting circuit can be 
further simplified by assuming that coRsCqs <?C 1 (he., replacing resistance Rs by a short cir¬ 
cuit) resulting in the circuit of Figure 12.4(b). The Y 2 ~, parameter of the circuit ofFigure 12.4(b) 
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Figure 12.4 77 substrate network extraction [147,148J. (a) Small-signal circuit obtained after de¬ 
embedding of access resistances R a and R D . (b) Y 22 parameter of the circuit shown in (a) after 
simplification assuming cvRsCqs <SC 1 (i-e., replacing resistance R s by a short circuit), (c) Substrate 
admittance F sub obtained after de-embedding of Cgd and Gd s (Reproduced by permission of IEEE 
from [147]) 
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is then given by 


Y 22 = Ysub + Gds + j coCcu, 


( 12 . 10 ) 


where K su b corresponds to the admittance of the circuit shown in Figure 12.4(c) which includes 
the substrate network. It can be obtained from the Y ' 22 parameter as 


Tsub = Y 22 — Gds — j CuCgd, 


where Gds is extracted from Y 22 as 


R ds — -= -r- 

G ds 3({K' 2 } 


-Rs, 


(o=0 


( 12 . 11 ) 


( 12 . 12 ) 


since F su b = 0 at co = 0. An example of an extraction of F su b from measured Y-parameters is 
shown in Figure 12.4(d). Resistances Rdsb, Rbs, and Rhd can unfortunately not be extracted 
directly but require some optimization on the circuit shown in Figure 12.4(c). The result of this 
fitting is shown in Figure 12.4(d) with the values of the components of the K suh circuit where 
it has been assumed that Rbs = Run- 

When nonminimum channel length devices are used (particularly P-channel transistors 
since their mobility is much lower than that of N-channel devices), they might operate in NQS 
regime. This is illustrated by Figure 12.5, showing the measured de-embedded Y-parameters 




Frequency (GHz) Frequency (GHz) 

Figure 12.5 Comparison of the Y-parameters versus frequency measured on a nonminimum length 
P-channel device with the results obtained from the simple QS static model (dashed lines) of Fig¬ 
ure 12.1(b) and from the first-order NQS model (Reproduced by permission of IEEE from [49]) 
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of a P-channel RF MOS transistor having a length of 0.75 pm. The Y-parameters of the QS 
model are plotted in Figure 12.5 as dashed lines. A large discrepancy can be observed, par¬ 
ticularly in the Yn and Yo\ parameters since the device is biased in saturation. As shown 
in Figure 12.5, the fit can already be significantly improved by using a first-order NQS 
model. The latter uses the circuit of Figure 12.7, where the intrinsic transadmittances and 
admittances are replaced by their first-order approximation expressions (5.42) and (5.49), 
respectively. 

A good fit of the Y-parameters over frequency at a particular operating point is not that 
difficult to obtain. On the other hand, having the simulated Y-parameters fit the measurements 
over a wide range of bias at a given frequency is much more difficult to achieve. It not 
only requires an accurate intrinsic compact model but also requires accurate bias-dependent 
models for the extrinsic components. The bias dependence of the equivalent circuit shown in 
Figure 11.9(c) has been checked at a frequency of 1 GHz over a wide bias range by sweeping 
the gate voltage. The measured and simulated Y-parameters are plotted versus the inversion 
factor if in Figure 12.6 for the same device used in Figure 12.3. An excellent fit is obtained over 


N-channel, A/ f = 10, W f = 12 pm, Z_ f = 0.36 pm, f= 1 GHz, V Q = 0.5, 1, 1.5 V, EKV v2.6 



Figure 12.6 Comparison between the measured and simulated Y-parameters versus inversion factor 
for Vd = 0.5, 1, 1.5 V [48, 49, 52]. The simulated results are obtained from an ac simulation 
performed for each bias point and corresponding to the QS small-signal circuit presented in Fig¬ 
ure 12.1(b) (Reproduced by permission of IEEE from [52]) 
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Figure 12.7 Full RF NQS small-signal equivalent circuit in saturation 

more than three decades of currents, which also validates the bias dependence of the intrinsic 
and extrinsic parts. 

The full NQS effects can be included by replacing the intrinsic part by the NQS model 
discussed in Section 5.2 resulting in the circuit shown in Figure 12.7 for operation in satura¬ 
tion. The admittances Tgb, Tqs, Tgd. Tbs: and Tbd of Figure 12.7 include the intrinsic NQS 
admittances plus the extrinsic components: 


Fgb — TcBi + CgBo, 

(12.13a) 

Tgs — Fcsi + Cgso, 

(12.13b) 

Tgd — Tods + Cgdo, 

(12.13c) 

Tbs — T B si + CBSj, 

(12.13d) 

Tbd — TflDi + Cbdf 

(12.13e) 


The small-signal circuit of Figure 12.1(a) should be completed with the different noise 
sources. This will be done in Chapter 13. The next section will look at the large-signal model 
at RF. 


12.3 THE LARGE-SIGNAL MODEL AT RF 

The small-signal circuit discussed above is useful for the design and simulation of RF blocks 
that operate in small-signal such as low-noise amplifiers (LNA). On the other hand, many other 
RF circuits such as mixers or voltage-controlled oscillators (VCO) often operate in large signal. 
The device nonlinearities are generating harmonic frequency components and intermodulation 
products that have to be accurately predicted. To this purpose, it is important to identify all the 
possible sources of nonlinearity in the device. Looking to the large-signal equivalent circuit of 
Figure 11.9, the intrinsic part is obviously nonlinear, but as discussed in Chapter 10, actually 
all the extrinsic components are nonlinear as well, since they are bias dependent. 
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N, = 10, W, = 12 (jm.i, = 0.36 pm, V QS = 0.52 V, l/ DS = 0.5 V, 7= 900 MHz 



A/,= 10,W f = 12 0171,^ = 0.36 0 "!, l/ GS = 0.7V, V ds = 1 V, f=900 MHz 



(a) 


(b) 


Figure 12.8 Comparison between the measured and simulated output power of the fundamental, 
second and third harmonics of a common-source RF amplifier at 900 MHz versus the power of the 
input signal at the gate, for a low-bias condition (a) and medium bias condition (b) 


The low-frequency large-signal behavior is mainly captured by the static nonlinear I — V 
characteristics, whereas at RF, the nonlinearities of the capacitances may also contribute. 
The large-signal equivalent circuit given in Figure 11.9 has been evaluated and compared to 
measurements performed at 900 MHz. The simulation have been performed with a harmonic 
balanced simulator on a common-source device. Note that the subcircuit parameters have 
been extracted from dc and Y-parameter measurements and no additional fitting was required. 
Figure 12.8 shows the fundamental, second, and third harmonics versus the input power for 
two different bias points. The match between simulations and measurement is very good for 
both the low and medium bias condition. The main contributor to the nonlinearities remains 
the intrinsic nonlinear I — V characteristic. Indeed keeping all the capacitances (extrinsic and 


N,= -\0,W,= -\2 (jm,t, = 0.36 \im, P ln = -20 dBm, V DS = 0.5V, 7= 900 MHz 



(a) 


N, = 10, W, = 12 |jm,t, = 0.36 jjm, P in = -4 dBm, V DS = 1 V, 7= 900 MHz 



(b) 


Figure 12.9 Comparison between the measured and simulated output power of the fundamental, 
second and third harmonics of a common-source RF amplifier at 900 MHz versus the bias current for 
two different input signal power and bias conditions (Reproduced by permission of IEEE from [52]) 







THE LARGE-SIGNAL MODEL AT RF 259 


intrinsic) and the access resistances constant does not significantly change the results presented 
in Figure 12.8. 

Figure 12.9 presents the fundamental, second and third harmonics as a function of the bias 
drain current for a given input power and frequency. The match between measurement and 
simulation is again very good. The model even captures the different nulls appearing in the 
second and third harmonics of Figure 12.9. Again, the main nonlinear contribution comes from 
the I — V characteristic, the capacitances and access resistances playing only a secondary role. 

The above measurements evaluated only the equivalent circuit looking at the power spectrum 
without consideration for the phase. More advanced RF nonlinear measurement techniques 
including both amplitude and phase can be performed [149]. 




13 The Noise Model at RF 


The chapter starts with the theory of noisy two-port networks where it is shown that two noise 
sources (for example, a series voltage source and a shunt current source at the input) as well as 
their correlation admittance are required to fully characterize the noisy two-port. The important 
definition of noise figure is introduced and it is shown that this noise figure can be minimized 
by setting the source admittance to an appropriate value. It is shown that the noisy two-port 
can be characterized by a total of four noise parameters, including the minimum noise figure, 
the input-referred noise resistance, and the real and imaginary parts of the optimum source 
admittance that minimize the noise figure. The noise model discussed in the previous chapters 
was exclusively looking at the noise produced at the drain. At high frequency, the capacitive 
coupling between the channel and the gate on one hand and between the channel and bulk on 
the other hand induce noise currents to flow in the gate and bulk terminals in addition to the 
noise produced at the source and drain. A complete non-quasi-static thermal noise model is 
then presented in Section 13.2, where the induced gate and substrate noise and their correlation 
to the drain noise are derived. The chapter ends with the noise analysis of a common-source 
amplifier, deriving the four noise parameters with different levels of approximation. 


13.1 THE HF NOISE PARAMETERS 

13.1.1 The Noisy Two-Port 

The noise at the output of an amplifier arises from the noise generated within the amplifier 
plus the noise already present at the input and amplified by the amplifier. Such a small-signal 
noisy amplifier can be represented by the noisy two-port network shown in Figure 13.1(a). The 
output noise current 7 nout includes both the noise coming from the amplifier and the amplified 
input noise. Note that we look at the short-circuited output noise current because we will 
characterize the two-port using the Y-parameters which are defined in short-circuit conditions. 
The noisy two-port of Figure 13.1(a) can be represented by a noiseless two-port to which two 
noise sources have to be added (actually one noise source per port) [145,146]. Figure 13.1(b) 
shows one possible representation where two current noise sources have been added to the 


Charge-Based MOS Transistor Modeling: The EKV Model for Low-Power and RF IC Design C. Enz and E. Vittoz 
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Figure 13.1 Different equivalent representations of a linear noisy two-port [145, 146J. (a) Noisy 
two-port network, (b) Admittance representation of the noisy two-port network with noiseless two-port 
in the middle, (c) Chain matrix representation of the noisy two-port network with noiseless two-port 
in the middle 


noiseless two-port, one at the input port (7 n i) and one at the output port (Ini)- The two-port 
equations are then modified according to 


h = Yn Vi + Y U Vi + 7 nl 
h = T 21 V\ + Y 2 2 V 2 + Ini, 

where the complex currents and voltages are phasors defined by 7 = 7 e ' wt and V = V eJ mt 
with I and V being the current and voltage amplitudes. The current noise sources 7 n i and I n i 
can be evaluated from the noisy two-port internal noise sources by short-circuiting the input 
and output ports: 


Ini — h\vi=v % =o, (13.2a) 

Ini = Il\v l =V 2 =0- (13.2b) 

This representation is useful for example for including the induced gate noise and the drain 
noise. Noise current source 7 n i then represents the induced gate noise, whereas I n2 represents 
the drain noise. 

For the calculation of the noise figure, it is more convenient to refer both noise sources 
directly at the input of the two-port, as shown in Figure 13.1(c), and use the ABCD matrix 
representation: 


V\ = A V 2 — B I 2 + V n 
h = CVl-DI 2 + In, 


(13.3) 


where V n is a noise voltage source that represents all the noise of the device referred to the 
input when the source impedance is zero (input short-circuited) and 7 n is a noise current source 
that represents all the noise of the device referred to the input when the source admittance is 
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zero (input open circuited): 

v n = B h \v l= v 2 =o = t, 4ly,=v 2 =o> (13.4a) 

12 1 

4 = D /2|/ 1= v 2 =o — y 4l/ 1= y,=o- (13.4b) 

121 

V n is calculated using (13.4a) by first evaluating the Y-parameters, calculating the output 
current h with the input and output in short circuit, and dividing this value by — ITi- Similarly, 
7 n is calculated by first evaluating the output current h with the input open and the output in 
short circuit and multiplying this value by — Y\ \ / Y 21 • Examples of V„ and 7 n noise sources are 
presented in Section 13.3. 

The two noise sources V a and 7 n of Figure 13.1(c) are related to the noise sources 7 n i and 
7 n 2 of Figure 13.1(b) by 


V* = ~, (13.5a) 

*21 

In = Ini - ^4, (13.5b) 

*21 

13.1.2 The Correlation Admittance 

Since both of the noise sources V n and 7 n (or equivalently 7 n i and 7 n 2) are due to the same 
physical noise sources within the two-port, they are usually correlated. To account for the 
correlation existing between sources 7 n and V n , noise source 7 n can be written as 

In = In u + In c = 4u + T c V n , (13.6) 

where 7 nu stands for the uncorrelated part of 7 n , and 7 nc represents the part of 7 n that is fully 
correlated to V n . The definition of the correlation admittance T c is obtained by multiplying 
(13.6) by V* and averaging. This results in 

W* = l^V* +Y C = y c ffTp, (13.7) 

=0 

where the first term of the right-hand side of (13.7) is zero since by definition 7 nu is not 
correlated to V n . Y c is then given by 


Y, = 


4 V* 


Wn\ 


(13.8) 


The mean-square value of source 7 n is given by 

i4P = (Up + |T c p fV4p + Y* Y c WT* 


- '4uP + |F C | 2 |VnP- 


—I Ac I 2 


=0 


=0 


(13.9) 
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The correlated and uncorrelated parts of 7 n can also be written in terms of the correlation 
factor c 


|/„ul 2 = |/„| 2 - \Y C \ 2 I Vnl 2 = (1 - |c| 2 ) |/ n | 2 , (13.10a) 

|/„c| 2 = l^cl 2 IKI 2 = |c| 2 |/„| 2 , (13.10b) 


with 


c = 


4 v* Yc fiv£ 
\ju nPKP V l^nl 2 


(13.11) 


The same relations apply for the power spectral densities (PSD) S v and S; of noise sources 
V D and 7 n respectively 

S iu = Si- \Y C \ 2 S v = (1 - |c| 2 ) S i; (13.12a) 

S ic = |T C | 2 5 V = |c| 2 S;, (13.12b) 

Si = S; u + Si c , (13.12c) 


where S; u and S lc are the parts of PSD S, that are respectively uncorrelated and fully correlated 
to source V n . It is convenient to treat the noise sources V„ and 7 n as if they were thermal noise 
sources defined by 


S v = 4 kTRy, 

(13.13a) 

Si = 4 kTG u 

(13.13b) 

S iu = 4 kTG iu , 

(13.13c) 

S ic = 4 kTG ic . 

(13.13d) 

The above defined resistance R w and conductances Gj, Gi u , and Gj c 
to (13.12) 

are then related according 

G iu = G; — T c 2 7? v = (1 — c 2 ) Gi, 

(13.14a) 

Gj C = T c 2 = c 2 G i; 

(13.14b) 

G; = G iu + G 1C , 

(13.14c) 


where the correlation factor c is given by 


c = 



or its square magnitude 


= (G 2 + S 2 )^, 


(13.15) 


(13.16) 


with Y c — G c + jB c . 
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Note that in general R y , G;, G; u , and G; c are frequency dependent since they depend on the 
real physical noise sources within the two-port through the Y-parameters. 

To be fully characterized, the noise of a two-port requires four noise parameters, for example, 
R v , Gi u , G c , and B c . As will be shown in the next section, all these noise parameters are required 
to evaluate the noise factor. 

13.1.3 The Noise Factor 

The noise factor is defined as the ratio of the total output noise to the output noise due only to 
the noise already present at the two-port input: 


total output noise 



(13.17) 


output noise due to input source 


where /V a is the noise power added by the two-port and N s is the noise power coming from the 
source. To calculate the noise factor of a two-port in terms of the equivalent noise sources V n 
and I n and their correlation admittance, we first have to evaluate the total noise at the two-port 
output. Since the current noise contribution coming from the source I ms and that coming from 
y n and /„ are amplified the same way, we can just calculate the total noise current 7 n to t in 
short-circuit condition at the input of the two-port. With the help of Figure 13.2, the current 
source I n to t is given by 



(13.18) 


and the mean-square value is 



(13.19) 


which can be rewritten in terms of correlated and uncorrelated noise as 


|7n tot I 2 — |7nrsl“ + I 7nu + 7nc + Y s V n |” 


= l/nrsP+l/nu + O'c + r's) V n | 2 


(13.20) 


= |/nr S | 2 +|/nu| 2 +l^c+n| 2 |K| 2 - 


The noise factor is then simply given by 



(13.21) 



Figure 13.2 Total equivalent noise at the input of a noisy two-port 
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The above definition of the noise factor uses power or mean square values and is therefore 
independent of frequency. Another definition uses the above defined PSD instead of the mean- 
square values: 


„ . Siu + | Y c + y s | Sy Gj, 

F = 1 H--= 1 H- 


\Y C + Y S \ Z Ry 


4 kTG s 

= 1 + ^ ^ [(Gs + Ge) 2 + (B s + 5c) 2 ], 

(j c C J c 


(13.22) 


where G s and B s are defined by T s = G s + jB s . 

Note that the noise factor defined by (13.22) is in general frequency dependent, since R v , 
G j u , Y c , and K s can all depend on frequency. For this reason, it is sometimes also called the 
spot noise factor. The two definitions of the noise factor given by (13.21) and (13.22) are about 
equivalent for narrow band systems since 


|V n | 2 = Sy B =4kTRy B, 

(13.23a) 

]7j2 = Si B = 4kT G; B, 

(13.23b) 

|/nul 2 = S iu B = 4kTG m B , 

(13.23c) 

|/ nc | 2 = .S' IC B = 4kTG ic B, 

(13.23d) 


where B is the system noise bandwidth. 


13.1.4 Minimum Noise Factor 

Once the two-port is characterized by its four noise parameters Ry, G; u , G c , and B c , the 
noise factor given by (13.22) reaches a minimum value called F m ; n (or NF nnn = 10 log F mm ) 
for a particular value of the source admittance Y op t = Gopt + j B opi . The optimum source 
conductance G opt and susceptance 5 opt are obtained from the differentiation of (13.22) and 
can be expressed in terms of the four noise parameters according to 



5 op t — B c . 

The minimum noise factor F mm can then be written as 


-Fmin — 1 + 25 v (G opt + G c ) — 1 + 2 Ry 



Gl + G c 


(13.24a) 

(13.24b) 


(13.25) 


The actual noise factor can be written in terms of /* nlm , Ry, G opt , 5 0 pt and the source 
conductance G s and susceptance B s as 
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Equation (13.26) clearly indicates that for the noise factor to reach its minimum value, f nnn , 
requires both conditions G s = G opt and B s — B opt . This situation is called noise matching. 
In the same way the noise factor can be minimized, the power gain can also be maximized 
by setting the source admittance to some appropriate value. The latter situation is called gain 
matching. Unfortunately, most of the time noise matching does not coincide with gain matching. 

Usually the parameters that are available from measurements are the four de-embedded 
noise parameters /- mm , R w , G opt , and /i ( , pI . 1 The latter allow to calculate the noise factor for 
any source impedance according to (13.26). 

The four measured noise parameters /- mm , R w , G opt , and Z? opt can also be used to evalu¬ 
ate the four parameters characterizing the noise sources V n and I B of the noisy two-port of 
Figure 13.1(c) from (13.24a), (13.25), and (13.24b) respectively: 


Gi = |To Pt | 2 tf v = (GL + fi opt ) *v, 


G c = 


opt 

Fmin ~ 2/? v Gopt — 1 


2 Ry 


B c = —B. 


opt* 


(13.27a) 

(13.27b) 

(13.27c) 


Note that R v is identical in both sets of parameters. Equations (13.27) allow to go from the 
measured noise parameter to the equivalent noisy two-port representation. 

The correlated and uncorrelated parts of G; can then be calculated as 


G ic = |c| 2 Gi, 

Gi u = (1 — |c| 2 ) Gi, 


where the correlation coefficient is given by 


or 


Rv _ G c + j B c 

Gl \J Go P t + Bo 2 P t 


Gl + B 2 C 

Gopt + -Bopt 


(13.28a) 

(13.28b) 


(13.29) 


(13.30) 


13.2 THE HIGH-FREQUENCY THERMAL NOISE MODEL 

At RF, the flicker noise is not present and the total noise is dominated by the thermal noise com¬ 
ponent which then sets the fundamental limit to signal resolution. As presented in Section 6.2, 
this channel noise is commonly modeled as a shunt current source between drain and source 
as shown in Figure 6.5. This simple model is not sufficient to predict the noise behavior at 
frequencies that get close or even beyond the channel cutoff frequency. At high frequency, the 

1 Actually most of the time noise measurement systems give the optimum reflection coefficient f 0 pt from which the 
optimum admittance can be calculated using the definition r opt = (Yo — Yopt)/(Yo + Y op t), where 1/ Fo = 50 £2 is the 
characteristic impedance. 
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capacitive coupling existing between the noisy channel and the gate and bulk terminals induce 
additional noise currents to flow through those terminals in addition to the drain-to-source noise 
current [91,150,151]. Also, at higher frequency the channel can be looked at as a nonuniform 
RC transmission line introducing some phase shift to the signals traveling along the channel. 
All this results into a drain noise current that is no longer equal to the source noise current 
as it was assumed at lower frequency in Section 6.2. Since the physical source of thermal 
noise is still due to the channel resistance, the terminal noise currents are obviously corre¬ 
lated [91,150,151]. These additional noise currents and their correlation coefficients strongly 
affect all the four noise parameters [151], namely the input referred noise resistance R v , the 
optimum source conductance G opt , the optimum source susceptance Z? opt , but particularly the 
minimum noise figure NF m i n . It is therefore crucial to correctly model all these additional 
noise currents as well as their related correlation coefficients. 

The downscaling of CMOS technology has resulted in a significant increase of the maximum 
transit frequency / t , reaching or even exceeding 100 GHz for sub 0.1 pm technologies [152], 
For RF applications operating in the gigahertz frequency range, the ratio between the transit 
frequency (or the channel cutoff frequency) and the operating frequency can then be increased 
in order to avoid any non-quasi-static effects. This is usually done at the expense of power 
consumption which has become a very important specification, particularly for portable and 
battery-operated devices. To save power, it is therefore important not to waste any bandwidth 
and therefore to operate with the lowest possible cutoff frequency. Also, the downscaling of 
CMOS technology is combined with a reduction of the supply voltage which results in a 
decrease of the overdrive voltage. For these two reasons, the operating points are therefore 
pushed away from the traditional strong inversion region toward moderate and even weak 
inversion [49, 50, 52], For RF 1C design in deep submicron CMOS processes, it therefore 
becomes more and more important to be able to correctly predict the terminal noise currents 
and their correlation coefficients in moderate and weak inversion regimes. 


13.2.1 Generalized High-Frequency Noise Model 

The thermal noise model presented in Section 6.2 is valid only at low frequency, i.e., for fre¬ 
quencies much lower than the channel cutoff frequency. At higher frequency the capacitive 
coupling between the channel and the gate and bulk terminals has to be accounted for. From 
multiport noise theory, it is known that each port requires its own noise source which can be 
either a voltage or current source. The MOS transistor is a four-terminal device and there¬ 
fore requires four noise sources as indicated in Figure 13.3. Current noise sources have been 
chosen since all the following derivations are carried out using Y-parameters. As shown in 
Figure 13.3(b), the noisy MOS transistor of Figure 13.3(a) can then be replaced by a noise¬ 
less transistor and four additional noise current sources AI nD , AI n s, AI n Q, and AI nB having 
PSD S AI 2 , S AI 2 , S AI 2 , and S AI i , respectively. Since the noise appearing at each terminal 
is generated from the same physical thermal noise source in the channel, the noise current 
sources AI n o, AI n s, AI n Q, and A / nB are correlated. This correlation is accounted for by the 
cross-power spectral densities (CPSD) S A / nt A /* with k l e {D, S , G, B}. 

The signs of the terminal currents and the related noise current sources are defined as 
indicated in Figure 13.3. Note that, although one can choose any definition for the signs of 
these currents, it is important to be consistent in order to account for the correct correlations 
existing between them. 
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Figure 13.3 (a) HF noisy MOS transistor with terminal currents including noise fluctuations, 
(b) Equivalent HF noise circuit with noiseless MOS transistor 


The PSD and CPSD are derived in Section 13.2.3 using the approach already described in 
Section 6.1 and applied to the high frequency case in the next section. 


13.2.2 The Two-Transistor Approach at High Frequency 


The procedure to derive the PSD and CPSD is similar to the two-transistor approach used 
in Sections 6.1 and 6.2 to derive the PSD of the thermal noise at the drain at low frequency, 
except that the equivalent small-signal circuit of Figure 6.3(b) has now to be replaced by the 
general non-quasi-static circuit as shown in Figure 13.4. 2 For long channel, we have shown 
in Section 6.2 that the PSD of the thermal noise voltage source coming from the infinitesimal 
portion of the channel resistance comprised between x and x + Ax is simply proportional to 
the corresponding infinitesimal resistance AR and is given by 

S &v i = AR 2 S bI 2 = 4 kTAR = AkT -—-. (13.31) 

w> 0 (-Gi) 

To simplify the further notation it is convenient to normalize the noise voltage and current 
source PSDs to Syi = AkT /G spec and .S'/ 2 — 4 kT G spec respectively. The normalized noise 
voltage PSD due to the infinitesimal piece of channel AR is then given by 




A 


SbvjW 

Sy 2 

' spec 


— G sp ec A R 


AL 

qtf)’ 


(13.32) 


with A$j = Ax/L. 

The effect of noise source 5 V n on the different terminal currents is obtained from an anal¬ 
ysis of the non-quasi-static small-signal equivalent circuit of Figure 13.4(b) observing that 
admittances TcBii and TcBi 2 have no influence since they are both short-circuited. The transfer 
functions from the local noise source 6Vn in the channel to the terminal currents 6/ ni ), 6/ n s, 

2 Note that here we will be using the Thevenin equivalent noise voltage source instead of the Norton noise current 
source to make the derivation. As explained in Section 6.1 the two approaches are equivalent. 
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Figure 13.4 (a) Single transistor split into two separate transistors to evaluate the noise transadmit¬ 
tances between channel noise source 6V n and the terminal noise currents, (b) Corresponding non- 
quasi-static small-signal circuit 


6/ nG , and 5/ nB are then 
y nD (o>, x) = 
r nS (ft>, x) = 
y nG (m, x) = 
YnSi(cO, x) = 


given by 

6/nD _ Tms2(T rr ,dl + ^GDil + ^BDil) 

6V n F m dl + T m s2 + F G Dil + Tgoil + T GSi2 + T B Si2 

6/nS _ imdl(Jms2 + ioSi2 + TBSi2) 

&Vn T md l + T m s2 + F GD ii + TsDil + lGSi2 + ^BSi2 

6/ nG _ T ms 2F G Dil — Tmdl^GSa + ^GDil ^BSi2 — ^GSi2^BDil 
5 Vn Emdl + ims2 + F GD n + T B Dil + TGSi2 + F B si2 

6/nB _ Pms2^BDil ~ ImdllBSi2 + T BD iiT G si2 — T B si2F GD ;i 
6Vn E m dl + ims2 + ^GDil + ^BDil + ^GSi2 + lfiSi2 


(13.33a) 

(13.33b) 

(13.33c) 

(13.33d) 


Equations (13.33) can be further simplified remembering the basic relations between the 
bulk-to-drain and gate-to-drain admittances, and the bulk-to-source and gate-to-source admit¬ 
tances as stated in Section 5.2 by (5.39) which is repeated here for convenience: 


This leads to 


Ibdu = (n - l)T GDil , 
k B si 2 = (n — l)T G si 2 . 


Y nD (co, x) 

T n s(«, x) 

F nG ((a, x ) 
Y nB (co,x) 


Fms2(EndI “FulciDil) 

End I + Ens2 + tt(T G Dil + T GSi 2 ) 
Endl(Ens2 + «T G si 2 ) 

Endl + Ens2 + «(F G Dil + T G si2) 
E ms 2lGDil — E m dlT G Si2 
Endl + Ens2 + «(T G Di| + EdSa) 

(n - 1 )Y nG (a>,x). 


(13.34a) 

(13.34b) 

(13.34c) 

(13.34d) 


From (13.34d) it can be seen that the transadmittance from the noise source 514 to the bulk 
noise current 5/ nB is n — 1 times that to the gate noise current 6/ nG . This results in a PSD of 
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the induced bulk noise current 5/„b that is (n — 1 ) 2 that of the induced gate noise current 6 I b q : 


S bl ^=(n- (13-35) 

Assuming a constant slope factor n, (13.35) is also valid for the total induced gate and bulk 
currents AI nG and Al nti : 


S AI 2 b = (n- 1) 2 S a/ 2 g . (13.36) 

The noise transadmittances in (13.34) can be normalized by introducing the normalization 
conductances of each half transistors M\ and Mi defined by [78,153] 

a W G s D ec 

Gspeci = 2 nn 0 —C ox U T = -p, (13.37a) 

x % 

G s P ec2 = 2nit 0 -^C m U T = (13.37b) 

L — x 1 - § 

and the frequency can be normalized using the specific frequency of each half transistors M\ 
and Mi defined as [78,153] 


with 


A ^spec 

ft>specl = —= -p-, 

A A 0 U'y ^Lpcc 

Wspec2 = (L=xp = (T# 


(13.38a) 

(13.38b) 


co 


A_ 

spec — 


HoUj 

~1X~ 


(13.39) 


being the specific frequency of the full-length transistor. Introducing the above normalizations 
in (13.34) results in [78,153] 


v„ d(«.|)=^- (13.40a) 

^spec 

Tms2(^2(l — £) 2 )[y m dl(^2£ 2 ) + nyCD\\(^^ 2 )} 

“(1 - avmdi^ 2 ) + Iy ms2 (^(l - m + n[(l - f)y GD ii(^ 2 ) + ^csiO^d - ?) 2 )] ’ 
Jn S (^2, £) ^ 3k. (13.40b) 

^spec 

_ y md i(^ 2 )[y ms2 (,Q(l - g) 2 ) + ny GS i 2 (fl(l - £) 2 )] _ 

(1 - f)>wi(^ 2 ) + fv ms2 (^(l - §) 2 ) + n[( 1 - f)y GDil (^f 2 ) + tyosi 2 (^(l - ?) 2 )] ’ 
Y r 

T nG (^2, £) = —— (13.400 

^spec 

= _ yms2(g(l ~ g) 2 ).VGDil(^f 2 ) ~ y m dl(^^ 2 ).VGSi 2 (^(l - g) 2 ) _ 

(1 - £)y md i(^ 2 ) + §.y ms2 (^(l - m + n[( 1 - t)y GDil (^ 2 ) + fy GS i 2 (^(l - I) 2 )] ’ 


y„ B (^.f) = 


TnB 

G spec 


= («- l)yno(fl,$). 


(13.40d) 
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where £2 = &>/ft> spe c is the normalized frequency. The above noise transadmittances are then 
used in the next section to derive the terminal noise current PSD and CPSD. 


13.2.3 Generic PSDs Derivation 

The PSD and CPSD of each noisy terminal currents due to the channel thermal noise voltage 
source 6 V n are given by 


S bI i{(o,x) = \ Y nk (co,x)\ 2 S bv i(x), (13.41a) 

(w, x) = Y nk (a>, x)Y*i(a>, x) S bv i(x), (13.41b) 


with k ^ I e {D, 5, G, B}. 

Integrating these relations from source to drain and assuming that all noise sources in the 
channel are uncorrelated, the following normalized relation can be derived [78,153]: 


a S AI 2 (w) /•' , d§ 

s AI 2{Y2) 4 = / | yok (S2, £)| 2 


S,2 

spec 


10 


qm' 


, n ,A S AUA r nl (oj) _ r d£ 


Si L . 


qm 


(13.42a) 

(13.42b) 


At this point it is useful to introduce the following additional variables [78,153] 


X(£) - <?i(£)+Xs=g s +^, XA-qo+\< 


(13.43) 


which greatly simplify the evaluation of the integrals in (13.42). Using these intermediate 
variables, integrating the same current in the complete transistor and in transistors M\ and M 2 
leads to 


id = Xs ~ Xd> = X s 2 — X 2 ’ *d(l - $) = X 2 - Xd 2 - (13.44) 

Finally, the different normalized PSD and CPSD of (13.42) become [78,153] 

SaA&) = - r |/)| 2 d X , (13.45a) 

*d J xd 2x - 1 

sai*aizW = - r y ak (C2 , X )y^. x) dx, (13.45b) 

( d Jx d ^X t 

where variable § used in the expressions of the normalized transadmittances given by (13.40) 
must also be expressed as a function of x using the following relation: 


1 = 


- X 


2 


id 


(13.46) 
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(a) (b) 

Figure 13.5 (a) Single transistor split into two separate transistors to evaluate the noise transadmit¬ 
tances between channel noise source 6V„ and the terminal noise currents, (b) Corresponding quasi¬ 
static small-signal circuit 

It is unfortunately not possible to get closed-form algebraic expressions for the integrals 
(13.45a) and (13.45b). However, a simple first-order approximation will be derived in the next 
section. 


13.2.4 First-Order Approximation 


A first-order approximation can be obtained by replacing each transistor M\ and Mi by their 
quasi-static small-signal model as shown in Figure 13.5(b), which clearly illustrates the ca¬ 
pacitive coupling existing between the channel and the gate and bulk terminals inducing noise 
currents to flow. The small-signal Y-parameters used in (13.34) then reduce to K iik h = G m di, 
Y ms 2 = G ms 2, TcDil = j CO CGDil, and ToSi2 = j CO Ccsi2- 

Within the limits of this crude approximation, the PSD of the drain noise current AI n d can 
then be calculated using (13.45a) as [78,153] 


s Ail„ — s 


Aii 


4x 2 - 3xs + 4x s Xd - 3xd + 4xj 

6(Xs + Xd) 


(13.47) 


Note first that in this first-order approximation, the PSD of the drain noise current is equal 
to the PSD of the source noise current. Therefore, it can be represented by a single current 
noise source connected between the drain and the source of the noiseless transistor as in the 
low-frequency case shown in Figure 6.5(b). In addition, after replacing x s and Xd with their def¬ 
initions (13.43), it appears that the first-order non-quasi-static drain current noise PSD (13.47) 
is identical to the low-frequency expression given in (6.19) [49, 52]. For the drain and 
source noise currents, this first-order model hence reduces to the simple low-frequency case. 

The PSD of the induced gate noise current A l„c, can be evaluated from (13.45a) as [78,153] 


- , _ fLig 
A! ” g (n — l) 2 

~ 16 Xs 4 + !6Xd + 80x„ 3 Xd + BOxsXd + 1 68x s 2 X d 2 ~ ^Xs 3 ~ ^Xd 3 ~ 75x s 2 Xd ~ 7 5XsX d 2 

540n 2 (Xs + Xd) 5 


(13.48) 
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Figure 13.6 Admittance seen at the gate of the intrinsic transistor 


which is proportional to the square of the frequency. This is simply due to the capacitive 
coupling existing between the channel and the gate. The bias dependence is a little bit more 
complex than the PSD of the drain current noise. As mentioned above, the PSD of the in¬ 
duced bulk noise current is simply (n — l) 2 that of the induced gate noise current given 
by (13.48). 

For V D = Vs. the transistor is basically a passive resistor 3 capacitively coupled to the gate 
and the bulk. Hence, the Nyquist theorem applies and the induced gate noise for Vd = Vs 
should therefore be equal to the noise of the conductance Gci — 1H{ Kcil seen at the gate. This 
is no longer strictly true for Vd ^ Vs, but a thermal noise parameter at the gate 6 n o can be 
defined as 


SnG = 


G „G S Ai* 


G Gi TGi 

where G n c is the thermal noise conductance at the gate defined by 

S AI 2 = AkT G n c(<w) oc or. 


(13.49) 


(13.50) 


Similar to the definition of the thermal noise parameter at the drain, 6 n o measures the 
deviation of the actual PSD of the induced gate noise current with respect to that of the 
conductance Goi- With the quasi-static model, Koi is simply given by 


Yd — j (0 Ca = j co (Ccsi + Cgdi + CgbO, (13.51) 

which has no real component. Therefore a non-quasi-static approach is needed to evaluate the 
real part of Tg, As shown in Figure 13.6, the gate sees the oxide capacitance in series with 
part of the channel, which is responsible for the real part of Yq,. The Koi admittance is simply 
equal to the parallel connection of the intrinsic gate-to-source, gate-to-drain, and gate-to-bulk 
admittances: 


*Gi = Tcsi + TGDi + Toni- 


(13.52) 


3 Actually a resistor is always passive, but in this case, the term passive is used to emphasise the fact that for Vb = Vs 
the transistor can be looked at as a passive RC network and the Nyquist and Bode theorems apply. 
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From the first-order non-quasi-static model described in Section 5.2, assuming co r qs 1, 
the latter are given by 


FGSi = 


^GDi = 


j co C GSi 

1 + j co r qs /2 
j U> CGDi 
1 + jco r qs /2 


= j CqSi(\ — j CD ), 
= j co CGDi (1 — j co 


^GBi 


n — 1 
n 


(j co Cox — Fcsi 


^GDi), 


(13.53a) 

(13.53b) 

(13.53c) 


where r qs is the channel time constant which is related to the quasi-static frequency o> qs defined 
by (5.32) according to 


r qs _ w spec _ 1 _ 1 4g s 2 + 4 q\ + 12 q s q d + 10g s + 10 q d + 5 (13 54 ) 

Fpcc Wqs f2 qs 30 (q s + + 1)^ 

Notice that r qs /r spec does not depend on the transistor geometry, but is bias dependent according 
to (13.54). f2 qs corresponds to the limit between the quasi-static and non-quasi-static model. 
This means that for normalized frequencies close or even larger than f2 qs , non-quasi-static 
effects have to be accounted for. 

Introducing (13.53) into (13.52) results in 


~ 2 T qs(CGSi + CGDi) , . (n — l)Cox + Cosi + CGDi 

T C i = CO ---1 - J CO - 

In n 

2 r qsCox(CGSi + CGDi) , . _ /7 — 1 + CQSi + CGDi 

= CO ---h J co C ox-, 

In n 


(13.55) 


where Cox — WLf C ox = Nf Wf Lf C ox and CGSi and cgdi are the normalized gate-to-source 
and gate-to-drain intrinsic capacitances, which depend on the normalized source and drain 
charge densities according to (5.50): 


CGSi 


A 


CGDi 


A 


CGSi _ 2 q s + 2t/( 1 + 3/2 
Cox = 3 q$ (?s + qa + l) 2 ’ 
Cgdi _ 2 qa + 2 q s + 3/2 
CW _ 3 9d (q s + q A + l) 2 ' 


(13.56a) 

(13.56b) 


The expression of the gate noise parameter 6 n c will not be detailed here, but it can be 
evaluated from (13.49), (13.48), and (13.55). It is plotted in Figure 13.7(a) versus the inversion 
factor for different values of the i r /i( ratio. As illustrated in Figure 13.7(a), 6 n c remains close 
to unity in all bias conditions since it is kept between 1 in weak inversion and 4/3 in strong 
inversion and saturation: 


§nG 



in weak inversion 

in strong inversion and saturation. 


(13.57) 
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Figure 13.7 (a) Noise factor 6 nG and (b) magnitude of the drain-gate correlation coefficient p GD 
versus the inversion factor if for different i T /i f ratios (from i t = if to saturation where i r — 0) 


In strong inversion and saturation, c G Di = 0 and r qs is given by 

Cm ^ 4 Cox 2 Cosi 


L qs 


G m 15 G m 5 G n 
The real part of the input admittance is then given by 


„ ^ (rwCosi) - (“Cosi) 2 5 G m 2 

Ga = , — = ——- = - -(«%) > 

5nG m 5G ms 4 n 


(13.58) 


(13.59) 


The gate noise conductance in strong inversion and saturation then simplifies to 


Gnc(co) = 6nG- ^? Sl — = ^nG \ — (o)T qs ) 2 = | — (ft)r qs ) 2 , (13.60) 

5 G ms 4 n 3 n 

since in strong inversion and saturation the gate thermal noise parameter 6 nG = 4/3. 

Equation (13.60) is in accordance with earlier results for strong inversion and saturation 
found for example in [151]. It can be further simplified by replacing G ms by G sp ec^s with 
G s pec = /spec/C T = 2ntM) C ox W/LU t , resulting in 


G n G = 


8 WL 3 co 2 C ox 
135 nq s /x 0 C T 


16 WL 3 co 2 C ox 
135 /to(Vg — Vto — mV’s) 


(13.61) 


According to (13.61), the induced gate noise in strong inversion and saturation is propor¬ 
tional to the cube of the gate length and inversely proportional to the overdrive voltage. For 
a given transistor width and for a given overdrive voltage, the induced gate noise quickly 
decreases when reducing the gate length. 

It should be noted here that induced gate noise is actually always present for co > 0. Its 
effect should be compared to the effect of the other noise sources and particularly to the effect 
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Figure 13.8 Two-transistor model for Vo = Vs used for evaluation of the correlation between the 
induced gate noise current and the drain current noise 


of the dominant drain noise. This comparison can be done only after having accounted for the 
correlation existing between the induced gate noise and the drain noise, which is evaluated 
below. 

The CPSD between the gate and the drain noise currents is obtained from (13.45b) [78,153]: 


~ ^ j& (Xs - Xd)(x s 2 + 4xs/d + Xd) 

SAi ° oAi ~ SAi °° Ai *°s ~ 18 n (Xs + Xd) 3 


(13.62) 


As expected Sap g Ar n is not null, meaning that the gate noise is partly correlated with the drain 
noise. At frequency low enough for this first-order approximation to be valid, the correlation 
factor pan, as defined by equation (13.71) below, is independent of the frequency Q. As 
illustrated in Figure 13.7(b), it is always null for Vd = Vs - This can be explained with the help 
of Figure 13.8. The gate current can be expressed in terms of the channel thermal noise voltage 
source as 


6/„g = Y „c 6V n , 


(13.63) 


where the transadmittance Y n Q is given by 


FnC = 


n n i CO ( 

md 1 ^ ms2 J \ G m di G mS 2 J 


^mdl “1" ^ms2 


l j j CGDil+CGSi2 


Gmdl+Gmsa 


(13.64) 
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Notice the minus sign in the numerator of (13.64). For V D — Vs, the channel is uniform from 
source to drain and hence 


Gmdl 


G ms2 

CGDil 

C G Si2 


Gms 

G ms 

W’ 

% C G DSi, 

(1 — % )CcDSi, 


(13.65a) 

(13.65b) 

(13.65c) 

(13.65d) 


with G ms — G md i + G ms 2 and C G DSi = C GD n + C G si 2 - Replacing (13.65) into (13.64) results 
in 


—j tt>C G DSi(l ~ ) 

< - 7 ms 


(13.66) 


From (13.66), it is interesting to note that T nG (0.5) = 0 and V nG ( I — f) = — T nG (^), so 
that the sum V nG (§) + V nG ( I — f) is zero. This is simply the result of the source and drain 
full symmetry occurring when the transistor is biased with Vd = Vs. When summing all the 
contributions along the channel to obtain the total induced gate noise current, the contribution 
at £ is fully correlated with the one at 1 — f and since the one at the middle of the channel 
is zero, the part of the total induced current that could be correlated with the drain current is 
canceled out, leaving only the noncorrelated part. This explains why the correlation coefficient 
p G D is zero for Vd = Vs. 

Since Q, / s , Xd, and n in (13.62) are all real, the first-order approximation of the CPSD 
SAi n o Ai' n and the correlation coefficient Pqd is purely imaginary, which is simply due to the 
capacitive coupling. It is plotted versus the inversion factor in Figure 13.7(b). In saturation 
p GD is given by 4 


P G D 


+yv / 5( 2<7 s 2 + 6q s + 3) 

^(4 q s + 3)(32 ql + 114^2 + 132 q s + 45) 


(saturation). 


which has the following asymptotes: 


P G D 


+j/*J 3 » +j 0.6 
+JV 5732 » +j 0.4 


in weak inversion and saturation 
in strong inversion and saturation. 


(13.67) 


(13.68) 


Note that (13.68) is in agreement with the early result found for strong inversion by Van der 
Ziel [91] and the more recent result in weak inversion presented in [153]. 


4 Note that with the sign definition of the noise current source AI n g given in Figure 13.3(b) (i.e., current flowing from 
gate to ground), the imaginary part of the correlation coefficient pgd is positive. In reference [151], the current is 
taken positive flowing from source to gate, leading to a negative value of the imaginary part of pgd- 
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Finally, since the PSD of the drain and source noise currents are identical, the CPSD between 
the drain and the source noise currents is equal to the PSD of the drain noise current [78,153]: 


SAinO Ai* s — S A fa 


4Xs - 3/s + 4/ s Xd - 3/d + 4xl 

6(/s + Xd) 


(13.69) 


Although this first-order model is usually sufficient for most circuit design purposes, it is 
interesting to investigate the full non-quasi-static model. This is done in the next section. 


13.2.5 Higher Order Effects 


The behavior at frequencies higher than I7 qs has been explored by numerically integrating 
equations (13.45a) and (13.45b) and using the complete non-quasi-static expressions of the 
transadmittances. 

To get readable results, only the deviation from the first-order behavior described above is 
plotted. A new set of parameters are therefore defined by [78,153] 



(first order) 


(13.70) 


with K-g, — kq. The three independent coefficients Kg>, ats, and kq are plotted in Figure 13.9(a) 
versus the normalized frequency © = Q /L2 qs , in the linear region and saturation, at different 
levels of inversion. The magnitude and phase of the correlation coefficients defined by 


Pki 


A 


s Aivk Ai* 

V sSa % 


(13.71) 


are plotted versus 0 = £2 /f? qs in Figures 13.9(b) and 13.9(c) respectively. The lines represent 
the results obtained from the numerical integration of (13.45a) and (13.45b), whereas the 
symbols correspond to the results obtained from a 16-segment simulation using the approach 
described in [114,134], Each segment has been simulated using the intrinsic part of the EKV 
compact model instead of the MOS Model 11 used in [114,134]. 

It can be seen from the bottom part of Figure 13.9(a) that at high frequency, the induced gate 
noise becomes smaller than expected from the first-order approximation. It still increases, 
but only proportionally to yfQ instead of 17 2 (since kq oc Q ^’ 1 ' 2 ). Note that the actual curves 
do not vary with the inversion factor and that even the linear region and saturation behaviors 
are very close to each other. 

The top part of Figure 13.9(a) shows that the drain and source noise PSDs tend to slowly 
increase with frequency, about at a \[Q rate. Note that although this frequency behavior might 
seem surprising at a first glance, a similar behavior has already been observed by L.-J. Pu and 
Y. Tsividis in [ 154]. In the linear region, the curve is again independent of the state of inversion. 
In saturation mode, the behavior is more complex. In the strong inversion region (IC 75> I), 
both k d and ks tend toward the linear region curve, whereas in weak inversion (IC « I), the 
drain noise is kept almost constant while the source noise still increases in a similar fashion as 
the linear region curve. 



andic 


10 


1C = 0.1 






0 = i3/f3 qs 


(a) 


(b) 


(c) 


Figure 13.9 High-frequency effects on the noise PSDs and correlation coefficients referred to the first-order model [153]. The lines correspond to the 
result of the numerical integration of (13.45a) and (13.45b). The symbols correspond to the results obtained from a 16-segment simulation using the 
approach described in [114,134] (Reproduced by permission of IEE from [153]) 
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The magnitude of f>c,n and p G s are plotted on the top part of Figure 13.9(b). They follow 
a complex pattern that is hardly predictable in saturation, even qualitatively. In the linear 
regime, both correlation coefficients pgd and pcs are null at low frequency, since as explained 
above, the two identical channel portions placed symmetrically relatively to the center point 
contribute to the gate noise with the same magnitude but with an opposite correlation sign. 
At higher frequency, though, the drain and source currents are no longer forced equal. In the 
linear region, both correlation coefficients pgd and p GS remain equal but increase towards 
an asymptotic value of about 0.71. At the same time, the total correlation between the drain 
and source current, plotted in the bottom part of Figure 13.9(b), vanishes to zero since each 
elementary channel section can only contribute to the noise current of the nearby terminal and 
is completely damped before reaching the remote one. 

The phase of the correlation coefficients is plotted in Figure 13.9(c), which shows that the 
low-frequency capacitive correlation of the induced gate noise (i.e., Pgd) tends toward a purely 
real value at higher frequency. This phenomenon is related to the additional transconductance 
phase shifts of the non-quasi-static regime, but is rather hard to explain directly. The source- 
drain correlation phase increases quickly when the distributed effects become significant. 

Note that the calculation obtained from (13.45a) and (13.45b) match very well to the results 
obtained from the simulation. 

Finally, Figure 13.10 shows that the mobility reduction due to the vertical field and velocity 
saturation have only a small effect on the HF noise, even in strong inversion (IC = 100). 





0 = Q /T> 


0 = 12 /.Q n ,. 


(a) (b) 

Figure 13.10 Effects induced by the mobility reduction due to the vertical field and velocity saturation 
in strong inversion (IC = 100) on /c D , k g , and p G D using the EKV2.6 model parameters THETA and 
UCRIT. The parameter set (THETA = 0 V 1 , UCRIT = 1 GV/m), (THETA = 1 V" 1 , UCRIT = 
1 GV/m), (THETA = 0 V -1 , UCRIT = 5 MV/m) correspond respectively to: no mobility reduction 
and no velocity saturation, mobility reduction without velocity saturation and velocity saturation 
without mobility reduction (Reproduced by permission of IEE from [153]) 
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13.3 HF NOISE PARAMETERS OF A COMMON-SOURCE 
AMPLIFIER 

13.3.1 Simple Equivalent Circuit Including Induced Gate 
Noise and Drain Noise 


Figure 13.11 shows a common-source amplifier and its simplified equivalent small-signal 
circuit, where capacitance Cos includes both the intrinsic and extrinsic parts (mainly the 

overlap in this case). The latter circuit is made extremely simple in order to allow for hand 

calculation. It is assumed that the transistor is biased in strong inversion and saturation. The 
equivalent circuit of Figure 13.11 includes the drain current noise source AI n d and the induced 
gate noise current source AI n c having PSDs 

S AI 2 n = 4 A'TGno, (13.72a) 

S a/ 2 ; = 4kTG nC (co), (13.72b) 


respectively, with 


with 


G nD — XnD G m , 

n i \ f. (®Cgs ) 2 „ (wCgs ) 2 

CnGl^O — °nG - = PnG---, 

JtlCj m (j m 


PnG — 


6nG 

5 tl 


4 

15 n’ 


(13.73a) 

(13.73b) 


(13.74) 


since according to (13.57), 6 „g = 4/3 in strong inversion and saturation. 

We will now calculate the noise parameters R v , G i, Y c of the equivalent noisy two-port 
network of Figure 13.11. Remember that the two noise sources AI n d and AI a g are correlated 
with a correlation coefficient pgd given by (13.68), which is purely imaginary 


Pgd — +j c g , 


(13.75) 


with c g = V5/32 = 0.4 in strong inversion and saturation. This makes the analysis a bit more 
complicated than if both sources were uncorrelated. 





(a) 


(b) 


(c) 


Figure 13.11 (a) Common source amplifier, (b) simple HF equivalent circuit including the induced 
gate noise, and (c) equivalent two-port representation 
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We first have to calculate the noise sources V n and /„ from their definitions given in (13.4) 
which require the Y-parameters Y\\ and K 2 i • which are easily calculated as 


*11 — jcoCos, (13.76a) 

*2i = G m . (13.76b) 

The output current U when the input and output are short-circuited is given by 

h\vi=V 2 =0 — AI n o, (13.77) 


from which we obtain V n as 


1 i A/ iiD 

y„ = -— h\ Yl=Y ^ = -—• 


*21 


(13.78) 


The output current h when the input is open and the output is short-circuited is 


7 2|z 1 = Vi=0 - AI nD ~ 7 


j cd Cgs 


AI nG , 


(13.79) 


from which we get 7 n as 

*n i / (.') Cnc 

In = -T^h\ Ii=V2=0 = AI aG - ^—^21/„D. (13.80) 

-*21 *-* m 

The mean-square value of V D is then given by 


(13.81) 

'- 7 m 

whereas the mean-square value of I n is given by 

= |41/„gI 2 + (^)Wp + i^l ( AI nC Ai: D - Ai: G AI nD ). (13.82) 

\ Cj m / Lr m 


The mean-square values |Z\/ n D| 2 and A l„c, | 2 can be expressed in terms of the PSDs S A ,2 
and S AI 2 as 


\AI nD \ 2 = S A , ln B = 4kTBG nD , (13.83a) 

|z\/ nG | 2 = S AI 2 q B = 4kTBG nC (cD), (13.83b) 


where (13.72) have been used. 



284 


THE NOISE MODEL AT RF 


For narrow-band systems, the definition of the correlation coefficient given by (13.71) can 
be extended to the mean-square values as 


Pkl 


A 


s Ai^Ai^ 


Ah kAI*, 

\J I A I nk | 2 1A I n j |" 


(13.84) 


The mean-square values AI nG AI* D and AI* c AI n u can then be expressed in terms of mean- 
square values |z\/„d| 2 and \AI nG \ 2 and the correlation coefficient pgd according to (13.84): 

AI nG AI* D = Pgd\/ \AI n0 \ 2 \AI nD \ 2 = +jc g 4kTB^G nC G nD , (13.85a) 

AI* g AI dD = p* GD ^/\AI nG \ 2 \Af^ = -jc g AkJ B \J G nG G nD . (13.85b) 

The noise parameters R v and Gj are then given by 


R v = 
G; = 


IVnl 2 

4 kTB 

4 kTB 


G n D 

m 

G nG - 


(Tr 


»nD 


2c g u> Cgs 


\J G nG G 


nD- 


(13.86a) 

(13.86b) 


According to (13.8), for calculating Y c , we need I n V* which is given by 


hV* = ^(^? |Zi/nD|2 “ AInGAI n°) 


1 f j a>C G s- 

~G n 

AkTB / j a>C G s 


■(= 


jc g \JG nG G n j)J, 


(13.87) 


from which we get 


Yc ~ JW ~ J [ ojCgs CgGm VGlj- 


(13.88) 


From (13.88), we see that G c = 0 and Y c = j B c . 

Introducing the expressions of G n d and G„g given by (13.73) finally results in 


Rv = 


VnD 

Gm 


G; = (ft) Cqs) 2 ^^ 

^ m 

G c = 0, 



B c — u> Cgs 



(13.89a) 

(13.89b) 

(13.89c) 

(13.89d) 
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The uncorrelated and correlated parts of G; are then obtained using (13.14): 

Giu = («C GS ) 2 ^(l-c g 2 ), 

G m 8 

G ic = («Cgs ) 2 ^ ( 1 + c 2 ^ - 2c g 
G m y S KnD 

From the K v , G,, K c parameters, we can derive the four noise parameters A\, G opt , B opt , and 
F m i n as a function of the circuit parameters using (13.24) and (13.25), resulting in 



(13.90a) 

(13.90b) 


G op t = (dCgs\G—— (l — cj), 

y VnD 

B opt = —CD Cos ( 1 -CgJ— |, 
V V TnD / 


E min = 1+2 ®C gs ^J- (1-c2) 
G m I/ y nD 8 


Oh V KnD 8 


(13.91a) 

(13.91b) 


(13.91c) 


where the G m /Cos ratio has been approximated by the transit frequency co t = G m /C gs- Equa¬ 
tions (13.91) reveal that, due to the induced gate noise, the noise matching condition is slightly 
different than the gain matching condition which would require B s — —a> Cgs- Also, the min¬ 
imum noise factor is strongly depending on the induced gate noise through parameters f J >„G 
and c g . If induced gate noise was ignored (by setting P„g = 0), the minimum noise factor 
would be equal to unity. This surprising result can be explained as follows: if the induced 
gate noise is ignored, there is only the drain noise left and the optimum source conductance 
is null whereas the optimum source susceptance is — <uC G s- This noise matching situation 
corresponds to having an inductor with a susceptance value being — u> C G s and no internal 
conductance. The input circuit is then an inductance in series with the transistor gate-to-source 
capacitance. This source inductance will then resonate with the input transistor capacitance 
at the operating frequency providing an infinite voltage gain at the input. The input referred 
noise is then nulled, resulting in a unity noise factor. 

Equation (13.91c) indicates that the minimum noise factor increases with frequency for a 
given bias. For a given operating frequency, it can be decreased by increasing the transistor 
transit frequency. This can be achieved by increasing the transistor bias or by reducing the 
transistor length (or both). Technology scaling therefore leads to an improved noise factor at 
a given frequency and bias. 

It is also interesting to note that the correlation between the drain noise and the induced gate 
noise reduces the noise factor compared to the situation where they would be fully uncorrelated. 

Note that the above derivation has used the HF noise model which did not include short- 
channel effects. As shown in Section 9.4, the noise parameter y aD is affected by effects such as 
velocity saturation, carrier heating, mobility degradation due to the vertical held, and channel 
length modulation. The HF noise model developed in Section 13.2 did not include these 
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effects, particularly for the induced gate noise. Now, since the physical noise source for the 
drain and gate noise is the channel, both parameters y nD and (or 6 n c) should be affected 
by these effects in a similar way. Hence, their ratio appearing in (13.91) should not be affected 
in first-order. On the other hand, the y a o term appearing in the minimum noise factor of 
(13.91c) should be replaced by the one derived in Section 9.4 to include the short-channel 
effects. 

The noise parameters (13.91) can be further simplified by replacing y nD and ft„c, by their 
expression valid in strong inversion and saturation leading to 

G opt = 0.45tt>C GS , (13.92a) 

-B opt = —0.8 w C GS , (13.92b) 

Fmin = 1 + 0.77-, (13.92c) 

co t 


where n — 1.3 has been used. Equations (13.92) give a first-order relation for the noise pa¬ 
rameters of a common-source amplifier. 

We have seen above that the induced gate noise plays a fundamental role in the noise 
parameters of a common-source amplifier. We have also seen that due to the induced gate 
noise, the minimum noise factor becomes frequency dependent. The noise parameters and 
in particular the minimum noise factor are obtained only in the special condition of noise 
matching, which are not always possible to satisfy due to additional design constraints. The 
effective noise factor is then higher than the minimum noise factor and can be expressed in 
terms of the noise parameters and the actual source conductance and susceptance by (13.26). 
For a given operating frequency, it is interesting to know above which value of the source 
impedance the contribution of the induced gate noise to the effective noise factor starts to 
dominate over the contribution of the drain noise. To derive this condition, we will assume that 
the noise matching condition is only fulfilled for the imaginary part of the source admittance 
B s . In this situation, the actual noise factor is obtained by setting B s = B opt in (13.26) resulting 
in 


E = F min +^(G s -G 0 pt) 2 . 


(13.93) 


In this calculation, we are actually more interested in the ratio of the noise added by the 
amplifier to the noise coming from the source N. d /N s which is simply given by F — 1. Using 
the noise parameters given in (13.91) results in 


G s o / oo \ - G m 

B’-l = KnD- 1 + /S„G(l-c 2 )(- (13.94) 

G m B G s 

where the first term is due to the drain noise, whereas the second originates from the induced 
gate noise. Equation (13.94) is plotted versus G m /G s in Figure 13.12 for an operating fre¬ 
quency co/w t = 0.224 (leading to G m /G opt = 10). We can clearly identify the contribution 
of the drain noise which decreases with respect to G m /G s and that of the induced gate noise 
which increases with respect to G m /G s . Both contributions are equal for G s = G op t for which 
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Figure 13.12 Noise added by the common-source amplifier normalized to the source noise versus 
the source resistance normalized to the transistor transconductance for an operating frequency = 
0.224 

F — The drain noise dominates over the induced gate noise for G m /G s G m /G op t, 
whereas the induced gate noise dominates over the drain noise for G m /G s G m /G opt . For 
G s = 1/50 Q 1 and a>/o> { — 0.224, the transconductance needs to be larger than 200 mA/V 
for the induced gate noise to dominate. This is a rather large transconductance and hence in 
most practical cases, the G m /G s ratio is smaller than G m /G op t and therefore it is usually the 
drain noise that actually dominates. 

We can also find the frequency coi ga at which the induced gate noise is equal to the drain 
noise for a given source conductance G s , by simply equating the first and the second term of 
(13.94) and solving for &>. This results in 


t^ign / Ynl) G s ^ 4 5 G s ^ ^ 

"^yAod-cp G^ = 3 V3 W G^ = • G~ m 


(13.95) 


where n = 1.3 has been used. We see from (13.95) that the frequency &>j gn at which the induced 
gate noise contributes as much as the drain noise is a fraction of the transit frequency &> t which 
is inversely proportional to the G m / G s ratio. 

The above discussion somehow mitigates the importance of the induced gate noise in the 
case of practical designs such as LNAs because the noise matching conditions are seldom 
achieved due to other design constraints. Nevertheless, it remains an important contributor to 
the minimum noise figure, which represents the ultimate noise figure that can be achieved by 
a given device at a given frequency and for a given bias. 

The previous analysis was based on a very simple small-signal equivalent circuit of a 
common-source amplifier that considered only the drain noise and the induced gate noise. 
Additional noise sources will be considered in the next section. 
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13.3.2 Equivalent Circuit Including Induced Gate Noise, Drain 
Noise, Gate and Substrate Resistances Noise 

The above analysis was based on a very simple equivalent circuit that ignored the noise coming 
from the gate and the substrate resistances. The equivalent circuit accounting for these two 
additional noise sources is shown in Figure 13.13. Note that, in order to keep the analysis 
simple, the output conductance, the gate-to-bulk and bulk-to-source capacitances as well as 
the source and drain access resistances have been ignored. Also, even though the intrinsic gate- 
to-drain and bulk-to-drain capacitances are zero in strong inversion and saturation, the overlap 
and junction capacitances would remain. They will also be ignored for the sake of simplicity. 
Since the circuit is a common-source amplifier, it has its source tied to the ground. On the other 
hand, because of the substrate resistance, the intrinsic bulk is not at the ground. In this situation, 
it is better to use the combination of gate and bulk transconductances driven by the small-signal 
voltages A Vgs and A Lbs respectively instead of gate and source transconductances driven by 
voltages AVgb and AVsb- The two circuits are equivalent since the small-signal drain current 
(ignoring the drain noise current) can be written as 


AId — G m AVoB — G ms AVs B = G m AVcs + G m bAV B s, (13.96) 


where G m b = G ms — G m = (n — l)G m is the bulk transconductance. The noise of the substrate 
resistance Kb is modeled by a current noise source generating a Vbs voltage across Kb which 
is transmitted to the drain by the bulk transconductance G m b- 

We will not detail the calculation of the noise parameters R v , G;, G c , and B c of the equivalent 
noisy two-port network of Figure 13.13. They can be obtained following the same procedure 
used in Section 13.3.1, which leads to 


Rv = ^ D a , 

Gm 


G i = ^%C GS ) 2 A n = 
Gc = f?G(ft>GGs)~-=p 

B n 

B c — coCqs — . 



(13.97a) 

(13.97b) 

(13.97c) 

(13.97d) 
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Figure 13.13 More accurate equivalent circuit of the common-source amplifier of Figure 13.11(a) 
with the gate and substrate resistances in addition 
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where 


D n — 1 + a B + a G + (R G co Ccs)~A n 


= 1 + 


2 / ft) \ 2 

«B + “G + (/nD «g)" I — 
\&) t / 



(13.98a) 

(13.98b) 

(13.98c) 


a G and a B are the thermal noise contributions of the gate and substrate resistances respectively, 
normalized to the thermal noise of the drain: 


«g 


A 


a B 


A 


Gm Rc 

XnD 

G^Rb _ 

YnoGm 


(n ~ l ) 2 

VnD 


G m A B . 


(13.99a) 

(13.99b) 


The noise parameters G opt , 5 0 pt, and F mm can then be calculated from R v , G\ , G c , and B c , 
resulting in 


G op t = (o Cgs 


VA 0 D a - Bl 


D n 


B n 

B 0 pt = —coC gs — - 


D n 


ft) 


Fmin = 1 + 2XnD —\/ A n D a - B% + 2y~ D a G 


— 1 + 2y n D \ A n D n — B 
co t 



(13.100a) 

(13.100b) 


(13.100c) 


In a typical situation, the relative contributions of the gate and substrate resistances are 
u.Q &5% and a B ss 20% [48,49,52]. Using values of parameters y nD , f) nG , and c g given above 
for strong inversion with n — 1.3 leads to A n ~ 1.1 and B n ~ 1. Assuming further that co/co t — 
0.1 allows to neglect the frequency-dependent part of D n : 


D n = 1 + a B + a G = 1.25. 


The four noise parameters can then be approximated by 


R v = 1.25 


TnD 


C'opt — 0.5 co Cgs, 

B 0 p t = —0.8 ft> Cgs, 
„ . co 
A m in = 1 H-• 

CO t 


(13.101) 


(13.102a) 

(13.102b) 

(13.102c) 

(13.102d) 
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Figure 13.14 Comparison between the measured, simulated, and the analytical results for the four 
noise parameters 

The noise parameters derived above are compared to those measured on an N-channel device 
with Nf — 10, Wf — 12 jam, and Lf = 0.36 pm biased in strong inversion and saturation. The 
noise parameters have been carefully de-embedded using the methodology presented in [155]. 
They are plotted in Figure 13.14 and compared to the results obtained from simulation using the 
complete subcircuit of Figure 11.9(c) with the additional induced gate noise source added to 
the subcircuit (but not accounting for the correlation between induced gate noise and drain 
thermal noise). Also, plotted in dashed lines in Figure 13.14 are the results obtained from 
(13.102). The dashed-dotted line corresponds to (13.102) without accounting for the gate-to- 
drain correlation pgd by setting c g to zero. The discrepancies between the analytical and the 
measured results mainly come from a wrong frequency behavior due to the extremely simple 
equivalent circuit used for the analytical derivation. Nevertheless, the simple approximation 
given by (13.102) already gives a reasonable estimation of the minimum noise figure and of 
the other noise parameters. 
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